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Summary

This paper presents a dynamic model of transporta-
tion mode cholce and evoluctiom of public transportacicon
service based on some simple assumptions of individual
behavior and economic necessities for providing trans-
porcation service. Critical values are shewn to exist
for the fares charged, for the cost of providing service,
for the demand and supply of transpercation (and for
other parameters) at which the system will bifurcace to
different possible states of the system; critical
thresholds must be reached in the quality of the network
to observe its grovth. Also shown is the role of
history and the role that fluctuations in individual
behavior and mode strategy play in the way the system
structures, that is, in the evolution of the relative
number of users of each mode and in the level of service
obtained.

1. Introduction

In a previous paper {Deneubourg, de Falma and Kahn,

1979) ,1 we developed a model of transportation mode
choice of two variables, the number of people vho choose
the automcbile and cthe number of people who choose
publiec transportation. That model showved clearly how
the systen structures in response to Individual behavior
and showed the role that fluectuations play on the
response of the system when different mode choices are
made. Howvever, the model did not take account of trans-
portation costs and service.

In this paper, ve exrtend the previocus model by
taking inco account the service offered by the public
transportation wode which is assumed to be a functiem
of the number of users of the mode, of the fares charged
by the mode, and of the coste of offering the service.
By so doing, we shall find here the occurrence of an
optimm level of service which is related to the fares
charged. We also find the occurrence of critical values
for the fares, for the cost of maintaining a level of
service, for the demand for transportatiom, and for the
publicity and strength of izitative behavior vhich will
be chogen as bllurcaci-m peramecers for the evolutiom
of the system.

As in the previcus paper, wWe make no pretense at
developing a nodel of transportaticon mode cholce which
captures all the declsions which go into such mode
choices. The intention, rather, is to show hov some
decisions by individuals and by the public traasportatiom
eo=pany interact in a dynazic svstem and how fluctua-
tions can lead to different evolutionary paths.

We may point out that a parallel z2pproach has been
developed by A. G. Wilson In the framewvork of catastrophe

theory (wilsom, l?TQ}.Z

II. The Model

As in reference 1, we make certain assumptions on
individual behavier (or, more precisely, on the average
behavior of a group of individuals) and through the non-
linearities in this behavior we shall find how the
system structures when thresholds for bifurcation are
reachad.

The system consists of three variables, the number
of automobile users, x, the number of public transperta-
tion users, y, and the publie transportation mode
characterized by the global level of service it offeras,
L {this ecould be the number of buses, for example).

We asaume that an important determinant for individuals
to choose the automobile is its speed (in a forthcoming
paper we shall also take into account the convenience
of the autcmobile expressed by its ubiquitous coonec-
tivity). We alsoc consider that imicative behavior (or,
in general, any behavior by which the presence of users
increases the number of users) plays a role for such
mode cholee. Both determinants, the speed and the
imitative behavior are functioms of x, themselves.

For the public transportation mode which, to be
specific, is taken to be the bus (though we could take
the subway, with however a different scale for the
parameters), we assume that the service offered and fares
charged affect its usage, imitative behavior plays a
role, and as a poliey variable, wa also assume bus
usage may be affected by publicity or advertisement.

We express the above assumptions on mode cholce i
the dynamical equations for che evolution of x, v and L,
of which the first two are given by (see Reference 1,
Equacion &) :

DA: _ x
Ay+ Ay
where %, ¥ are the tize rates of change of x and ¥,

respectively. D is the demand for cransportation which
is assumed to be so slowly varying compared to the time

X=

variation of x and y that it may be considered as constant.

That is te say, no new users are brought into the syste=m
during the time of interest. A 1s the actractivity for

the automobile which we take to be its speed. We include
the imitative behavior of people in this term, as waell.
AF 1s the actraccivity for the bus which will involve

the service offered by the bus mode, the fares charged,
the amount of advercisement for bus usage and also the
imitacive behavior of Individuals.

The rationale of these dyna=zfical equations is fully
explained in Reference 1, and we only note here that
T+ yv=D-(x+y), so that in the steady scace we
have D= x + ¥.

The third egquation to complete our system is for
the evolution of bus sarvice and is assumed to be given
by
vy - KL

i = (2}
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whare v is tha fare charged (and thus vy iz the revenue
recelved) and % Is the maincenance cost per unic of
setvice offared. The equation si=ply scates that bus
service will grow in time if revenues exceed the cost
of providing service.

It now remains to give explicit representations to
cthe attractivities, Ax and AY in Equaciem (1). For the
auromobile actraccivicy functiom, &x,, wa assume as in

Reference l:

{3)

vhere v is the auvtomobile speed and =, measures the

1
strength of the isitactive term oy =%. Alszo, as in
Reference 1, we take the speed to be an inverse fumection
R. Herman

and I, Prigogine, 19‘?‘3},i and neglect the traffic
interaction between cars and buses:

of x (congestion effect see Haight, 1953;3

i
Vi T TarEX

vhere a and b are positive constants.

(4)

For the bus accractivicy, A?, we take the form

A, = -L:-;(E#-ﬂ{z)f)

which stactes that the attractivity is proportional to
the service offered, L, the publicity or informatiom,

8 (assumed positive} and the importance of Imitative
bekavior measurad by 2. ¥, and impversely proportiomal to

(3}

tha second power of the fares, w, charged. We note
that the form used for the dependence of hy ¢en the

varlous paramecers will affect the structure of the
system (because of the dependence of the structure on
the non=linearities)., However, as it 1s not our
intention here to reproduce an experimental result, and
enly cto show how the system structures when non-lineari-
ties are present, we present these non-linearicies
(dependence of &F on the parameters) as only reasonable

possibilities. Though, we should point out that it is
oot difficult to alter these dependencies when suffi-
clently valid data juscifies chis,

If we further simplify the problem as in Reference
1 by taking a = 0, b = 1 in Equaction (4) which is
equivalent to assuming a constant attractivity for che
car, we abtaln 23 our system of Jdynamical equations

LT D -ty - %
X = Sip
5 P:-{ a1

oLlfpr {9"""{12
ez (B reay)

; , (
Y = —y 5 Levp-kL®

This system may be solved analytically. One
staticnary sctace (x = o, ¥ = o, L = o)} of the system is

2= D, y=oa, L=a (7
which states thac the total demand for transportation
iz provided by the automobile.

When we perform a stabillity analysis, subjecting
system (6) to perturbatioms dx, 4y, 4L, we find thac
the scacionary scate given by (7) Ls stable only when
the costs, K, for providing bus service, are above a
cercaln critical value Kc

_ »De
Kixle % T, (8)

since then there iz no incentive for institucing bus
service; we €ind similar relationships for the ather
paramecers (see che figures).

In addition to the statiomary state given hy
Equation (7}, we find two other possible staticmary
states of the system (6), given by

- .
r® = 5(p-2) £ FyPeLY-vyK

x* = z(P+2)% = Jf?*;{r‘_‘l‘*?-‘:’f (%)
LR sl e

The stability apalysis shows that when these solu-

tions are real positive, the (x , y+. L+} solutiom is

atable and che (x+, ¥ , L) solution is wnstable. The
implications of this for causing transitiona between
stable states will be seen in the next secticn when we
discuss the results of a numerical example,

The solution (9) will be real (positive or negative)
1f the cost K for providing bus sarvice iz below a

eritiecal value E°:

K < K =

KA
oAy (D + /=)
il ¥ (100
Both solutions will exist physically 1f K » Kc -_:%f!
'
(see Equation (8) and D> 6/<: . If K< K_with D v;f'-

only the stable solution (x-y+, L+} will be positive
(will exist physically). This i3 illuscrated in the
schematie,

IIT. Discussion of a Numerical Example

In this seecien we discuss the structure of the
system as a function of the parameters of the system.
The numerical values of the parameters are given in the
figures.

A. Fares

Figure 1 shows the three varlables of the system,
the number of people choosing the car mode, x, the
number cheosing the bus, v, and the service offered by
the bus mode, L, as a function of increasing fares v
charged by the bus company.

Aa fares [ncrease but remain below a critical value
only ome atable stacionary state 15 possible, the

(x , ?+. L+) state, The other staticmary state (x = D,
¥=0, L=20) exizsts but is unstable in this low fare
regime, so that any perturbacion from this state, no
matter how slight, will cause the system toc jump to the
stakle state (and we note that in the real world pertur-
batiens alvays are ccecurring). In this regime, the
oumbear of bus users decrease (because of che increasing
fares), the bus service improves (because of increasing
revenues) and the nimber of aucomobile users increases
{correspomsing to the decrease in the mumber of bus
users).

As fares continue to Increase beyond Vos bue =scill

o
remain belew v, two stable stacionary scatas exist and
cme unstable scacionary stata exista in the system. In

- o+ &
the stable {x , vy , L'} statae the number of bus users
comtinues to decline wich iocreasing fares, and there is
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a corresponding incresase in the number of car users.

Bus service continues to lmprove with increasing fares
but then reaches a maximum and begine to rapidly deteri-
orate becauge the inecreasing fares being charged cannot
make uyp for the resultant loss of passengers.

The optimm fare U. that should be charged for thea

best service may be computed analytically. This is
most easily dome by first finding the optimm oumber of

passengers for producing maxionm service. This is
obtained from \.?
2
wl, o oy X 2
5 = K K 2y {11)

We obtain for the optimm oumber ?n

ool . o -8\ 3.‘13'9_‘]
)’m'?[:b <, Jio 2Vt = | w»

The optimm fare 'un is then given by

- %e DO ol N 1}
\)h_"(-.l{_ -::.: + }{h(ﬁ 'Cl.) yrn (1)

whera we haove osed Equatiom (9) to obtain v as a fune-

tion of v. We also nmote that (11) may be put into the
form t} / %:-n‘ which shows that the maximm L is

achieved when the elasticity 1is =1.

We now point out the consequences of this kind of
structure of two atable statlooary states and one
unstable state on the response of the system to
fluctuatione. .

As the fares comtinue to increase 1o this regime
Ve < ux vﬂ. it becomes more and more likely that a
fluctuation in the oumber of car or of bus users will
be found that will cause the system to jump to the zero
bus users state.

Finially, for sacill higher fares v exceeding the

cricical value vt, the systex becomes Iinsensicive co
perturbations, adopting the (x =D, y = 0, L = Q)

-

K': K

OF ROOTS

stationary state which is stable in this regime of high

]
fares v > v .

B. Cost of Providing Service

Figure 2 shows the bifurcation diagrsm as a functiom
of costs of providing services E.

When the costs are below the critical value IE:,

there is one stable stationmary state in which buses and
cars co-exist. The all-car solution is umstable in
this regime of low coste.

As might be expected, the level of bus service
decreages with increasing costs, and hence the number
of bus users decreases with a corresponding increase in
CAT USETrS.

As costs continue to rise, in the range I.= < E « ‘.Kc,

the system can exist in oone of two possible stable

- &
atationary states, If the system ig in the (x , ¥ , l.+]

atate, the chances of remaining there dimfnish with

- Inecreasing costs, as the strength of a perturbation

which ecould cause the system to jump to the { x = D,
¥=0, L= 0) state decreases wicth increasing coste.

When costs exceed the eritical walue Kc, oo coe
chooses the bus and only the {(z = D, y= 0, L = O}
stationary state is stable.

C. Publicity for the Bus

Figure 3 shows the relationship between x ¥ and L
and the amownt of publicity or advertisement for bus
usage.

The system haz one stable statiopary state below a
eritical value Ee‘ two stable stationary states in the
range 87 < 8 < Ec and one stable stacionary state for 8
beyond Ec. The figure points teo the need to exceed a
eritical value Ec before people will choose the bus mode,

but once thiz critical value {2z exceeded. furcher
publicicty has very little effect on increasing ridership.
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dovever, 1if the system happens to be in the all-car
state, incraasing publicity does have a strong effect
on incrzasing che likalihood that a fluctuation will
causa tha system to change to the =ixed oode scate.
And when 8 > Ht any perturbation will cause the syscen
to jump to the =mixed mode stace.

We remark hers that once the publicicy exceeds BC

(so that any perturbation will cause the systez to jump
to the bua users scate), 1t is not necessary to malntain
the saze high lewvel of publicicy for the syst= to
fezmaio in this state, as is evident from the figure.
This i3 an example of the phencoenon of hysteresis.

D. [emand for Transportatiom

Figure 4 ahowa the effact of total demand for
transportaction D on mode cholce x and y and on bus
service, L.

When there is an insufficient total demand for
transportation, no bus service is offered. Mot uncil a

critical value of demand o% is exceeded is bus service
offered. The zero bus state, however, 1la still a possi-
ble stable scacionary stace Iin the range of demand

B <D< Di.'. but becomes Ilncreasingly less likely because
smaller fluctuations can cause the system to jump to

the mixed mode soluticm.

For scill higher demand, D > Dc' the zero bus users

state becomes unstable. In the stable stationary state,
the number of car users declines with increasing demand
as comgestion effects become more promounced, the mumber
of bus users Increases as people leave their cars, and
bus service improves as more revenues are recelved
because of the increased bus usage.

IV. OCONCLUSIONS

In this paper we have presented a dynamle model of
transportation sode cholce In which mode cholce was
based on individual behavioral characteristics and on
the service offered by the mode.

In examining the statiomary states of the system
and the sctabilicy of these states to fluctuations, we
found the existence of eritical values of the para-
metars (fares charged, cost of providing service, demand
for transportacion, etc.) at which the system bifurcated
to a nev sclutiom.

For some range of the parameters we found thac only
ooe of two possible staces of the systen waa stable to
fluctuations and hence in this range the avscem would
adopt one of the two possible states (the stable one).

In another range of values of the parameters we
found the existence of two stable states separated by an
unstable cne. This kind of structure, In wvhich two
stable scates exist, polnts to the role of hiscory
(through the inicial scates and through fluctuations) in
deteraining which state the system will adeopt (since
eicther one 13 cheorecically possible).

Furcher, this kind of structure also points to tha
I=portance of fluctuaciems in Influencing the behavior
of a sysctem as sufficiencly stromg fluctuatlions can
cauge the system to jump from one stablea state co
another. The size of the fluctuacion needed depended
o the closeness of the unstable atate to one of the
stable ones which, {a turn, depended upon the values of
the parasecers of the system.

We point out that the concepe of self-arganizacion
which appears under cercain condicions involving the
feedback betveen a sysiem and lcs environmenc, speoings
from the work done In non-linear thermodynamics

(Hicolis, Prigogine 19??]5 and has found specific
applications in biology, ecolegy and the social sclences.
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Figure 1 - MODE CHOICE AND QUALITY OF SERVICE YERSUS

FARES

So0lid lines: stable staticnoary state
Dashed lines: unstable stacionary state
Parameter values: o = L a, = 2,8 =130,

E=25 D= 100

Critical values: 'u': = 24, v = 52,9
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igure 2 - MODE CHOICE AND QUALITY OF SERVICE VERSUS

COSTS

Solid lines: stable stationary state
Dashed lines: umstable staclonary stace
Parameter values: 5, = 5, a, = 2, 8= 30,

v =45, D= 100

Cricical values: K_ = 13.3, £ - 29,4
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Figure 3 - MDDE CHOICE AND QUALITY OF SERVICE VERSUS
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PUBLICITY

Solid lines: stable statiomary state
Deghed lines: wmstable stationary state
Parameter values: a, = 5, “2 = 3, v = 45,

E=25 D= 100

Critical values: Bc = 56.3
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Figure 4 - MODE CHOICE AND QUALITY OF SERVICE VERSLS

TOTAL DEMAND FOR TRANSPORTATION

Solid lines: gtable staciomary state
DMashed lines: imsctable staticonmary state

Parsmeter valnes: z = 5 uz = 20w = 45

K =25, 6=230

Critfcal values: D_= 187.5, o = 91.1




