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Abstract-Modc choice unde. stæhaiically varyins denand is nudied via a dynanic nalbematical
nrodel which descnb€s the bebavioural inte@tons berween toprlation eoups The norièl s dêleloped
by assuning competing ltltuctivny fùnciiôns br autonobilù md pubhc tansû wh(h motilat rhù use
sublecr ro d olerrll demând i.r rranspodarion. wbcn rhr dcna.d is auotrcd ro vârt stæbaiicalll, a
sèt or stæhâsti. dihcrcnrial cqualions dcsÙibing lhe nodel ùe oblai.en. These æ solved for their
Qâdy sûre valùes. Il n foù.d rhal noisy d€nand can slructure lhe syslen qualir.tively difleFntly ùan
wh€n the d€nrand is fixed. The noise is iound lo generllly Educe the level ot public l(nsit nde^bip.
bu! ù d$ chanees thè vâlùes ofrbc rhtcshold at shich ncw Êgincs dcùr a.d, mo$ i.tcrcslingl!, it
indùccs ne* scady-srare soluiions lor rideAhip al critical values ol rhe !ùiance ol denrand. In rhe later
cas, rcne b€comes a eu.ce ol new possibilities in the syn€n hy dÊgenng r {eady sùre ntùtion not
present in lhe noise f@ enlnonn.nt

INTRODUCTION

A la.ge class of traDsportation modcls àrc dynâmic, dcsc.ibing, forcxamplc,lhe !ime evolution
of thc velocily pâtlem in trâffic flow problems (Hâight, 1961). Another exâInple of dynamic
reprcscnlation which will be oùr concem here is the individuâl's demând for trânsponation, as
in thc modc choice problem (Hirngen. 1974t Vr'ihon. 1979; Dôneubourg er al. , I 979; de Palma
and Lefevre, I 983 i Kahn €r dl. , I 981). Àn inponant reason for using a dynamic rcprcsentation
is to capture the effec! ofchanging rclativc attractivities of the modes as the mode choices are
being made. This cannot be adequately done wirh a static representation. The values of the
parameteru introduced into these models are detemined cxogencously or are estimarcd, assum'
ing them to be constânl- In rnâny situâtions, however, il is well recognized that this is not lrue.
For example, lrip times will vâry frorn hour to hour and frorn day to day dep€nding upon such
random factors as weâlher conditions, the percentâge of vehicle rnix at a given rnoment or the
occunence ol an accident.

It is rhereforc wonhwhile 1o cxaminc rhc effect of fluctuations in thc pârùmeters of a
transportation model on its b€havior. The fluctuations affecting the parameters could tÂke into
account seâsonal vâriâtioDs and vârialions âmong individuals in thcir rcsistâncc to mode change
(Goodwin. 1977). as weii as random fluctuations.

l'or linear systems (Arnold. 1974), if the fluctuations are rapid enough with regârd to the
deterministic tiûre scale of the model. then the average values of the parameters are sufficient
to determine the qualitative behavior of the systen. For nonlinear systems, howev€r, (he

fluctuations may induce quaiitative changes in the system: Such phenomena are câlled noise-
induced transitions (L€lèver ?r al.. 1979i Honthemte and lÊfèver, 1980).

ln Section 2 we recall a dynamic choice model for transpo(alion modes. In Section 3 wc
derive the stochastic versionofthis model using some basic results from the theôry of stochastic
diftèrential equalioos; a simple version of this model wilt be analyzed. Finally, in Section 4,
we presen. the results of numerical solutions of a more complex versioD oi thc model and
discuss some extensions.
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THE DETERMINISTIC MODEL

Recently. systems of nonlineûr differential equâtions (Deneubourg ?l dl., i9?9; Kahn er
dl. , 198 I . 1983) bave been developed ro describe the tempoml evotution of different modes
of ransportation in comp€ririon with each other for riders. These models ffe rreat€d as choice
rnodels among the differenr transpondion modes.

We consider here (see Deneubourg er dl., 19?9) the câse of a choice berween a privâ(e
node. the câr, and Â public one, the bus.

Iæl X and y be the nurnbe. of individuêls who choose rhe car and lhe bus. resDectivetv.
D repre'cnr\ ùe rorâl numbe' X - y ol 'ndi\iduats uho are tacing rhe mode chorc; p,obtem
ând rs assumed to b€ consianr for the present time (unetasric ilemand). Iæl y.6, y) a;d Vt(X,
D be the observâble utility functions of rhe car and the bus. The ftêcrion of individuals usins
the cù and Lhe bu, i' a-umed ro be denlabje from lhe jogir modet (McFadden. t981, ds

4 =  " ' "  "  ! = , _ \
D evtx. tt + e\tx. t). D 

' 
D.

( l )

The derivation of this equation in â dynamicâl context bâs been presenred in de palrnâ and
teferre r 1981,. These aurhorr have propos€d â dynarnrLat adiusrminr proce- which de.cribes
huq rndi! iduaj.  \elecr â mode chorce rhere a trdnspondt ion mode/ d. a funct ion ot rrme { i .e.
lrom dây to day). As â function of time, the equations of evotution of the car and bus users
are (Ben Akiva er a/., 1984: de Pâlma and læfèvre. 1983)

Tbe dymmic mode choice rnodel, inrroduc€d in Deneubourg ?r rl. (19?9) is surnmârize.d
below. Fu' the car it i\ a\\umfd lhal rhe ulilrr) i\ con\lanr:

y. = ln d, (3)

For the bus, the utility is âssumed to be a funclion of tbe ..publicity.. used to plomote bus
usage (factor 6:) and ofthe "imitâtive" behâviour lor bandwagon effecr) resulting in bus usage
(see de Palrna and l€fèvre, 1983):

ys = ln (@,) + o:_),). (.4)

. 
Tbe lariÂbles X and y in eqn (2) may approach starionâry values where rhey wilt no tonger

chânge with turther changes in time_ The srâtionary solulions of eqns (2), defined by dy/
dt = 0 and dyldr = 0, ale precisely the forrnulas given in eqn (t)_ For rhe funcrionat forrns
(3) ând 14) selected, we obtain, for rhe srâtionary srare,

X
Y = D - X .

(2)
dxdx

dt
dv

D al + Ozy + nrf  '

The solutions of eqn (5) are given by

(s)

(6)

(7)

Y = O ;  X = D

d,Y'� + (6, - a,D)Y + (.1t - D@) : O.

There âre qualiiâtively rwo differenl bifurcarion diagrams displaying the srârjonary states as a
function of, for the y solutions of eqn (7). The biturcation diâgarns wilt yield informarion



Noisy demand and nodc choice

- Stâble Stationary State

--- - Unstable Stationary State

Y

û , ' t
dz' l

Oz 'z

- Stabl€ Stationary State

----  Unstable Stat ionary State

q2' 1

Y'
T - - - - - - - - - - +
t D

l4!tq,\\'� - O2

0z 'os

ôc

Fig. I BituEalion diaSraùs for ôc case when (a) 6: > V.r,, a and (b) O: < \4" dl

on which of the possible solutions are accepted by the sysGn. as well âs informalion on rheii
stabilny propenies when subjected to pcnurbations in X and y. The diâgârns âre shown in
Fig. 1. In Fig. I we have introduced critical densities defined by

t8)D l  - - a, o 1

(e)
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For Fig. l(a), the publicity facror @, hâs a higb vàlue l@, > (d, dJ1r,l_ In this case we see
that no bus service can be iniiiâled if rhe demand D is less rhan the critical dernând D:.

lf the publicity is low IFig. l(b)l l@, < (il1 lr:)1'11, a lârg€r dernand is necessary before
service is possibte (D > ,. > D!). However, even in rhis case, ifr. < D < D!', bui service
may not be observed, since two stabte regimes coexisr, one wiih zero ridership (yi = 0) and
one wjth positive ridership (f+ > 0).

A STOCHASTIC VERSION O!  THE MODEL

In the preceding anaiysis, rhe rotât demand D was âssumed to b€ consrant. In facr, for a
number of reâsons D vâries as â function of time. D wilt vâry because of seÀlonal variarions,
pnce modificâtions which affe€t rhe elasticity of demênd for transponadon ând orher exr€mal
factors. These include employment conditions, weather conditio;s and sirnilar extematiries
influencing the demând for ûânsponation. The summarioî of rhese effecrs implies thar the
demand, appears to be fluctuating.

Lel u. no$ dellne ! llocha\ric demand lunctrùn

D , = D + é ,  ( 1 0 )

where D is the average demaDd ând (, is rhe fluctuaring componenr of the dernand. We will
assume ùat <i is a Mârkovian stâtionary stochastic process. More precisely we assume that {,is given by while noise with zero meâû and â varian€e denored byor.

Equ.tion (10) then becomes

d D , = D d t + o d W , , ( r 1 )

where & is â Wiener process. lr can be shown (Amotd, i974) that f, wilt rhen obev the
fol lo$rng lro l inear non..rarrona4 \rocha.r ic di f terenrraj  equârion

d Y .  l - t  D C | X , .  I  t l  \ l r  o c t x . y ) d w (12)

The probability density P(y,, , of rh€ y, process is lhe solution of a Fokter-ptanck equâtion.
The stationary distriburion cân be expticitly derermiDed (Amold, 1974) and is eiven a;

P(v) = NC(ï) ' *, 
{31' 

p"rtt 4G(z) , dz. ( 1 3 )

where N is a positive normalizalion facror ensuring the conservarion properry of the probability

The extremâ of the srationary distriburion for I I 0 are solurions of rhe eouation

IDCIZ) - zl _;G(z)G,(z): o, (r4)

where G'(a is rhe derivarive of 6(2) with respecr ro Z. The extrema of rhe starionârv disrdbution
correspond lo the plinls shcre ir r\ more probabte lhdr lhe \râre ol lhe \).lem srlt be found
and_conespond 1o the mâcroscopic starionâry stâtes (stable stationary staret. Of course ir is
easily venfied rha(, when d, = 0, the maximâ of e4n ( | 3) are identicai to the srâbte srarionary
states ofeqm (2). For linear sysÈms and for syscms wirh addirjve noise defined byc(a = mnstant
or G'(Z) = O, the peaks of the sr.tionary distribulion p(n ,re broâdened ând darnDed onlv
when Ihe intensity of rhe noise is increasing. This is nor a general resull, as we stal see w;ti
the êid of an exâmple using a mutriplicarive noise, G,(Z) + 0.

The case y : 0 will be studied directiy from eqn (13).
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The white noise li,']-il atul a1 = 0.
We shÂlt now examine the model as given by the stochastic differentiâl eqn (12) and by

rhe aftrÂctivity (or utiliry) eqns (3) and (4) for which û, = 0. ln rhis case the equâ(ion for the
extrerna {eqn (t4)l becornes

, Do.- '  ' o ,  
+  @ . r _

This equation may be rewrinen as

')
I t .Y)

t , | y j

We first look ât the câse when

D < : .

t @ 1
( a r + 9 ' r f - " (15 )

(16)

(17 )

ln this case

F( l )  < o,  # 1, .  o .  o =,  * , (18)

so that the probâbility function P(l') is maxirnun at f = 0 ând is âlways decreasing (see Fig.
2). This rcsult is consistent with the anâlysis done in the deterministic case.

l,et us now consider the case when

D > +. (le)

In this case the derivative of the probability, dP(y)/dv, follows the sign ofthe function o:
wherc oi = (z.it/O, \DO, - o.\).

p0)

D

Fis. 2. Stationâry probabiliiy dnmbution; D = a,/O,.
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The€ are rwo qualitatively difièrenl situations in ihis câse:
(1) lf Dêl a'lo. t o'lOJ. ihen F(v) is a monotonically decreasing function of v with

F(0) : (zrlt@r@O, - ar) and F(D d,/Ot = 0 (see Fig. 3). Thus ihe probability P(D
will either exhibil a maximum (for dr < d:) or be nonotonicâlly decreasing (when o: > oi).
This is shown in Fig. 4(â) and (b)- Wc thus see that the introduction of fluctuarions in the
dcmând hirs the effecr of shifting the maximum of P(}J from $e deterministic valu€ Y : D - all
Otfor o'� = 0) to zero for or > o: (see Figs. 3 and a).

(ii) The second situâtion is wheD D > i d,/O:. Then a(n is an increasing function of y
for y <2D13 ûLIO?, reaching â na\inum at y = 2rl3 drl@,, and is a decreasing
funclion of y for y > 2Dl3 .rr/@2. This situarion is depicted in Fig. 5. Thus the probabiliry
P(y) has a unique maxirnum when or < ol exhjbits both a mininum ând â rnâximum when
o? < 01 < (2D13)3O2la1 and is a monotonically decreasing function of y \|hen 01 > l2Dl
3)r@1o,. These three different cases are shown in Fig. 6. in the cases depict€d in Fig. 6(a)
and 6(c). fluctuarions in the demand have introduced similâr phenomenê al.€ady discussed with
reference to Fig. 4(â) ând (b). However, ir the case depicted iD Fig. 6(b) a qualitâtively new

o:

0 D
Y

Sktionary probabihy distnbùtion.. Dtl @tr 6.- t ta I O )l

D. K^HN.  , DI P^LM,\ and J. L. IÈNEÙBoTRC
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behavior is exhibited in thc syslern which now admits two maxina. This is an example whercby
the noise has introduced â peâk-splitting transition. This would correspond in thc macroscopic
description to a new observable slâie of the system.

NUMERICAL RESULTS

ln this section rle present numericàl t€snlis for the more complex nodel (l: I 0 treâled

in the deleministic case in Deneubourg et al. 11979). This will cûable us to compare direcdy
the dererminisric ctse in which the denand D is coûsta with the stochâstic câse treâted here
where the demand fluctuates. The equation for the extrema is given by

(20)

which reduces to eqn (15) when d: = 0.
\Ve remind rhe reader ùal the extrema v of the stationary pobâbiliry distribution P(v)

Lsee eqû (l3)l âre identified with the observable macroscopic states of the synem. The maximâ
ofP(v) where rhe process spends nost ofits time are the stable steady states, while the mimima
where relatively litlle time is spent are the unstâble stâtes. ln the limit a: + 0, the extrema
are simply the solotions of the determinist;c eqùâlion lâlreâdy obtained in Deneubourg (1979)1.
we now compare the deleministic solutions with solutions from the stochastic differential eqt
(12) âs given by e.qn (20). This equation is solved fo. r as a function of the demand D and as
â func.ion of the variance t'r for the same nunerical valucs oi the pâramele.s âs in the deter'
ministic casô. The results are shown in Figs. 7 and 8. In these figures, the solid lines reprcsent
the maxima of the probability funclion P(v) corresponding to observable macroscopic states,
and the dashed lines represenl the minima corresponding to unobseflable mâcroscopic states.

Figure 7, in which r is plotted as a tunction of, for different vâlues of d:, exhibits all
rkee phenomena induced by a îuctuating demand as discussed in the previous section. we
see that the noisy demand has caldsed peak danpins, forcing the maxinum value of P(u to
become depressed for all finite vâlues of rr compared to the deternilislic câse where a' = 0.

The figure further shows the phenomenon ofp?dt sl,ri"8 by which the loca.ion of the
transilion poinrs are shifted. The prâcticâl significance of this is that one needs a higher demand
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P(v)

Y
Fie 6. Sbtionary ptubabihy dntribuiiont D > , (a /dJ.

D befbre bus service is initiated. The value ofrhe demand necessùf to initiate bus service for
difièrent vâlues of d'�is cornpùled by crlculaling the tunction dDlôy = 0 and solvinC ir for
Y to obtâin the cntical values of D.

Finally the phenomenon of padl rplirir,g is Âlso seer ro occur, wheieby
scopically observâble s1âte appears in the sys!,en. For example, at D : 5 onty one obsenâble
stale âppeârs in the deterrninistic case d, = 0, whereas rwo observable srates appear when
a'� - 10 (see Fig. 7).

D. KN, A DE PaLMÀ md J. L. DÊNr1ue@c
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Fig. ?. Ride^hip rs,sus ucmano.

Figure 8(a) and (b) show v as â fuûction of d' directly. Figurc 8(a) con€sponds to the
previous Fig. 5. \Ve note thal beyond â critical noise l€vel dl no bus service is possible for
the given level of demand, as discussed âbove.

Figure 8(b) shows the appearance of â new obse able macroscopic state I I 0 for a
given value of dle variance o:. This, of course, is qualitatively new, not possible in lhe
deterministic câse whe.€ o'� = 0. Thus. here two non-zero roots can co€xist; one root is the
continuation of the deterministic root (upper brânch), while the other did not exist in th€ noise-
ftee deterministic case.

C O N C L U S I O N S

The imponance of this work, we believe, lies in the new behâvior exhibited by â trans-
poflâtion systen subject to environmental noise uflder very broâd conditions. As long âs the
noise is multiplicaiive and the systen non linear, whicb is the usuâl câse for real trânsportâtion
systems, tbe noise may induce quântitative âs well âs qualitâtive effècts not present in the noise-
lree environment- This is true even if the system is in equilibrium in the sense that the rândom
Uuctuations or noise cancel oul on lhe average.

The effects induced by the noise are of the following tJ?es: first, there is a general decreas€
in bus ridership as the fluctuâtions increâse; secondly, ihe rninimum demand necessary to have
bus service increa,.ies with increasing fluctualions in demând; finally, the presence of noise can
shift an ini.ially high level of bus ridership operation inùo â low-tevel ridership regime.

Behâviourally, we interpret these results to signily people s rclu€tance to frequent a service
which, though on average maintains a given levelofsewice, is unprediclable fmm day to dây.
There is a mode switch to the car under these conditions of variâbilily- Malhernâticâlly, fmrn
the assumptions of the model tsee eqns (2Ha)1, the fraction of individuals tâling the bus
increases with increasing demand in a concave fâshion (see Fig. 7)- Thus, the downward
fluctuârions in total demad are more detrimental than the symmeiric upwârd fluctuations in

From the poin( of view of â bus conpany which wishes to intoduc€ a new tine, lhe
presence of â fluctuâting demand increases the market necessary to suppon the line. Thus the
company may wish to develop methods to reduce the impact of t'luctuations âs well as the
fluctuations themselves. On a long'range or overâll managerial level, the compâny rnây wish
to consider poticies and infrasructural changes which would help ao reduce the impact of
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fluctuâtions in demand. One way ro do this would b€ to make the velociry or frequency ofbus
service less sensidve 10 the demand.

On another noæ operâlional level, the compâny mây reduce the fluctuarions directty by
such stratagems as the use of back-up buses. A less capital-intensive strategy for reducing rhe
fluctuations in demand would be to provide transportarion usels with information conceming
tie-ups or bottlenecks. The idea here is ro relocare rhe locâl demand from one line ro ânorhcr
as traffic conditions change. ln fâct there is a program which is now atrempting to determine
the benefits of providing such information to potential users (Transponadon Sysrems Center.
l98l). This progam is called Conpuienzed Rider lnfbrrnarion Systcm (CRIS) and is being
tesled in Pilrsburgh, E.ie, Albany, San Diego, Salt Lake City and Colurnbus. While the details
of the Plogrâm differ fmn city to city, the essentiâl common feature is rhe provision of
information to â telephone caller on the time of anivai of â bus âr stops specified by rhât câller.
This informâ.ion is expected io reduce the amount and the vâriabiliry of wait time ai bus sroFj.
It is hop€d thât this, in tum, will lead to increased ridership. To the extenr rhat a reduction in
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wait tine vânâbility will result in an associated reductior in dle variability of total demand,
this papcr would predicr an increase in lrânsit ridership.

The tlansir service reliâbility demonstration project in Minneêpolis-St. Paul could provide
data needed to test the model. The reader is referred ro the MinneâpoliFst. Paul Trânsn Seflice
Reliâbility Demonstration report (Multiplications, 1983) for detailed infonnarion on tbe actual
deûonstration resùlts. This type of demonstration may be used for model testing by obtaining
"before" datâ on the demând for aansportation between two areas serviced by a bus route
(their route 5, say). Ihe daily variÂnce of this demand would be obtained as an average over
severâl we€ks. Bus ridership levels would also bc obtaincd for tbis p€nod for this route.
Following these before darâ collection âctivities, r€al-time holding strategies would be used to
increase bus reliâbitily tkough increased adhererce to scheduled depanure times from the
vdrious stops along lhe bus route. lf ii is assuned thal improvemcnt actually occurs (as it did
in the demonstrâtion), "âfter" dâtâ will be obtÂined on demand. on the daily vâriance of
demand and on bus .idelship. After accounting for ridenhip changes due to other faclors (the
extemalitiet, the dâtâ would be analyzed for relatiorships berwe€n rideruhip changes and
changes in demand and demand vaiability ând then compàred with rnodel pedictions, such
as shown. fo. exanple. ;n Figs. 7 atd 8.

A.horLd8e,ena The âùrhon would like ro ùmk Moshe Ben Akiva, R Litèler dnd R Aûôlt tnt ustul sùg
gestions We xl$ kkc plcâsùE in acknowledging I PriCogirc tnr sue8èsing thè âppli.arion of rbc scha$r method
ior lbe sûrdv ot sdial Dhenonena.
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