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Foreword

After the success of the first Modave Summer School in Mathematical Physics, a second
edition was organized by a group of young physicists from the Service de Physique Théorique
et Mathématique of the ULB, the Theoretical Particle Physics Group of the VUB and the
Service de Mécanique et Gravitation of the UMH. The school took place in the center "les Cent
Fontaines” in the small Belgian town of Modave as for the first edition. The event benefited
from the support of the International Solvay Institutes.

In modern theoretical physics, a very strong mathematical background is required for the
understanding of many profound physical issues. Unfortunately, in usual schools and workshops
addressed to young physicists these mathematical tools are not covered in detail. The Modave
philosophy is to provide the beginners in the field with these tools necessary to get closer to the
recent developments in physics.

Another aim of the school is to promote the exchange of knowledge between the participants.
In this respect, the Modave lectures are given by the young researchers themselves, in the
domain where they are becoming experts. The geographical situation of Modave, far from
everything, and the countryside atmosphere highly favour informal discussions and interactions
among participants.

The summer school consisted of about 5 hours of lectures a day, during the morning and the
late afternoon. This schedule encouraged the participants to interact during the afternoon in
informal discussions. Various social events were proposed during the evening.

Some of the lecturers made their contributions available for the international community of
physicists by publishing an extended electronic version of their talk on the Internet. We hope
that the Modave lectures will be helpful for young researchers in theoretical physics.

We would like to thank all lecturers and participants for their contribution to the success
of the school. Thanks also to the International Solvay Institutes to have made copies of the
proceedings available for the lecturers in printed format.

The organizers,

N. Bouatta, S. Cnockaert, G. Compere,
S. de Buyl, S. Detournay,
V. Mathieu, A. Wijns.
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The unitary representations of the Poincaré group
in any spacetime dimension

Xavier Bekaert®! and Nicolas Boulanger®?

¢ Laboratoire de Mathématiques et Physique Théorique,
Unité Mixte de Recherche 6083 du CNRS, Fédération Denis Poisson,
Université Francois Rabelais,
Parc de Grandmount, 37200 Tours (France)

® Service de Mécanique et Gravitation,
Université de Mons-Hainaut, Académie Wallonie-Bruxelles,
6 avenue du Champ de Mars, 7000 Mons (Belgium)

ABSTRACT. An extensive group-theoretical treatment of linear relativistic wave equa-
tions on Minkowski spacetime of arbitrary dimension D > 3 is presented in these
lecture notes. To start with, the one-to-one correspondence between linear relativistic
wave equations and unitary representations of the isometry group is reviewed. In turn,
the method of induced representations reduces the problem of classifying the represen-
tations of the Poincaré group I.SO(D —1,1)! to the classication of the representations
of the stability subgroups only. Therefore, an exhaustive treatment of the two most
important classes of unitary irreducible representations, corresponding to massive and
massless particles (the latter class decomposing in turn into the “helicity” and the
“Infinite-spin” representations) may be performed via the well-known representation
theory of the orthogonal groups O(n) (with D — 3 < n < D — 1). Finally, covariant
wave equations are given for each unitary irreducible representation of the Poincaré
group with non-negative mass-squared. Tachyonic representations are also examined.
All these steps are covered in many details and with examples. The present notes
also include a self-contained review of the unitary representation theory of the general
linear and (in)homogeneous orthogonal groups in terms of Young diagrams.

IE-mail address: xavier.bekaert@lmpt.univ-tours.fr.
2E-mail address: nicolas.boulanger@umh.ac.be; Chargé de Recherches FNRS (Belgium).
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1 Group-theoretical preliminaries

Elementary knowledge of the theory of Lie groups and their representations is assumed (see e.g.
the textbooks [1, 2] or the lecture notes [3]). The basic definitions of the Lorentz and Poincaré
groups together with some general facts on the theory of unitary representations are reviewed
in order to fix the notation and settle down the prerequisites.

1.1 Universal covering of the Lorentz group

The group of linear homogeneous transformations «'* = A" z¥ (u,v = 0,1,..., D —1) preserving

the Minkowski metric 7, of “mostly plus” signature (—,+,...,+),
ATnA =1,

where AT denotes the matrix transpose of A, is called the Lorentz group O(D — 1,1).

A massless particle propagates on the light-cone x2 = 0. Without loss of generality, one may
consider that its momentum points along the (D — 1)th spatial direction. Then it turns out to
be convenient to make use of the light-cone coordinates

1
et =— (2P +2% and 2™ (m=1,...,D-2),

V2

where the Minkowski metric reads nyy =0=n__, ny— =1 =n_4 and Nmn = dmn (M,n =
1,...,D—2).

On physical grounds, one will mainly be interested in the matrices A’s with determinant +1

and such that A% > 0. It can be shown that such matrices A’s also form a group that one calls the
proper orthochronous Lorentz group denoted by SO(D — 1,1)". It is connected to the identity,
but not simply connected, that is to say, there exist loops in the group manifold SO(D — 1,1)1
which are not continuously contractible to a point. In order to study the representations (reps)
of SO(D — 1,1)", one may first determine its universal covering group, i.e. the Lie group
which is simply connected and whose Lie algebra is isomorphic to so(D — 1,1), the Lie algebra
of SO(D —1,1)T. For D > 4, the universal covering group, denoted Spin(D — 1,1), is the
double cover of SO(D —1,1)". The spin groups Spin(D — 1,1) have no intrinsically projective
representations. Therefore, a single (or double) valued “representation” of SO(D — 1,1)T is
meant to be a genuine representation of Spin(D —1,1).
Warning: The double cover of SO(2,1)! is the group SU(1,1), in close analogy to the fact
that the double cover of SO(3) is SU(2). The group SU(2) is also the universal covering group
of SO(3), but beware that the universal cover of SO(2,1)! is actually R3, covering SO(2,1)!
infinitely often. Thus one may not speak of the spin group for the “degenerate case” of the
proper orthochronous Lorentz group in spacetime dimension three. The analogue is that the
universal cover of SO(2) = U(1) is R covering it infinitely often, so that one may not speak of
the spin group for the “degenerate case” of the rotation group in two spatial dimensions.

1.2 The Poincaré group and algebra

The transformations
't = A 2t + o

where a is a spacetime translation vector, form the group of all inhomogeneous Lorentz trans-
formations. If one denotes a general transformation by (A, a), the multiplication law in the
Poincaré group is given by

(A2, a2) - (A1, a1) = (A2Ay, a2 + Azay),
so that the inhomogeneous Lorentz group is the semi-direct product denoted by
IO(D—-1,1)=R” xO(D - 1,1).

The subgroup ISO(D — 1,1)! of inhomogeneous proper orthochronous Lorentz transformations
is called the Poincaré group. The Lie algebra iso(D — 1,1) of the Poincaré group is presented
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by the generators { P, , M,, } and by the commutation relations

{ [M;un Mpo} = nl/pM,u,o' - nupMuU - nauMpV + no'l/Mpp, (11
P[Py, Mps] = npupPo —npuePp, (1.2
i [Plu PP} = 0.

Two subalgebras must be distinguished: the Lie algebra so(D — 1,1) of the Lorentz group
presented by the generators { M,,, } and by the commutation relations (1.1), and the Lie algebra
RP of the Abelian translation group presented by the generators { P, } and by the commutation
relations (1.3). The latter algebra R” is an ideal of the Poincaré algebra, as can be seen from
(1.2). Altogether, this implies that the Lie algebra of the Poincaré group is the semi-direct sum
iso(D —1,1) =RP 3 50(D —1,1).

The Casimir elements of a Lie algebra g are homogeneous polynomials in the generators of g
providing a distinguished basis of the center Z (U (g)) of the universal enveloping algebra U(g)

(see e.g. the part V of the lecture notes [3]). The quadratic Casimir operator of the Lorentz
algebra so(D — 1,1) is the square of the generators M,,:

C, (50(D 1, 1)) - %MWMW. (1.4)

The quadratic Casimir operator of the Poincaré algebra iso(D — 1,1) is the square of the mo-

mentum
Cy (iso(D _1, 1)) — —P1p,, (1.5)

while the quartic Casimir operator is
1
Ca(iso(D = 1,1)) = =5 P2Myu, M™ + M,,, PPN P,
which, for D = 4, is the square of the Pauli-Lubanski vector W#,

1
WH = 2 07 My, Py

1.3 ABC of unitary representations

The mathematical property that all non-trivial unitary reps of a non-compact simple Lie group
must be infinite-dimensional has some physical significance, as will be reviewed later.

Finite-dimensional unitary reps of non-compact simple Lie groups: Let U : G — U(n)
be a unitary representation of a Lie group G acting on a (real or complex) Hilbert space H of
finite dimension n € N. Then U is completely reducible. Moreover, if U is irreducible and if G
s a connected simple non-compact Lie group, then U is the trivial representation.

Proof: For the property that U is completely reducible, we refer e.g. to the proof of the proposi-
tion 5.15 in [1]. The image U(G) for any unitary representation U defines a subgroup of U(n).
Moreover, the kernel of U is a normal subgroup of the simple group G. Therefore, either the
representation is trivial and ker U = G, or it is faithfull and ker U = {e} . In the latter case, U
is invertible and its image is isomorphic to its domain, U(G) = G. Actually, the image U(G)
is a non-compact subgroup of U(n) because if U(G) was compact, then U~' (U(G)) = G would
be compact since U™! is a continuous map. But the group U(n) is compact, thus it cannot
contain a non-compact subgroup. Therefore the representation cannot be faithful, so that it is
trivial. (A different proof of the second part of the theorem may be found in the section 8.1.B
of [2].) O

Another mathematical result which is of physical significance is the following theorem on
unitary irreducible representations (UIRs) of compact Lie groups.

Unitary reps of compact Lie groups: Let U be a UIR of a compact Lie group G, acting
on a (real or complex) Hilbert space H. Then H is finite-dimensional. Moreover, every unitary
representation of G is a direct sum of UIRs (the sum may be infinite).

Proof: The proofs are somewhat lengthy and technical so we refer to the section 7.1 of [2] for
complete details. O
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Examples of (not so) simple groups:

e On the one hand, all (pseudo)-orthogonal groups O(p, q) are either Abelian (p + ¢ = 2) or
simple (p+q > 2). Moreover, orthogonal groups (pg = 0) are compact, while pseudo-orthogonal
groups (pgq # 0) are non-compact.

e On the other hand, the inhomogeneous Lorentz group IO(D — 1, 1) is non-compact (both R?
and O(D — 1, 1) are non-compact) but it is not semi-simple (because its normal subgroup R? is
Abelian).

2 Elementary particles as unitary irreducible representa-
tions of the isometry group

Except for the final remarks, this section is based almost ad verbatim on the introduction of
the illuminating work of Bargmann and Wigner [4], modulo some changes of notation and
terminology in order to follow the modern conventions.
The wave functions | ¢ ) describing the possible states of a quantum-mechanical system form
a linear vector space H which, in general, is infinite-dimensional and on which a positive-definite
inner product { ¢ | ¥ ) is defined for any two wave functions | ¢ ) and | ¢ ) (i.e. they form a
Hilbert space). The inner product usually involves an integration over the whole configuration
or momentum space and, for particles of non-vanishing spin, a summation over the spin indices.
If the wave functions in question refer to a free particle and satisfy relativistic wave equations,
there exists a correspondence between the wave functions describing the same state in different
Lorentz frames. The transformations considered here form the group of all inhomogeneous
Lorentz transformations (including translations of the origin in space and time). Let | ¢ ) and
| ¥ ) be the wave functions of the same state in two Lorentz frames L and L', respectively.
Then | ¢ ) = U(A,a) | ¢ ), where U(A,a) is a linear unitary operator which depends on the
transformation (A, a) leading from L to L’. By a proper normalization, U is determined by A
up to a factor 1. Moreover, the operators U form a single- or double-valued representation
of the inhomogeneous Lorentz group, i.e., for a succession of two transformations (A1,a;) and
(A3, az), we have
U(AQ,GQ)U(Al,al) = iU(A2A17a2 + Asaq). (2.1)

Since all Lorentz frames are equivalent for the description of our system, it follows that,
together with | ¢ ), U(A,a) | ¢ ) is also a possible state viewed from the original Lorentz frame
L. Thus, the vector space H contains, with every | ¢ ), all transforms U(A,a) | ¥ ), where
(A, a) is any inhomogenous Lorentz transformation.

The operators U may also replace the wave equation of the system. In our discussion, we
use the wave functions in the “Heisenberg” representation, so that a given | ¢ ) represents the
system for all times, and may be chosen as the “Schrodinger” wave function at time ¢ = 0 in a
given Lorentz frame L. To find | ¢ )¢, , the Schrédinger function at time ¢o, one must therefore
transform to a frame L’ for which ¢ = t — tg, while all other coordinates remain unchanged.
Then | 9 )¢, = U(A,a) | ¢ ), where (A, a) is the transformation leading from L to L'.

A classification of all unitary representations of the inhomogeneous Lorentz group, i.e. of all
solution of (2.1), amounts, therefore, to a classification of all possible relativistic wave equations.
Two reps U and U=vUv-! , where V' is a fixed unitary operator, are equivalent. If the system
is described by wave functions | ¢ ), the description by

)=V I]d) (2.2)

is isomorphic with respect to linear superposition, with respect to forming the inner product of
two wave functions, and also with respect to the transition from one Lorentz frame to another.
In fact, if [ ¢ ) =U(A,a) | ¢ ), then

—/ —_— ~ —_—
[v) =V I[Y) =VUN VT y)=Ula)v).
Thus, one obtains classes of equivalent wave equations. Finally, it is sufficient to determine the
irreducible representations (irreps) since any other may be built from them.

Two descriptions which are equivalent according to (2.2) may be quite different in appearance.
The best known example is the description of the electromagnetic field by the fieldstrength and
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the vector potential, respectively. It cannot be claimed either that equivalence in the sense of
(2.2) implies equivalence in every physical aspect. It should be emphasized that any selection
of one among the equivalent systems involves an explicit or implicit assumption as to possible
interactions, etc. Our analysis is necessarily restricted to free particles and does not lead to any
assertion about possible interactions.

The present discussion is not based on any hypothesis about the structure of the wave equa-
tions provided that they be covariant. In particular, it is not necessary to assume differential
equations in configuration space. But it is a result of the group-theoretical analysis that every
irreducible wave equation is equivalent, in the sense of (2.2), to a system of differential equations
for fields on Minkowski spacetime.

Remarks:

e An important theorem proved by Wigner is that any symmetry transformation that is con-
tinuously related to the identity must be represented by a linear unitary operator (see e.g. the
appendix A of [5]). Strictly speaking, physical states are represented by rays in a Hilbert space.
Therefore the unitary representations of the symmetry group are actually understood to be pro-
jective representations. In spacetime dimensions D > 4, this subtlety reduces to the standard
distinction between single and double valued representations of the Poincaré group, as was taken
for granted in the text.

o Notice that the previous discussion remains entirely valid if the Minkowski spacetime RP~1.1 is
replaced everywhere by any other maximally symmetric spacetime (i.e. de Sitter spacetime dSp,
or anti de Sitter spacetime AdSp) under the condition that the inhomogeneous Lorentz group
IO(D —1,1) be also replaced everywhere by the corresponding group of isometries (respectively,
O(D, 1) or, O(D —1, 2)).

e In first-quantization, particles are described by fields on the spacetime and isometries are
represented by unitary operators. A particle is said to be “elementary” if the representation
is irreducible, and “composite” if the representation is made of a product of irreps. In second-
quantization, a unitary representation of the isometry group describes the one-particle Hilbert
space of states.

Another point of view: On the one hand, the rules of quantum mechanics imply that quantum
symmetries correspond to unitary representations of the symmetry group carried by the Hilbert
space of physical states. Furthermore, if time translations are a one-parameter subgroup of the
symmetry group, then the Schrédinger equation is essentially a unitary representation of this
subgroup. On the other hand, the principle of relativity dictates that the isometries of spacetime
be symmetries of the physical system. All together, this implies that linear relativistic wave
equations may be identified with unitary reps of the isometry group.

3 Classification of the unitary representations

3.1 Induced representations

The method of induced reps was introduced by Wigner in his seminal paper [6] on the unitary
representations of the inhomogeneous Lorentz group IO(3,1) in four spacetime dimensions,
which admits a straightforward generalization to any spacetime dimension D, as reviewed now.
The content of this subsection finds its origin in the section 2.5 of the comprehensive textbook
[5].

From (1.3) one sees that all the translation generators commute with each other, so it is
natural to express physical states | ¢ ) in terms of eigenvectors of the translation generators P* .
Introducing a label o to denote all other degrees of freedom, one thus considers states ¥, , with
PV, s =q,¥Y,o. From the infinitesimal translation U = 1—iP*"¢, and repeated applications
of it, one finds that finite translations are represented on H by U( 1,a) = exp(—i P*a,) , so one
has

U(La) W, = e 090, .

Using (1.2), one sees that the effect of operating on ¥, , with a quantum homogeneous transfor-
mation U(A,0) = U(A) is to produce an eigenvector of the translation generators with eigenvalue
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PUN)Y,, = UNUTA)PURN)Y,, =UR)AT ) P,
A PPUN)Yy 5,

since (A™1)” = A,?. Hence U(A)¥,, , must be a linear combination of the states ¥y, ,

U(A)\I/p,a = Z Ca’o(Avp)\IIAp,a' . (31)

In general, it is possible by using suitable linear combinations of the ¥,, , to choose the o labels
in such a way that the matrix C,/(A,p) is block-diagonal; in other words, so that the ¥, ,
with ¢ within any one block by themselves furnish a representation of the Poincaré group. It is
natural to identify the states of a specific particle type with the components of a representation
of the Poincaré group which is irreducible, in the sense that it cannot be further decomposed
in this way. It is clear from (3.1) that all states ¥, , in an irrep of the Poincaré group have
momenta p belonging to the orbit of a single fixed momentum, say g*.

One has to work out the structure of the coefficients C,/ (A, p) in irreducible representations
of the Poincaré group. In order to do that, note that the only functions of p* that are left
invariant by all transformations A*, € SO(D — 1,1)T are, of course, p*> = 1,,p"p” and, for
p? < 0, also the sign of p°. Hence, for each value of p?, and (for p? < 0) each sign of p°, one
can choose a standard four-momentum, say ¢ , and express any p* of this class as

pt =LF,(p)q"”,

where L", is some standard proper orthochronous Lorentz transformation that depends on p* |
and also implicitly on our choice of ¢" . One can define the states ¥, , of momentum p* by

Upo =N(p)U (L(p)) L (3.2)

where N(p) is a numerical normalization factor. Operating on (3.2) with an arbitrary homoge-
neous Lorentz transformation U(A), one now finds

UMy = NO)U(AL®)) Vo
= N@U(L(A)) U(L 7 (Ap)AL() ) oo (3.3)
The point of this last step is that the Lorentz transformation L~ (Ap)AL(p) takes ¢ to L(p)qg = p,
then to Ap, and finally back to ¢, so it belongs to the subgroup of the Lorentz group consisting

of Lorentz transformations W/, that leave ¢/ invariant : W/ ¢” = ¢/ . This stability subgroup
is called the little group corresponding to ¢. For any W, W in the little group, one has

UW) Wy =Y D, (W), (3.4)

and
Dg’a(WW) = ZDZ’U/’(W)Dg”J(W) ’

that is to say, the coefficients D4(W) furnish a representation of the little group. In particular,
for W(A,p) = L~ (Ap)AL(p), (3.3) becomes

U(A) ;0 = N(p) 3 Dot (WA, p))U (L(Ap)) Wy o
or, recalling the definition (3.2),

U(A)\I’p,a =

N(p)
N(Ap) ; Doro (W(Avp))\PAp,a’ . (3.5)

Apart from the question of normalization, the problem of determining the coefficients Cy/, in
the transformation rule (3.1) has been reduced to the problem of determining the coefficients
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D,/,. In other words, the problem of determining all possible irreps of the Poincaré group has
been reduced to the problem of finding all possible irreps of the little group, depending on the
class of momentum to which ¢* belongs. This approach, of deriving representations of a semi-
direct product like the inhomogeneous Lorentz group from the representations of the stability
subgroup, is called the method of induced representations.

The wave function ¥, , depends on the momentum, therefore its Fourier transform ¥, ,
depends on the spacetime coordinate, so that the wave function is called a (complex) field on
Minkowski spacetime RP~11 and the quantities ¥, , at fixed x and for varying o are referred
to as its physical components at x .

3.2 Orbits and stability subgroups

The orbit of a given non-vanishing vector ¢* of Minkowski spacetime R” 1! under Lorentz trans-
formations is, by definition, the hypersurface of constant momentum square p?. Geometrically
speaking, it is a quadric of curvature radius m > 0. More precisely, the hypersurface

e p> = —m? is a two-sheeted hyperboloid, each sheet of which is called a mass-shell. The

corresponding UIR is said to be massive.

e p?> =0 is a cone, each half of which is called a light-cone. The corresponding UIR is said
to be massless (m = 0).

e p?> = +m? is a one-sheeted hyperboloid. The corresponding UIR is said to be tachyonic.

Orthochronous Lorentz transformations preserve the sign of the time component of vectors of
non-positive momentum-squared, thus the orbit of a time-like (light-like) vector is the mass-shell
(respectively, light-cone) to which the corresponding vector belongs.

Remarks:

e Notice that the Hilbert space carrying the irrep is indeed an eigenspace of the quadratic
Casimir operator (1.5), the eigenvalue of which is Co = +m? (the eigenvalue is real because the
representation is unitary), as it should according to Schur’s lemma. Moreover, the quadratic
Casimir classifies the UIRs but does not entirely characterize them.

e As quoted in Section 2, it is not necessary to assume differential equations in position space,
because the group-theoretical analysis leads directly to a wave function which is a function of
the momenta on the orbit, the Fourier transform of which is a function in position space obeying
the Klein-Gordon equation 0¥, , = £m? ¥, ,.

By going to a rest-frame, it is easy to show that the stabilizer of a time-like vector ¢* =
(m, 6)) # 0 is the rotation subgroup SO(D — 1) € SO(D — 1,1)!. For a space-like vector, one
may choose a frame such that the non-vanishing momentum is along the (D — 1)th spatial axis:
g" = (0,0,...,0,m) # 0. Thus its stabilizer is the subgroup SO(D —2,1)T ¢ SO(D —1,1)".
In the case of a light-like vector, the little group “is not quite so obvious” to determine, as was
stressed by Wigner himself [7]. Tt clearly contains the rotation group SO(D — 2) in the space-
like hyperplane RP~2 transverse to the light-ray along the momentum. Now, we will provide
an algebraic proof that the stabilizer of a light-like vector is the Euclidean group ISO(D — 2).
According to Wigner, reviewing his D = 4 analysis, “no simple argument is known (...) to
show directly that the group of Lorentz transformations which leave a null vector invariant is
isomorphic to the two-dimensional Fuclidean group, desirable as it would be to have such an
argument. Clearly, there is no plane in the four-space of momenta in which these transformations
could be interpreted directly as displacements (...) because all transformations considered here
are homogeneous” [7]. Even though there is no simple geometric way to understand this fact,
the algebraic proof reviewed here is rather straightforward.

Proof: By going in a light-cone frame (see Section 1.1), it is possible to express the components
of a momentum p* obeying p? = 0 as pp = (p—,0,0,...,0). In words, one can set the component
p+ to zero, as well as all the transverse components p,,, (m =1,...,D —2). The condition that

the component p_ be unaffected by a Lorentz transformation translates as 0 E ilp—, M,,] =
Ny Pp — N—p Py due to (1.2). Obviously, the transformation generated by M, _ does modify p_,
hence it cannot be part of the little group for p. The other Lorentz generators preserve p_ ,
but they should also satisfy the equations [p,,, M,,] = 0 = [p4, M,,]. It is readily seen that
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ipm, Myn—] = Omnp— # 0 (for m = n), therefore M,,_ does not belong to the little group of
pp either. We are left with the generators {M,,, M1, } which preserve the (vanishing) value
of p4 . It turns out to be more convenient for later purpose to work with the generators m,, :=
p-My, = p*M,, instead. This redefinition does not modify the algebra since p_ commutes
with all the generators of the little group. From the Poincaré algebra (1.1)—(1.3) one finds, in
the light-cone frame,

{ [ana Mpq] = 57szmq - 5mpan - 6qupn + 6anpm ) (36)
1 [ﬂ-ma np] = 6mn7Tp - 5mp7rn 5 (37)
i[tm,m™] = 0. (3.8)

As can be seen, the generators { M,,,,,, Tm } span the Lie algebra of the inhomogeneous orthogonal
group ISO(D —2). O

For later purpose, notice that the quadratic Casimir operator of the Euclidean algebra iso(D—
2) presented by the generators {M,,,, 7} and the relations (3.6)-(3.8) is the square of the
“translation” generators

Cs (iso(D - 2)) — (3.9)

To end up this discussion, one should consider the case of a vanishing momentum. Of course,
the orbit of a vanishing vector under linear transformations is itself while its stabilizer is the
whole linear subgroup. Therefore, the subgroup of SO(D — 1,1)! leaving invariant the zero-
momentum vector p* = 0 is the whole group itself. This ends up the determination of the orbit
and stabilizer of any possible vector € RP~1.1,

Remark: The zero-momentum (g* = 0) representations are essentially UIRs of the little group
SO(D —1,1)" because the translation group acts trivially. The proper orthochronous Lorentz
group may be identified with the isometry group of the de Sitter spacetime dSp_;1. In other
words, the wave function of the zero-momentum representation may be interpreted as a wave
function on a lower-dimensional de Sitter spacetime, and conversely. Even though their physical
meaning may differ, both UIRs may be mathematically identified.

3.3 Classification

To summarize the previous subsection, the UIRs of the Poincaré group I.SO(D —1,1)! have been
divided into four classes according to the four possible orbits of the momentum, summarized in
the following table (where m? > 0):

| Gender | Orbit | Stability subgroup | UIR |
p? = —m? | Mass-shell SO(D —1) Massive
p? =0 Light-cone I1SO(D - 2) Massless
p?> = +m? | Hyperboloid SO(D —2,1)T Tachyonic
pu =0 Origin SO(D —1,1)T Zero-momentum

The problem of classifying the UIRs of the Poincaré group 1SO(D — 1,1)" has been reduced
to the classication of the UIRs of the stability subgroup of the momentum, which are either a
unimodular orthogonal group, an Euclidean group or a proper orthochronous Lorentz group.
Actually, the method of induced representation may also be applied to the classification
of the UIRs of the Euclidean group ISO(D — 2), the little group of a massless particle. The
important thing to understand is that the light-like momentum p* is fixed and that what should
be examined is the action of the little group on the physical components characterized by o .
From (3.8) one sees that the D — 2 “translation” generators 7’ commute with each other, so it
is natural to express physical states ¥, , in terms of eigenvectors {™ of these generators m™.
Introducing a label ¢ to denote all remaining physical components, one thus considers states
Uy e, With 1, Wy ¢ ¢ = &y, ¢, ¢ - The discussion presented in Subsection 3.1 may be repeated
almost identically, up to the replacement of the momentum p by the eigenvector £, the label o
by ¢, the Poincaré group ISO(D — 1,1)! by the Euclidean group I.SO(D — 2) and the proper
orthochronous Lorentz group SO(D — 1,1)! by the unimodular orthogonal group SO(D — 2).
The conclusion is therefore similar: the problem of determining all possible irreps of the massless
little group ISO(D — 2) has been reduced to the problem of finding all possible irreps of the
stability subgroup of the (D — 2)-vector &, called the short little group in the literature [8].
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The massless representations induced by a non-trivial representation of the little group may
therefore be divided into distinct categories, depending on the class of momentum to which £™
belongs. The situation is simpler here because there exist only two possible classes of orbits for a
vector in the Euclidean space RP~2: either the origin €™ = 0, or a (D—3)-sphere of radius 1 > 0.
In the first case, the action of the elusive “translation” operators n™ is trivial and, effectively, the
little group is identified with the short little group SO(D — 2). These representations are most
often referred to as helicity representations by analogy with the D = 4 case. In the second case,
the corresponding representations are most often referred to as continuous spin representations
[8], even though Wigner also used the name infinite spin [7]. The former name originates from
the fact that the transverse vector £ has a continuous range of values. Nevertheless, the latter
name is more adequate in some respect, as will be argued later on. Roughly speaking the point
is that, on the orbit £2 = p?, the components spanned by the internal vector ™ take values
on the sphere SP=3 C RP~2 of radius u = [£|. The “radius” p of this internal sphere has
actually the dimension of a mass parameter (the reason is that the sphere SP~3 is somehow in
internal “momentum” space). Indeed, for massless representations, the parameter p classifying
the various irreps should be understood as the analogue of the mass for massive irreps, while the
angular coordinates on the sphere SP~3 are the genuine “spin” degrees of freedom, the Fourier
conjugates of which are discrete variables as is more usual for spin degrees of freedom. This
point of view motivates the name “infinite spin.”?

To summarize, the UIRs of the Euclidean group ISO(D — 2) are divided into two classes
according to the two possible orbits of the (D — 2)-vector &,,, summarized in the following table:

| Gender | Orbit | Stability subgroup | Massless UIR |
¢ = u*® | Sphere SO(D — 3) Infinite spin
&n = 0 | Origin SO(D —2) Helicity

As a consequence of the method of induced representations, the physical components of a
first-quantized elementary particle span a UIR of the little group. The number of local degrees
of freedom (or of physical components) of the field theory is thus given by the dimension of the
Hilbert space carrying the UIR of the little group. In the light of the standard results of repre-
sentation theory (reviewed in Subsection 1.3) and using the method of induced representation,
the UIRs of the Poincaré group may alternatively be divided into two distinct classes: the finite-
component ones (the massive and the helicity reps) for which the (short) little group is compact,
and the infinite-component ones (the infinite-spin, the tachyonic and the zero-momentum reps)
for which the little group is non-compact.

Remarks:

e More precisely, the lower-dimensional cases D = 2, 3 are degenerate in the following sense (when
p* #0). In D = 2, all little groups are trivial, thus all physical fields are scalars. In D = 3, all
little groups are Abelian (massive: SO(2), massless: R, tachyonic: SO(1,1)T = R) hence all their
UIRs have (complex) dimension one: generically, fields have one physical degrees of freedom.
Notice that the helicity reps may be assigned a “conformal spin” if they are extended to irreps
of the group SO(D,2) D SO(D —1,1)". Notice also that the “spin” of a massive representation
is not discretized in D = 3 but is an arbitrary real number® [9] because the universal cover of
SO(2,1)T covers it infinitely often.

e For massive and helicity representations, the number of local physical degrees of freedom may
be determined from the well known formulas for the dimension of any UIR of the orthogonal
groups (reviewed in Subsection 4.3 for the tensorial irreps).

e This group-theoretical analysis does not probe topological theories (such as Chern-Simons
theory) because such theories correspond to identically vanishing representations of the little
group since they have no local physical degrees of freedom.

The following corollary provides a group-theoretical explanation of the fact that combining
the principle of relativity with the rules of quantum mechanics necessarily leads to field theory.

Corollary: FEvery non-trivial unitary irreducible representation of the isometry group of any
mazimally-symmetric spacetime is infinite-dimensional.

3 Actually, in Subsection 5.3 an explicit derivation of the continuous spin representation from a proper “infinite
spin” limit of a massive representation is reviewed. All the former comments find their natural interpretation in
this point of view.

4This peculiarity is related to the existence of anyons in three spacetime dimensions.
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Proof: The Hilbert space carrying a non-trivial unitary representation of the Poincaré group is
infinite-dimensional because (i) in the generic case, g, # 0, the orbit is either a hyperboloid
(p* # 0) or a cone (p? = 0) and the space of wave functions on the orbit is infinite-dimensional,
(ii) the zero-momentum representations of the Poincaré group are unitary representations of
the de Sitter isometry group. Thus, the proof is ended by noticing that all non-trivial unitary
representations of the isometry group of (anti) de Sitter spacetimes (A)dSp also are infinite-
dimensional, because their isometry groups are pseudo-orthogonal Lie groups. O

4 'Tensorial representations and Young diagrams

Most of the material reviewed here may be found in textbooks such as [10]. Nevertheless, large
parts of this section are either copied or adapted from the reference [11] because altogether it
provides an excellent summary, both for its pedagogical and comprehensive values. The material
collected in the present section goes slightly beyond what is strictly necessary for these lectures,
but the reader may find it useful in specific applications.

4.1 Symmetric group

An (unlabeled) Young diagram, consisting of n boxes arranged in r (left justified) rows, represents
a partition of the integer n into r parts:

n=> X  (iZX=...2\).
a=1

That is, A, is the number of boxes in the ath row. Successive row lengths are non-increasing from
top to bottom. A simpler notation for the partition is the list of its parts: A = {A1, Ao, ..., Ar}.
For instance,

{3,3,1} =

Examples: There are five partitions of 4:

(4, 13,1}, 2,2}, {2,1,1},{1,1,1, 1}.. (4.1)

Partitions play a key role in the study of the symmetric group &, . This is the group of
all permutations of n objects. It has n! elements and its inequivalent irreducible representations
may be labeled by the partitions of n. [In the following, Greek letters A, p and v will be used
to specify not only partitions and Young diagrams but also irreducible representations of the
symmetric group and other groups.]

The connection between the symmetric group and tensors was initially developed by H. Weyl.
This connection can be approached in (at least) two equivalent ways.

A. Let T, ., bea ‘generic’ n-index tensor, without any special symmetry property. [For the
moment, ‘tensor’ just means a function of n indices, not necessarily with any geometrical
realization. It must be meaningful, however, to add — and form linear combinations of —
tensors of the same rank.] A Young tableau, or labeled Young diagram, is an assignment
of the numbers 1,2,...,n to the n boxes of a Young diagram \. The tableau is standard if
the numbers are increasing both along rows from left to right and down columns from top
to bottom. The entries 1,...,n in the tableau indicate the n successive indices of T}, .. ... -
The tableau defines a certain symmetrization operation on these indices: symmetrize on
the set of indices indicated by the entries in each row, then antisymmetrize the result on the
set of indices indicated by the entries in each column. The resulting object is a tensor, T,
with certain index symmetries. Now let each permutation of &,, act (separately) upon T'.
The n! results are not linearly independent; they span a vector space V/\G" which supports
an irreducible representation of &,, . Different tableaux corresponding to the same diagram
A yield equivalent (by not identical) representations.
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Example: The partition {2, 2} of 4 has two standard tableaux:

1[2 1[3
3[4] and 34 : (4.2)
Let us construct the symmetrized tensor Tabcd := Rgp|ca corresponding to the second of
these:
alc
bld . (4.3)
First symmetrize over the first and third indices (a and ¢), and over the second and fourth
(b and d):
1
Z (Tabcd + chad + Tadcb + Tcdab) .

Now antisymmetrize the result over the first and second indices (a and b), and over the
third and fourth (c and d);> dropping the combinatorial factor %, we get

Rapjea = Tabed + Tevad + Tadev + Tedab — Thacd — Teabd — Thdca — Tedba
- Tubdc - Tdbac — Lacdb — Tdca,b + Tbadc + Tdabc + Tbcda + Tdcbu .

It is easy to check that R possesses the symmetries of the Riemann tensor. There are two

independent orders of its indices (e.g. Rgpjcq and Rgcjpq), and applying any permutation
to the indices produces some linear combination of those two basic objects. On the other
hand, performing on T the operations prescribed by the first tableau in (4.2) produces
a different expression P,sq, Which, however, generates a two-dimensional representation
of &4 with the same abstract index structure as that generated by R. A non-standard
tableau would also yield such a representation, but the tensors within it would be linear
combinations of those already found. One finds

P{Lc|bd - Tabcd + Tbacd + Tabdc + Tbadc - chad - Tbcad - chda - Tbcda
- Tadcb - Tdacb - Tadbc - Tdabc + Tcdab + Tdcab + Tcdba + Tdcba .

As the reader may check, no linear combinations of P can reproduce R. The objects P4,
Pacjpas Rapjea and R,e)pq are linearly independent. Although R and P are characterized by
the same Young diagram, they are associated with different standard Young tableaux and
therefore span two different irreducible representations of &,,.

Example: Define a symmetrized Riemann tensor (the Jacobi tensor) by Jag;pe := % (Rab|cd
+ Rac‘bd). It obeys Japed = Joased = Jabide - Then it is easy to show that Rgpjcqa =
% (Jad;be — Jbdsac) - Thus the tensor J has no fewer independent components and contains
no less information than the tensor R, despite the extra symmetrization; R is recovered
from J by an antisymmetrization. The tensors R and J are really the same tensor expressed
with respect to different bases.

B. The regular representation of &,, is the n!-dimensional representation obtained by letting
S, act by left multiplication on the formal linear combinations of elements of &,,. [That
is, one labels the basis vectors of R™ by elements of &,,, defines that action of each
permutation on the basis vectors in the natural way, and extends this definition to the
whole space by linearity.] Equivalently, the vector space of the regular representation is
the space of real-valued functions defined on &,,. [In general the regular representation is
defined with complex scalars, but for &,, it is sufficient to work with real coefficients.]

Regular representation: The regular representation contains every irreducible represen-
tation with a multiplicity equal to its dimension. Each Young diagram X\ corresponds to an
irreducible representation of &, . Its dimension and multiplicity are equal to the number
of standard tableaux of diagram .

5Here we adopt the convention that the second round of permutations interchanges indices with the same
names, rather than indices in the same positions in the various terms. The opposite convention is tantamount
to antisymmetrizing first, which leads to a different, but mathematically isomorphic, development of the repre-
sentation theory. The issue here is analogous to the distinction between space-fixed and body-fixed axes in the
study of the rotation group (active or passive transformations).
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The symmetrization procedure described under A. can be transcribed to the more abstract
context B. to construct a projection operator onto the subspace of R™ supporting each repre-
sentation. [The numerical coefficient needed to normalize the tableau operation as a projection
— an operator whose square is itself — is not usually the same as that accumulated from the
individual symmetrization operations. For example, to make R,p.q into a projection of Typcq,
one needs to divide by 12, not 16.]

Example: In (4.1), the partition {4} corresponds to the totally symmetric four-index tensors,
a one-dimensional space V{%‘. Similarly, {1,1,1,1} yields the totally antisymmetric tensors. A
generic rank-four tensor, Typeq, can be decomposed into the sum of its symmetric and antisym-
metric parts, plus a remainder. The theory we are expounding here tells how to decompose the
remainder further. The partition {2,2} yields two independent two-dimensional subrepresenta-
tions of the regular representation; in more concrete terms, there are two independent pieces of
Tobed (11—2 Repjcqa and % Pacjpa) constructed as described in connection with (4.2). One of these
(Rap)ca) has exactly the symmetries of the Riemann tensor; the other (P pq, coming from the
first tableau of (4.2)) has the same abstract symmetry as the Riemann tensor, but with the
indices ordered differently. Finally, each of the remaining partitions in (4.1) can be made into
a standard tableau in three different ways. Therefore, each of these two representations has
three separate pieces of T' corresponding to it, and each piece is three-dimensional (has three
independent index orders after its symmetries are taken into account). Thus the total num-
ber of independent tensors which can be formed from the irreducible parts of T,p.q by index
permutations is
12+12+22 432 +32=24=4!

which is simply the total number of permutations of the indices of T itself, as it must be.

To state a formula for the dimension of an irreducible representation V/\G’” of &,,, we need
the concept of the hook length of a given box in a Young diagram A. The hook length of a box
in a Young diagram is the number of squares directly below or directly to the right of the box,
including the box once:

e

Example: In the following diagram, each box is labeled by its hook length:

6[4]3]1]
4]2]1
1]

One then has the following hook length formula for the dimension of the representation V)\G”
of &,, corresponding to the Young diagram A:

n'

dim V,& = ' :
VA [1( hook lengths)

(4.4)

Remark: Note carefully that the “dimension” we have been discussing up to now is the number
of independent index orders of a tensor, not the number of independent components when the
tensor is realized geometrically with respect to a particular underlying vector space or manifold.
The latter number depends on the dimension (say D) of that underlying space, while the former
is independent of D (so long as D is sufficiently large, as we tacitly assume in generic discussions).
For example, the number of components of an antisymmetric two-index tensor is @ , but
the number of its index orders is always 1, except in dimension D = 1 where no non-zero
antisymmetric tensors exist at all.

4.2 General linear group

We now turn to the representation theory of the general linear and orthogonal groups, where the
(spacetime) dimension D plays a key role. The theory of partitions and of the representations
of the permutation groups is the foundation on which this topic is built.
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Let {v,} represent a generic element of R” (or of the cotangent space at a point of a D-
dimensional manifold). The action of non-singular linear operators on this space gives a D-
dimensional irreducible representation V' of the general linear group GL(D) ; indeed, this repre-
sentation defines the group itself. The rank-two tensors, {7y}, carry a larger representation of
GL(D) (V ®V, of dimension D?), where the group elements act on the two indices simultane-
ously. The latter representation is reducible: it decomposes into the subspace of symmetric and

antisymmetric rank-two tensors VoV =2 (Vo V) @ (V A V), of respective dimensions D(D+1)

2
and @ . Similarly, the tensor representation of rank n, V®", decomposes into irreducible
representations of GL(D) which are associated with the irreducible representations of &,, acting
on the indices, which in turn are labeled by the partitions of n, hence by Young diagrams.
Young diagrams with more than D rows do not contribute [if A is a partition of n into more than
D parts, then the associated index symmetrization of a D-dimensional rank-n tensor yields an
expression that vanishes identically; in particular, there are no non-zero totally antisymmetric
rank-n tensors if n > D].

Y ELD)

More precisely, let A be a Young tableau. The Schur module V, is the vector space of

all rank-n tensors 7' in V®" such that:

() the tensor T is completely antisymmetric in the entries of each column of X,

(i1) complete antisymmetrization of T in the entries of a column of A and another
entry of A that is on the right-hand side of the column vanishes.

This construction is equivalent to the construction A.

Example: Associated with the Young tableau (4.3), the tensor Rgp)cq introduced in the subsec-
tion 4.1 obeys to the conditions (i) and (ii): Rapjca = —Rbajcd = —Rabjde a0d Rapjeq + Ricjad +
Rca\bd =0.

As explained in the footnote 5, if one interchanges everywhere in the previous constructions
the words “symmetric” and “antisymmetric,” then the (reducible) representation spaces char-
acterized by the same Young diagram [but not by the same Young tableau] are isomorphic and
the conditions (i)-(ii) must be replaced with:

(a) the tensor is completely symmetric in the entries of each column of A,

(b) complete symmetrization of the tensor in the entries of a row of A and another
entry of A that sits in a lower row vanishes.

Example: Taking the standard Young tableau (4.3) and constructing, following the “manifestly
symmetric convention”, the irreducible tensor associated with it, one obtains a tensor R with
the same abstract index symmetries as J [i.e. obeying the constraints (a) and (b)] but which is
however linearly independent from .J, thence linearly independent from R alone. The tensor R
can be expressed as a linear combination of both R and P . Similarly, taking the first standard
Young tableau in (4.2) and following the manifestly symmetric convention, one obtains a tensor P
obeying (a) and (b). This tensor is linearly independent from P alone as it is a linear combination
of both P and R. Summarizing, associated with the Young diagram {2, 2} we have the (reducible)
representation space spanned by either { R, P} in the manifestly antisymmetric convention or by
{R,P} in the manifestly symmetric convention.

Remarks:

e An important point to note is that, by the previous construction featuring irreducible tensors
with definite symmetry properties, we have got all the finite-dimensional irreducible represen-
tations of GL(D,R).

e In order to make contact with an alternative road to the representation theory of GL(D),
one says that the irreducible representation I'y1  yp-1 of sl(D,C) = Ap_; with highest weight
A= )\1A(1) + )\2A(2) + ...+ )\D’lA(D_l) [see e.g. the Part II of the lecture notes [3] for
definitions and notations] is obtained by applying the Schur functor Sy [i.e. the construction
presented above] to the standard representation V', where the Young diagram is

A= {4 AP NPT AP ).

In terms of the Young diagram for A\, the Dynkin labels A* (1 < a < D — 1) are the differences
of lengths of rows: A* = Ay — A\g41 .
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Example: If D = 6, then

AQ

———
M

is the Young diagram corresponding to the irrep I's 50,31 of A5 =51(6,C).

The dimension of the representation VAGL(D) of GL(D) corresponding to the Young diagram
A ds:

GL(D) _ H D — row + column

dim V, 4.5
YA hook length (45)

where the product is over the n boxes while “row” and “column” respectively give the place of
the corresponding box. As was underlined before, the formula (4.5) is distinct from the hook
length formula (4.4).

Examples:
e In the following diagram

ESE

each box is labeled by its value in the numerator of (4.5) for D = 5. Observe that, for the
corresponding diagram A, dim V") = 1050 # 70 = dim V.5 .
e The space of (anti)symmetric tensors of V' of rank n are denoted by ®"(V) (respectively,
A™(V)). It carries an irreducible representation of GL(D) labeled by a Young diagram made of
one row (respectively, column) of length n. The dimensions

dim " (V) = Dan-1 ).

N dim A" (V) = ( b ), (4.6)

n

are easily computed from the formula (4.5) and reproduce the standard results obtained from
combinatorial arguments.

If T7 and T3 are tensors of ranks ny and ns, then their product is a tensor of rank ny + no .
Each factor T; transforms under index permutation according to some representation of &, ,
and under linear transformation by the corresponding representation of GL(D) . It follows im-
mediately that the product tensor T ® 15 transforms as some representation of &,, x &, .
This induces a representation of the full permutation group &,,, +5, which is associated with a
corresponding representation of GL(D), called Kronecker product. It is possible to reduce these
last two representations into a sum of irreducible ones. We may assume that the factor repre-
sentations are irreducible, since the original tensors T; could have been broken into irreducible
parts at the outset.

Littlewood—Richardson rule: The decomposition of an “outer product” u - v of irreducible
representations p and v of &,,, and &,,,, respectively, into irreducible representations of &, 4n,
can be determined by means of the following algorithm involving Young diagrams. The product
is commutative, so it does not matter which factor is regarded as the “right-hand” one. [In
practice, on should choose the simpler Young diagram for that role.]

“o

(I) Label each box in the top row of the right-hand diagram, v, by “a”, each box in the second
row by “b”, etc.

(IT) Add the labeled boxes of v to the left-hand diagram p, one at a time, first the as, then the
bs, ..., subject to these constraints:

(A) No two boxes in the same column are labeled with the same letter;

(B) At all stages the result is a legitimate Young diagram;
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(C) At each stage, if the letters are read right-to-left along the rows, from top to bottom,
one never encounters more bs than as, more cs than bs, etc.

(IIT) Each of the distinct diagrams constructed in this way specifies an irreducible subrepresen-
tation A, appearing in the decomposition of the outer product. The same labeled Young
diagram may arise in more than one way; the multiplicity of that representation must be
counted accordingly.

Remarks:

e This rule enables products of distinct tensors to be decomposed. When the factors are the same
tensor, the list is further restricted by the requirement of symmetry under interchange of the
factors. This is the problem of plethysm, whose solution requires more complicated techniques
than the Littlewood—Richardson rule.

e Representations with too many parts (columns of length greater than D) must be deleted
from the list of subrepresentations of the GL(D). [If irreducible representations of the special
linear group SL(D) are considered instead, every column of length D must be removed from the
corresponding Young diagram.|

4.3 Orthogonal group

It remains to consider index contractions. Up to now we considered only covariant tensors,
because in the intended application there is a metric tensor which serves to relate contravariant
and covariant tensors. Contractions are mediated by this metric. Implicitly, therefore, one is
restricting the symmetry group of the problem from the general linear group to the subgroup
that leaves the metric tensor invariant, the orthogonal group O(D). [If the metric has indef-
inite signature, the true symmetry group is a non-compact analogue of the orthogonal group,
such as the Lorentz group. This does not affect the relevant aspects of the finite-dimensional
representation theory.] Each irreducible GL(D) representation V/\GL(D) decomposes into irre-
ducible O(D) representations VVO(D), labeled by Young diagrams v obtained by removing an
even number of boxes from \. The branching rule for this process involves a sort of inverse of
the Littlewood—-Richardson rule:

Restriction from GL(D) to O(D): The irreps of GL(D) may be reduced to direct sums of
irreps of O(D) by extracting all possible trace terms formed by contraction with products of the
metric tensor and its inverse.

The reduction is given by the branching rule for GL(D) | O(D):

GL(D) _ {,O0(D) _ {,0(D) o(D) o(D) o(D)
v = vIP = vPP o v e v e Vs @ - (4.7)

where A is the formal infinite sum [12]

A=1+[T1+[TTT1] + +...

corresponding to the sum of all possible plethysms of the metric tensor, and where A/p means the
sum of the Young diagrams v such that v -y contains A according to the Littlewood—Richardson
rule (with the corresponding multiplicity).

Examples:

e The GL(D) irreducible representation labeled by the Young diagram {2,2} decomposes with
respect to O(D) according to the direct sum {2,2}/A = {2,2}+{2,0}+{0, 0} which corresponds
to the decomposition of the Riemann tensor into the Weyl tensor, the traceless part of the Ricci
tensor and the scalar curvature, respectively.

e The GL(D) irreducible representation labeled by the Young diagram {n} decomposes with
respect to O(D) according to the direct sum {n}/A = {n}+{n—2}+{n—4}+ ..., corresponding
to the decomposition of a completely symmetric tensor or rank n into its traceless part, the
traceless part of its trace, etc. This provides an alternative proof of the obvious fact that
the number of independent components of a traceless symmetric tensor of rank n is equal to
the number of independent components of a symmetric tensor of rank m minus the number
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of independent components of a symmetric tensor of rank n — 2 (its trace): dim V{(Z(}D_Q) =

dim V{Cﬁ(m — dim V{ifg})) . Using the formula (4.6) allows to show that

. O(D)i(D+2n—2)(D+n73)!
dim Vey ™ = nl(D — 2)!

(4.8)

The very useful formula (4.8) contains as a particular case the well-known fact that all the trace-
less symmetric tensorial representations of O(2) are two-dimensional (indeed, any UIR of an
Abelian group is of complex dimension one). Moreover, the traceless symmetric tensorial repre-
sentations of rank n of the rotation group O(3) are the well-known integer spin representations
of dimension equal to 2n + 1.

The following theorem is very important (see e.g. the first reference of [10]):

Vanishing irreps for (pseudo-)orthogonal groups: Whenever the sum of the lengths of the
first two columns of a Young diagram X is greater than D, then the irreducible representation of
O(D) labeled by A is identically zero.

Young diagrams such that the sum of the lengths of the first two columns does not exceed
D are said to be allowed.

Finite-dimensional irreps of (pseudo-)orthogonal groups: Each non-zero finite-dimensional
irreducible representation of O(p, q) is isomorphic to a completely traceless tensorial representa-
tion, the symmetry properties of which are labeled by an allowed Young diagram X\ .

The dimension of the tensorial irrep is determined by the following rule due to King [13]:

(o) The numbers D —1, D —3, D — 5, ..., D — 2r + lare place in the end boxes of the 1st,
2nd, 3rd, ..., rth rows of the diagram A. A labeled Young diagram of n numbers is then
constructed by inserting in the remaining boxes of the diagram, numbers which increase
by one in passing from one box to its left-hand neighbor.

(8) This labeled Young diagram is extended to the limit of the triangular Young diagram 7

of r rows. This produces a Young diagram X the ath row of which has length equal the
maximum between the two integers 7, =r —a + 1 and A,.

(v) The series of numbers in any row of the Young diagram \ is then extended by inserting in
the remaining boxes of the diagram, numbers which decrease by one in passing from one
box to its right-hand neighbor. The resulting numbers will be called the “King length.”

(6) The row lengths A1, Ag, ..., A, are then added to all of the numbers of the Young diagram

X which lie on lines of unit slope passing through the first box of the 1st, 2nd, ..., rth
rows, respectively, of the Young diagram .

The dimension is equal to the product of the integers in the resulting labeled Young diagram A
divided by the product of

- the hook length of each box of A\, and of
- the King length of each box of X outside .

Examples:

e In the following diagram, allowed for D =5,

7[6]5]4]
32|

4
0]

each box is labeled by its King length, while in the diagram

—
—_

9[6[4]
42]

B
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each box is labeled by the number obtained at the very end of King’s rule. Observe that,
for the corresponding diagram A, it was not necessary to perform the steps (3)-(y) and that,
dim V2 = 231 < 1050 = dim V74

e In the following Young diagram A = {2,2,1}, allowed for D = 5,

514
2 )

3
0]
each box is labeled by the number obtained after step («). The step () is now necessary and

gives the Young diagram \ = {3,2,1}. At the end of steps () and (0), respectively, the result
is

5[4[3] 7]614]
), 312 LON 513 ,
0] 1]
so that dim V)\O(S) = % =35 < 75 = dim V)\GL(5) .

e The space of traceless symmetric tensors of V' of rank n carries an irreducible representation
of O(D) labeled by a Young diagram made of one row of length n for which the dimension (4.8)
is easily reproduced from the King rule, since the rules (5)-() may be omitted

e Computing the number of components of the Weyl tensor and of a symmetric, traceless, rank-
two tensor in D = 4 dimensions, enables one to give the decomposition {2,2}/A = {2,2} +
{2,0} +{0,0} of the Riemann tensor into the Weyl tensor, the traceless part of the Ricci tensor
and the scalar curvature, respectively, in terms of the corresponding dimensions. This gives the
well-known result 20 =10+9+ 1.

Unitary irreps of orthogonal groups: Fach non-zero inequivalent UIR of O(D) corresponds
to an allowed Young diagram X, and conversely.

Proof: The orthogonal group is compact, thence any UIR is finite-dimensional (see Subsection
1.3). Furthermore, any finite-dimensional irrep of the orthogonal group is labeled by an allowed
Young diagram. Moreover, an important result is that any finite-dimensional representation
may be endowed with a sesquilinear form which makes it unitary. O

The quadratic Casimir operator of the orthogonal algebra so(D) presented by its generators
and its commutation relations

i [Muw Mpa] = 5VPMW - 6M7MVU - 5UHMPV + 6UVMPH (4~9)

is the sum of square of the generators (similarly to the definition (1.4) for so(D — 1,1) since
these two complex algebras are isomorphic). Its eigenvalue on a finite-dimensional irrep labeled
by an allowed Young diagram A = {A1, Aa,..., A} is given in the subsection 9.4.C of [2]:

Cy(so(D)) — s Aa(Aa + D —2a) | VPP =0. (4.10)
>

a=1

Examples:

e The UIRs of the Abelian O(2) = U(1) are labeled by one integer only, which is the eigenvalue
of the single generator on the irrep, say h € Z. The only allowed Young diagrams are made of a
single row of length equal to the non-negative integer s = |h|. The traceless symmetric tensorial
representations of O(2) are two-dimensional, the sum of the two irreps labeled by h = +s. The
formula (4.10) with D = 2, r = 1 and \; = s gives the obvious eigenvalue s?, since the quadratic
Casimir operator of the rotation group O(2) is equal to the square of the single generator.

e The quadratic Casimir operator of the rotation group O(3) is the square of the angular mo-
mentum. The irrep of O(3) with spin s € N is labeled by the allowed Young diagram made of a
single row of length equal to the integer s. The formula (4.10) with D =3, r=1and \; = s
gives the celebrated eigenvalue s(s + 1) .

e The irrep of O(D) carried by the space of traceless symmetric tensors of rank n is labeled
by the allowed Young diagram {n} made of a single row of length equal to an integer n. The
formula (4.10) with r = 1 and A; = n gives the eigenvalue n(n+ D —2) for the quadratic Casimir
operator.
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The following branching rule is extremely useful in the process of dimensional reduction.

Restriction from GL(D) to GL(D —1): The restriction to the subgroup GL(D —1) C GL(D)
of a finite-dimensional irrep of GL(D) determined by the Young diagram A contains each irrep
of GL(D — 1) labeled by Young diagrams p such that

AMZprZAe 222 2 o1 2 A 2 pip 20,

with multiplicity one. The same theorem holds for the restriction O(D) | O(D — 1) where X is
an allowed Young diagram.

These rules are discussed in the section 8.8.A of [2]. They may be summarized in the following
branching rule for GL(D) | GL(D — 1),

GL(D) _ ,GL(D-1) _ +,GL(D—-1) GL(D-1) GL(D-1) GL(D-1)
Vi —VA/2 =V, @V)\/{l} @V/\/{Q} @VA/{S} D ... (4.11)

where ¥ is the formal infinite sum of all Young diagrams made of a single row.

Example: The branching rule applied to symmetric irrep labeled by a Young diagram {n} made
of one row of length n gives as a result:

/2 ={n}t+{n-1}+{n-2}+...+ {1} +{0}.

This implies the obvious fact that a completely symmetric tensor of rank n whose indices run
over D values may be decomposed as a sum of completely symmetric tensors of rank n, n — 1,
..., 1, 0 whose indices run over D — 1 values. A non-trivial instance of the branching rule for
O(D) | O(D —1) is that the same result is true for traceless symmetric tensors as well.

4.4 Auxiliary variables

Let X\ be a Young diagram with s columns and r rows.
The Schur module VAGL(D) in the “manifestly antisymmetric convention” can be built via a
convenient construction in terms of polynomials in s x D graded variables satisfying appropriate

conditions. More precisely, the vector space V/\GL(D) is isomorphic to a subspace of the algebra
@ (AWM =AV)@...oAV). (4.12)
s factors

of s symmetric tensor products of antisymmetric forms € A(V). The elements of ©*( A (V))
are usually called multiforms. The D generators of the Ith factor A(V) are written d,a*
(I =1,2,...,s). By definition, the multiform algebra is presented by the graded commuta-
tion relations

daztd,z” = (=) d,z"d,a", (4.13)

where the wedge and symmetric products are not written explicitly. The condition (i) of Sub-
section 4.2 is automatically verified for any element ® € ©@*( A (V)) due to the fact that the
variables are anticommuting in a fixed column (I = J). The GL(D)-irreducibility condition (ii)
of Subsection 4.2 is implemented by the conditions

aL

(d,wa(d—m - 5IJeI)q> =0, (I<J) (4.14)

where the dot stands for the contraction of the indices, £; for the length of the Ith column in
the Young diagram X\ and 9% stands for “left” derivative. By the Weyl construction, an element

P € ®°(A(V)) satisfying (4.14) belongs to the Schur module V/\GL(D) . Following the discussion

of Subsection 4.3, if A\ denotes an allowed Young diagram, such an element ® € V/\GL(D) i

irreducible under the (pseudo)-orthogonal group O(p, q) (p + ¢ = D) if it is traceless, that is

S

L L
(a(ix) '5‘(3—Jr0))q) =0, (VI,J) (4.15)
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where the dot stands now for the contraction of indices via the use of the metric preserved by
O(p,q). An element ® € ®*( A (V)) such that (4.14)-(4.15) are fulfilled belongs to the Schur
module VAO(p D Jabeled by the Young diagram .

The Schur module VAGL(D) admits another convenient realization in terms of polynomials in
r x D commuting variables. In other words, the vector space V/\GL(D) is isomorphic to a subspace
of the polynomial algebra in the variables u# (a = 1,2,...,7) where the index a corresponds to
each row. The condition (a) of Subsection 4.2 is automatically verified for any such polynomial
due to the fact that the variables are commuting in a fixed row. The GL(D)-irreducibility
condition (b) of Subsection 4.2 is implemented by the conditions

)
(ua G~ Ot )<1>=o, (a < b) (4.16)

where the dot still stands for the contraction of the indices. The degree of homogeneity of the
polynomial ® in the variables u# (for fixed a) is A, . The corresponding coefficients are tensors
irreducible under the general linear group. By the Weyl construction, a polynomial ®(u,)

satisfying (4.16) belongs to the Schur module VGL(D) Again, such an element ® € VGL(D)
irreducible under the (pseudo)-orthogonal group O(p, q) (p+q= D) iff it is traceless, that is
( 0 0

aua 8ub

)q> =0, (Vab) (4.17)

where the dot stands for the contraction of indices via the use of the metric preserved by O(p, q).

A polynomial ®(u,) such that (4.16)-(4.17) are fulfilled belongs to the Schur module VAO(p’q)
labeled by an allowed Young diagram A.

Example: Consider an irreducible representation of the orthogonal group O(D) labeled by the
Young diagram {n} made of a single row of length equal to an integer n. The polynomial

O (u) € V{?z(}D) obeys to the irreducibility conditions

@-%fn)@:o, (a%-a%)@:o. (4.18)

They mean that the polynomial is homogeneous (of degree equal to n) and harmonic, so that
its components correspond to a symmetric traceless tensor of rank n :
1

_ H1 H Hip2 -
D, Ut ub 1) D popgpn =0

(w) = n!

Of course the integral of the square of such a polynomial over R” is, in general, infinite. But
the restriction of an harmonic polynomial on the unit sphere w2 = 1 is square integrable on
SP=1 This restriction is called a spherical harmonic of degree n. Therefore the space of

spherical harmonics of degree n provides an equivalent realization of the Schur module V{O(}D)

For D = 3, the space VO( )
two-sphere with |m| <

is spanned by the usual spherical harmonics Y,*(0,¢) on the

Remarks:
e The infinitesimal generators of the pseudo-orthogonal group O(p,q) are represented by the

operators
0
My = ZZ (g”“@u” g””(’?u{{) '

Reordering the factors and making use of (4.16)-(4.17) allows to reproduce the formula (4.10)
for the eigenvalues of the quadratic Casimir operator.

e Instead of polynomial functions in the commuting variables, one may equivalently consider
distributions obeying to the same conditions. The space of solutions would carry an equivalent
irrep, as follows from the highest-weight construction of the representation. However, it does
not make sense any more of talking about the “coefficients” of the homogeneous distribution so
that the link with the equivalent tensorial representation is more intricate.

The example of the spherical harmonics suggests that it might be convenient to realize any
unitary module of the orthogonal group O(D) as a space of functions on the unit hypersphere
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SP=1 satisfying some linear differential equations. Better, the symmetry under the orthogonal
group would be made manifest by working with homogeneous harmonic functions on the ambient
space RP | evaluated on any hypersphere SP~1 c RP .

Spherical harmonics: To any UIR of the isometry group O(D) of a hypersphere SP~1, one
may associate manifestly covariant differential equations for functions on SP~! embedded in RP
whose space of solutions carry the corresponding UIR.

Proof: Any UIR of the isometry group O(D) corresponds to a Schur module VAO(D) which may be

realized as the space of polynomials ®(%,) such that (4.16)-(4.17) are obeyed. Let us introduce
the notation: 7 := u; and ?a,l = U, fora = 2,...,7. One interprets the polynomial
o(7, ?Q) (where the index a runs from 1 to r — 1) as a tensor field on the Euclidean space R”
parametrized by the Cartesian coordinates 2, with some auxiliary variables ?a implementing
the tensor components. The conditions (4.16)-(4.17) for a and b strictly greater than 1 imply

that
0 0 0

(tg-a—tb _5@2)@ -0, (a<b) (a_tg'a_tg

where A = {2, ..., A} is the Young diagram obtained from A by removing its first row. Thus the

><I> =0, (4.19)

components of the “tensor field” ®(x, ?Q) carry an irreducible representation of O(D) labeled
by A. The conditions (4.16) for a = b =1 imply that

0
(x'a—x—Al)(I)ZO,

,79) is homogeneous of degree \; in the radial coordinate |Z’|. The
b =1 is interpreted as the Laplace equation

(2 9

Ox Ox

so the polynomial ®(
condition (4.17) for a

—
X

)@ =0 (4.20)

on the ambient space RP, it imples that the tensor field ® is harmonic in ambient space. The
condition (4.16) for b > a = 1 states that the radial components vanish,

0

(x-a—ta_)¢>=o, (4.21)

so the tensor components are longitudinal to the hyperspheres SP~!. Therefore the evaluation
of the non-vanishing components of ®(z’, ?g) on the unit hypersphere |7'| = 1 is an intrinsic
tensor field living on the hypersphere S”~! and whose tensor components carry an irrep of the
stability subgroup O(D — 1) labeled by A. These tensor fields generalize the spherical harmonics
to the generic case r > 1. Finally, the condition (4.17) for b > a = 1 states that the tensor field
is divergenceless in ambient space,

(88

%.8—%)@:0. (4.22)

The differential equations (4.20) and (4.22) are written in ambient space but they may be
reformulated in intrinsic terms on the hypersphere, at the price of losing the manifest covariance
under the full isometry group O(D). |

4.5 Euclidean group

The method of induced representations was introduced in Subsection 3.1 for the Poincaré group
ISO(D —1,1)" and applied to the Euclidean group I.SO(D — 2) in Subsection 3.3. Focusing on
the genuine (i.e. with a non-trivial action of the translation generators) irreps of the inhomoge-
neous orthogonal group, all of them are induced from an UIR of the stability subgroup. Using
the results of the previous section 4.3, one may summarize the final result into the following
classification.

Unitary irreps of the inhomogeneous orthogonal groups: Each inequivalent UIR of the
group IO(D) with a non-trivial action of its Abelian normal subgroup is associated with a positive
real number u and an allowed Young diagram of the subgroup O(D — 1), and conversely.
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The orbits of the linear action of the orthogonal group O(D) on the Euclidean space R
are the hyperspheres SP~! of radius R. The isometry group of any such hypersphere SP~1 is
precisely O(D) . Considering a region of fixed size on these hyperspheres, in the limit R — oo the
sphere becomes a hyperplane RP~! . Therefore the homogeneous and inhomogeneous orthogonal
groups are related by some infinite radius limit: O(D) — IO(D — 1). Such a process is frequently
referred to as an Inénii-Wigner contraction in the physics literature [14]. This is better seen at
the level of the Lie algebra. Specializing the Dth directions, the commutation relations (4.9)
take the form

i [Min, Mpg] = OnpMimg = OmpMng — dgqmMpn + 0gnMpm , (4.23)
i [Mmp, Mpg] = OmnMpp — OmpMyp, (4.24)
i [MmD7 MpD] = Mpn. (4-25)

where the latin letters take D — 1 values. Defining M,,p = R P,, and taking the limit R — oo
(with P, fixed) in the relations (4.23)-(4.25) lead to

{ [an; Mpq] = 5anmq - 5mpan - 5qupn + 6anpm ) (4-26)
i[Pmy Myg] = SmnPy — OmpPr (4.27)
i[Pm, By = 0. (4.28)

As can be seen, the generators {M,,,,, Py, } span the Lie algebra of the inhomogeneous orthogonal
group IO(D — 1). The former argument proves the contraction so(D) — iso(D —1).

The limit of a sequence of irreps of the homogeneous orthogonal group O(D), in which one
performs an Inénii-Wigner contraction, is automatically a representation of the inhomogeneous
orthogonal group IO(D — 1) (if the limit is not singular). An interesting issue is the inverse
problem: which irreps of IO(D — 1) may be obtained as the limit of such a sequence of irreps
of O(D)? The problem is non-trivial because, generically, the limit of a sequence of irreps is a
reducible representation.

Contraction of UIRs of the homogeneous orthogonal groups: FEach inequivalent UIR of
the group I0(D — 1) with a non-trivial action of its Abelian normal subgroup may be obtained
as the contraction of a sequence of UIRs of the group O(D).

More precisely, the Inénii-Wigner contraction R — oo of a sequence of UIRs of O(D) , labeled
by allowed Young diagrams v = {s, A1, ..., A} such that the limit of the quotient s/R is a fixed
positive real number pu, is the UIR of IO(D — 1) labeled by the parameter p and the Young
diagram A = {\q,...,\.}.

Proof: The use of the spherical harmonics construction discussed at the end of Subsection 4.4 is
very convenient here. The main idea is to solve the homogeneity condition in a neighborhood of
P # 0 as follows:

d(z™, 2P ty) = 25 ¢ (x—,ta) , (4.29)
a Zota
where @ = (2™, 2") and ¢(y™,ta) == @(y™, 5. ta) . In other words, one may perform a con-

venient change of coordinates from the homogenous coordinates (z™,z”) to the set (y™,z)
where

are the inhomogenous coordinates (on the projective space PRP~! minus the point at infinity
z=0) and

z =
S

is a scale variable.. The magic is that the equations for the generalized spherical harmonics have
a well-behaved limit 2 — oo in terms of ¢(y™,t,) when 2 /s is fixed to be equal to the ratio
z/u, where z and pu are finite [15]. To see that, one should use the relations

o _ 19

dxm  z gym’

o  ufo 1., 0

oxP s (82 Y 8ym) ’ (4.30)
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Moreover, the equation in tis limit may be identified with equations for the proper UIR of the in-
homogeneous orthogonal group IO(D — 1) realized homogeneously in terms of the inhomogenous
coordinates. O

Example: The simplest instance is when A = {0} because one considers the sequence of har-
monic functions ®(z™, zP) of homogeneity degree s. The Laplace operator acting on ®(z™, z")
reads in terms of ¢(y™) as follows

I N T B o\’
Arp® = 2 la—y-a—y—ks—z(S(s—l)—(Qs—l)(y-a—y>+(y-8—y> >]¢,

due to the homogeneity condition (4.29) and the relations (4.30). The Laplace equation Agp ® =
0 is thus equivalent to the equation

85 (- () (8o

whose limit for s — oo is the Helmholtz equation [ Agp—1 + p?]¢ =0, where Agp-1 = 2 . 2

dy 9y
The space of solutions of the Helmholtz equation carries an UIR of IO(D — 1) induced from a
trivial representation of the stability subgroup O(D —2).

5 Relativistic wave equations

The Bargmann-Wigner programme amounts to associating, with any given UIR of the Poincaré
group, a manifestly covariant differential equation whose positive-energy solutions transform ac-
cording to the corresponding UIR. Physically, it might be natural to restrict this programme
to the two most important classes of UIRs: the massive and massless representations. Math-
ematically, this restriction is convenient because the group-theoretical analysis is simpler since
any of these UIRs is induced from an UIR of a unimodular orthogonal group SO(n) (with
D —3<n<D-1),as can be checked easily on the tables of Subsection 3.3.

In 1948, this restricted programme was completed by Bargmann and Wigner in four di-
mensions when, for each such UIR of ISO(3,1)T, a relativistic wave equation was written
whose positive-energy solutions transform according to the corresponding UIR [4]. But this
case (D = 4) will not be reviewed here in details because it may cast shadow on the generic
case. Indeed, it is rather peculiar in many respects:

e The quadratic and quartic Casimir operators essentially classify the UIRs, but this is no
more true in higher dimensions where more Casimir operators are necessary and the classi-
fication quickly becomes technically cumbersome in this way. Moreover, one should stress
that the eigenvalues of the Casimir operators do not characterize uniquely an irreducible
representation (for instance, the quadratic and quartic Casimir operators vanish for all
helicity representations).

e The (complex) Lorentz algebra so(3,1) is isomorphic to the direct sum of two (complex)
rotation algebras so(3) = sp(2). These isomorphisms allow the use of the convenient
“dotted-undotted” formalism for the finite-dimensional (non-unitary) irreps of the spin

group Spin(3,1).
e The symmetric tensor-spinor fields are sufficient to cover all inequivalent cases.

e The helicity short little group SO(2) is Abelian, therefore its irreps are one-dimensional,
for fixed helicity. Notice that the helicity is discretized because the representation of the
“little group” SO(2) is a restriction of the representation of the group Spin(3) = SU(2)
which has no intrinsically projective representations.

e The infinite-spin short little group SO(1) is trivial, thus there are only two inequivalent
infinite-spin representations (single- or double-valued) [6].

e etc.
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Moreover, there exists an extensive literature on the subject of UIRs of 1S0(3,1)T and we refer
to the numerous pedagogical reviews available for more details on the four-dimensional case (see
e.g. the inspiring presentations of [5] and [16]).

It is standard to require time reversal and parity symmetry of the field theory. More precisely,
the wave equations we will consider are covariant under the two previous transformations. As
a consequence of the time reversal symmetry, the representation is irreducible under the group
ISO(D — 1,1) but reducible under the Poincaré group ISO(D — 1,1)T: the Hilbert space of
solutions contain both positive and negative energy solutions. Furthermore, the parity symmetry
implies that the representation is irreducible under the inhomogeneous Lorentz group I0(D—1, 1)
but reducible under the group ISO(D — 1,1) (for instance, both chiralities are present in the
massless case for D even). To conclude, the Bargmann-Wigner programme is actually understood
as associating, with any given UIR of the inhomogeneous Lorentz group, a manifestly covariant
differential equation whose solutions transform according to the corresponding UIR.

5.1 General procedure

The lesson on induced representations that we learned from Wigner implies the following strat-
egy:

1. Pick a unitary representation of the (short) little group.

2. Introduce a wave function on RP~1! taking values in some (possibly non-unitary) repre-
sentation of the Lorentz group O(D — 1,1) the restriction of which to the (short) little
group contains the representation of step 1.

3. Write a system of linear covariant equations, differential in position space z* thus algebraic
in momentum space p, , for the wave function of step 2. These equations may not be
independent.

4. Fix the momentum and check in convenient coordinates that the wave equations of step 3
put to zero all “unphysical” components of the wave function. More precisely, verify that
its non-vanishing components carry the unitary representation of step 1.

Proof: The fact that the set of linear differential equations is taken to be manifestly covariant
ensures that the Hilbert space of their solutions carries a (infinite-dimensional) representation
of IO(D —1,1). The fourth step determines the representation of the little group by which it is
induced. O

In the physics literature, the fourth step is referred to as “looking at the physical degrees of
freedom.” If the (possibly reducible) representation is proven to be unitary, then this property
is summarized in a “no-ghost theorem.”

The Klein-Gordon equation (p?4+m?)¥ = 0 is always, either present in the system of covariant
equations or a consequence thereof. Consequently, the Klein-Gordon equation will be assumed
implicitly from now on in the step 3. Therefore, the step 4 will be immediately performed in a
proper Lorentz frame. (We refer the reader to the Subsection 3.2 for more details.)

The completion [17] of the Bargmann-Wigner programme for finite-component representa-
tions is reviewed in the subsections 5.2 and 5.3 for single-valued UIRs of the Poincaré group.®
The tachyonic case” is more briefly discussed in Subsection 5.4. The zero-momentum repre-
sentation is not considered here since it essentially is a unitary representation of the de Sitter
spacetime dSp_1.

5.2 Massive representations

The Bargmann-Wigner programme is easy to complete for massive UIRs because the massive
stability subgroup is the orthogonal group O(D — 1) C O(D — 1,1). By going to a rest-frame,

6Spinorial irreps may be adressed analogously by supplementing the system of differential equations with
Dirac-like equations and gamma-trace constraints (see e.g. [15, 18] for more details). The Bargmann-Wigner
programme has been completed for anyonic representations in three-dimensional Minkowski spacetime [19].

"The discussion presented in the section 5.4 was not published before, it directly derives from private conver-
sations between X.B. and J. Mourad.
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the time-like momentum vector takes the form p* = (m, 6)) = 0. The physical components of
the field are thus carrying a tensorial irrep of the group O(D — 1) of orthogonal transformations
in the spatial hyperplane RP~1. In other words, the linear wave equations should remove all
components including time-like directions. These unphysical components are responsible for the
fact that the Fock space is not endowed with a positive-definite norm.

Step 1. From the sections 1.3 and 4, one knows that any unitary representation of the
orthogonal group O(D — 1) is a sum of UIRs which are finite-dimensional and thus, equivalent
to a tensorial representation. Let us consider the UIR of O(D — 1) labeled by the allowed Young
diagram A = {A1, Aa, ..., A} (i.e. the sum of the lengths of its first two columns does not exceed
D-1).

Step 2. The simplest way to perform the Bargmann-Wigner programme in the massive
case is to choose a covariant wave function whose components carry the (finite-dimensional and
non-unitary) tensorial irrep of the Lorentz group O(D — 1,1) labeled by the Young diagram
A. As explained in the subsection 4.4, a convenient way of realizing this is in terms of a wave
function ®(p, u,) polynomial in the auxiliary commuting variables u# satisfying the irreducibility
conditions (4.16)-(4.17).

Step 3. The massive Klein-Gordon equation has to be supplemented with the transversality
conditions

0
(p 3ua)q) -0, (5.1)
of the wave function. _
Step 4. Looking at a fixed-momentum mode in its corresponding rest-frame p* = (m, 0)
leads to the fact that the components of the wave function along the timelike momentum are set
to zero by (5.1): ® = ®(p, u,) . In words, ® does not depend on the time components u? , ¥ a.
In this case, the conditions (4.16)-(4.17) read as irreducibility conditions under the orthogonal
group O(D —1). O

Example: Massive symmetric representations with “spin” equal to s correspond to Young
diagrams A = {s} made of one row of length equal to the integer s. In four spacetime dimensions,
this representation is precisely what is usually called a “massive spin-s field.”® The covariant
wave function ®(p,u) obeys to the irreducibility conditions (4.16)-(4.17) of the components

0 o 0
L e —o, (_ L2 )q> =0. 2

(u ou S) 0 Oou Ou 0 (52)
The wave function ® is homogeneous of degree s and harmonic in the auxiliary variable u . If the

wave function ®(p,u) is polynomial in the auxiliary variable u, then its components correspond
to a symmetric traceless tensor of rank s

1
O(p,u) = ;q)mmus (p)ukr .. =, 2R s g (p)=0.

The covariant wave equations are the massive Klein-Gordon equation together with the transver-
sality condition

0
-— P =0 5.3
(rga)e =0 5:3)
which reads in components as
pm (I)lll,uz-u,us (p) =0. (5~4)

The non-vanishing components of a solution of (5.4) must be along the spatial directions, i.e.
only ®;,  ;.(p) may be # 0. This symmetric tensor field is traceless with respect to the spatial
metric: §1%2®; ;.;. ,; (p) = 0, thus the physical components carry a symmetric irrep of the
orthogonal group O(D — 1), the dimension of which can be computed by making use of the
formula (4.8). The polynomial wave function ®(p, u) evaluated on the internal unit hypersphere
u'u; = 1 corresponds to a decomposition of the physical components in terms of the spherical
harmonics on the internal hypersphere S”~2 which is an equivalent, though rather unusual,
way of representing the physical components (usually, the use of spherical harmonics is reserved
to the “orbital” part of the wave function).

8To our knowledge, the Bargmann-Wigner programme for the massive integer-spin representations in four-
dimensional Minkowski spacetime was adressed along the lines reviewed here for the first time by Fierz in [20].
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The quartic Casimir operator of the Poincaré algebra is easily evaluated in components in
the rest frame

-+ P’M,,M" + M,,P"M" P,
= 5 mQ(MZ‘jM” + 2Mi0MZO) - mQMiOM’LO = m2 5 Ml-jM” s

giving as a final result for a massive representation associated with a Young diagram A

Ca (iﬁo(D _, 1)) Cs (iﬁo(D _1, 1)) C, (50(0 - 1)) ,
= m? i)\a()\aJerQaf 1), (5.5)

a=1

where the eigenvalues of the quadratic Casimir operator of the rotation algebra are given by the
formula (4.10).

Example: In any dimension D, the eigenvalue of the quartic Casimir operator for a massive
symmetric representation of rank s is equal to m? s(s + D — 3). In four spacetime dimensions,
the square of the Pauli-Lubanski vector acting on a massive field of spin-s is indeed equal to
m?s(s+1).

Each massive representation in D > 4 dimensions may actually be obtained as the first
Kaluza—Klein mode in a dimensional reduction from D + 1 down to D dimensions. There is no
loss of generality because the massive little group SO(D — 1) in D dimension is identified with
the (D + 1)-dimensional helicity (short) little group. Such a Kaluza—Klein mechanism leads to
a Stiickelberg formulation of the massive field.

The massless limit m — 0 of a massive irrep with A fixed is, in general, reducible because
the irrep of the massive little group SO(D — 1) is restricted to the helicity (short) little group
SO(D—2) € SO(D—1). This argument combined with the known branching rule for O(D—1) |
O(D —2) (reviewed in Subsection 4.3) allows to prove that the massless limit of a massive irrep
of the homogeneous Lorentz group labeled by a fixed Young diagram A contains each helicity
irrep labeled by Young diagrams p such that

MZ 222 2 U1 2 A 2y 20,

with multiplicity one. The zero modes of a dimensional reduction from D + 1 down to D
dimensions are determined by the same rule.

Example: The zero modes of the dimensional reduction of a massive symmetric representations
with “spin” equal to s are all helicity symmetric representations with integer “spins” not greater
than the integer s, each with multiplicity one. For the dimensional reduction of a gravitational
theory (i.e. a spin-two particle), one recovers the usual result that the massless spectrum is
made of one “graviton” (spin-2), one “photon” (spin-1) and one “dilaton” (spin-0).
5.3 Massless representations
The quartic Casimir operator of the Poincaré algebra is evaluated easily in components in the
light-cone coordinates (see Subsection 3.2 for notations),
1

-3 P2 M, M" + M,,P’* M" P, = 0 + M, PTM™ P_ = m,x™,

giving as a final result for a massless representation
s (iso(D _1, 1)) s (iso(D - 2)) _— (5.6)

where the quadratic Casimir operator of the massless little group is written in (3.9).

Helicity representations

Helicity representations correspond to the case p = 0, so that 7™ = 0 and in practice the
representation is induced from a representation of the orthogonal group O(D — 2).
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Step 1. Again, any unitary representation of the orthogonal group O(D — 2) is a sum of
finite-dimensional UIRs. Let us consider the UIR of the helicity short little group O(D — 2)
labeled by the allowed Young diagram A = {A1, Aa,..., A} (that is, the sum of the lengths of
its first two columns does not exceed D — 2):

—'%3 Ao
jJ Ai“l . (5.7)

The step 2 is more subtle to perform than for massive representations because the field
equations must set to zero all components along the light-cone of the covariant wave function,
because they are unphysical. In other words, the covariant wave equations should remove two
directions, and not only one like in the massive case. This fact implies that the transversality
is not a sufficient condition any more, it must be supplemented either by other equations or by
gauge symmetries asserting that one may quotient the solution space by pure gauge fields. In
these lecture notes, one focuses on two gauge-invariant formulations which may be respectively
referred to as “Bargmann-Wigner formulation” in terms of the fieldstrength and “gauge-fixed
formulation” in terms of the potential.

| M\

Bargmann- Wigner equations

The so-called “Bargmann-Wigner equations” were actually first written by Dirac [21] in four-
dimensional Minkowski spacetime in spinorial form. Their name originates from their decisive use
in the completion of the Bargmann-Wigner programme [4]. The generalization of the Bargmann-
Wigner equations to any dimension was presented in [17] for tensorial irreps (reviewed here) and
in [18] for spinorial irreps.

Step 2. Let A = {\1, A1, \2,..., \.} be the Young diagram depicted as

A
AL
—H Ao
A3
)\'rfl
jJA,. : (5.8)

It is obtained from the Young diagram A represented in (5.7) by adding a row of equal length on
top of the first row of A. The Young diagram X has at least two rows of equal lengths and the sum
of the lengths of its first two columns does not exceed D . The covariant wave function is chosen to
take values in the Schur module V2P 1 yealized in the manifestly antisymmetric convention.
Following Subsection 4.4, the wave function IC(p, d,x) is taken to be a polynomial in the graded
variables d,z* (I = 1,2,...,);) obeying the commutation relations (4.13). Moreover, the

irreducibility conditions of the components under the Lorentz group O(D — 1,1) are

(dx“ifé z)/c:o (I<J) (5.9)
e b C

>
I

where ¢; stands for the length of the I'th column in the Young diagram X, and

» aL 8L
(” a(d,z") 8(d, z") )’C =0 (5.10)

Step 3. The covariant wave equations may be summarized in the assertion that the wave
function is a “harmonic” multiform in the sense that, V I, it is “closed”

(p# dlx“)iC =0, (5.11)

and “coclosed” (i.e. transverse)

(p“%;))lc = 0. (5.12)
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The operators p - d,x act as “exterior differentials” (or “curls”), they are nilpotent and obey
graded commutation relations. As one can easily see, the wave equations (5.11) and (5.12),
considered together, imply the massless Klein-Gordon equation. Actually, the equations (5.11)
may even be imposed off-shell, whereas the equations (5.12) only hold on-shell [17].

Step 4. In the light-cone frame (see Section 1.1), the components of the momentum may be
taken to be p, = (p—,0,0,...,0) with p_ # 0. On the one hand, the transversality condition
(5.12) implies that the wave function does not depend on the variables d,z". On the other
hand, the closure condition (5.11) reads (p_d,xz~)K = 0, the general solution of which is
K = (Il;p-d,z7) ¢, where ¢ depends neither on d,z~ nor on d,z* (due to the transversality
condition). In other words, the directions along the light-cone have been removed, since ¢ =
o(p,d,z™) (m =1,2,...,D — 2). Focusing on this field, one may show that the irreducibility
conditions (5.9) become, in terms of the function ¢,

L

(42" 5,

— 5, KI)qb —0, (I<J) (5.13)

where ¢, = ¢, — 1, and the trace conditions (5.10) implies

- aL 8L B
(" Sy o, ) = O (5:14)

Since £, is the length of the Ith column of the Young diagram A, the system of equations (5.13)-
(5.14) states that the components of the function ¢ carry a tensorial irrep of the orthogonal
group O(D — 2). Therefore, the same is true for the physical components of the wave function
K. O

This may be reformulated covariantly by saying that the closure (5.11) of the wave function
implies that

K = ( If_[_llpudlx”) é. (5.15)

In components, this means that the tensor I is equal to A; curls of the tensor ¢. This moti-
vates the name “fieldstrength” for the wave function K(p,d,x), the components of which are
irreducible under the Lorentz group (when evaluated on zero-mass shell) and labeled by X, and
the name “potential” or “gauge field” for the wave function ¢(p, d,z), the components of which
may be taken to be irreducible under the general linear group, with symmetries labeled by the
Young diagram \.

Examples:

e The helicity vectorial representation corresponds to a Young diagram A\ = {1} made of a
single box. In four spacetime dimensions, this representation is precisely what is usually called
a “vector gauge field”. The Young diagram A\ = {1,1} is a single column made of two boxes.
The wave function in momentum space is given by

K= %ICW(p) datdx”
which carries an irrep of GL(D,R): the antisymmetric rank-two representation. As one can see,
the wave function actually is a differential two-form, the components of which transforming as
an antisymmetric tensor of rank two. The wave equations (5.11) and (5.12), respectively, read
in components
Pukup + uKpp + 0K =0 (Bianchi identities)

and
Py =0 (transversality conditions) .

The differential two-form K is indeed harmonic (closed and coclosed). In physical terms, one
says that the fieldstrength KC,,, obeys to the Maxwell equations. As usual, the Bianchi identities
imply that the fieldstrength derives from a potential: K., = p,¢, — p,¢, . In the light-cone
coordinates, the transversality implies that the components Ky, vanish, thus the only non-
vanishing components are C_,, = p_¢,, . Therefore the only physical components correspond to
a (D — 2)-vector in the hyperplane transverse to the light-cone.
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e Helicity symmetric representations with “helicity” (or “spin”) equal to s correspond to Young
diagrams A = {s} made of one row of length equal to the integer s. In four spacetime dimensions,
this representation is precisely what is usually called a “massless spin-s field.” The Young diagram
X = {s,s} is a rectangle made of two row of length equal to the integer s. The wave function is
thus a polynomial in the auxiliary variables

1
K= % Ko o pov, it dyz™ .. dgatsdgx®
satisfying the irreducibility equations (5.9)-(5.10) with ¢; =2 (I = 1,...,s). The fieldstrength
tensor Ky, ... | u.v, Was first introduced by Weinberg in four spacetime dimensions [22]. The
tensor /C is, by construction, antisymmetric in each of the s sets of two indices

IC;Llyl || psvs — 7IC1/1H1 [ ppsvs = 00 = 7ICH11/1 [ lvsps - (516)

Moreover, the complete antisymmetrization over any set of three indices gives zero and all its
traces are zero, so that the tensor indeed belongs to the space irreducible under the Lorentz
group O(D — 1,1) characterized by a two-row rectangular Young diagram of length s. In four-
dimensional Minkowski spacetime, the irrep of the Lorentz group O(3, 1) carried by the (on-shell)
Weinberg tensor is usually denoted as (s,0) @ (0, s) . More precisely, the symmetry properties of
the tensor K, |...|u.v, are labeled by the Young tableau

J75R 171 I T
V1|2 e Vs

The equation (5.15) means that the components of the tensor K, ,, .| pov, are essentially the
projection of py, ...pu, bu,. ., on the tensor field irreducible under GL(D,R) with symmetries
labeled by the above Young tableau. The physical components ¢,, .., of the symmetric tensor
gauge field ¢,, . ,, are along the D — 2 directions transverse to the light-cone. The number of
physical degrees of freedom of a helicity symmetric field of rank s can be computed by making
use of the formula (4.8).

e The helicity symmetric representation with “spin” equal to 2 corresponds to the graviton.
The fieldstrength has the symmetry properties of the Riemann tensor. Its on-shell tracelessness
indicates that it corresponds to the Weyl tensor. The equations (5.11) are the Bianchi identities
for the linearized Riemann tensor on flat spacetime, whereas the equations (5.12) hold as a
consequence of the sourceless Einstein equations linearized around flat spacetime.

Gauge-fized equations
The following equations are somewhat unusual, but they proved to be determinant in the
completion of the Bargmann-Wigner programme for the infinite spin representations [15].

Step 2. Let A= {A1—1,A—1,..., A\ — 1} be the Young diagram depicted as

|\ —1
—'_1/\24
R A3 — 1
2\ = .
Aoq — 1
Ar — 1 ; (5.17)

obtained from the Young diagram A represented in (5.7) by removing the first column of A.
Therefore the sum of the length of the first two columns of the Young diagram X does not exceed
D — 2. The covariant wave function is chosen to take values in the Schur module V2P~V
realized in the manifestly symmetric convention. Actually, as anticipated in Subsection 4.4, it
turns out to be crucial to regard the wave function ®(p,u,) as a distribution in the commuting

auxiliary variables uf , obeying to

0 ~
|:<ua . 6_114})) - >\a §ab:| o

0 0
(aua . a_ub> @ - Oa (519)
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o
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(5.18)




THE UNITARY REPRESENTATIONS OF THE POINCARE GROUP 29

Step 3. Proper wave equations are the transversality condition (5.1) combined with the
equation
(p-uq)®=0. (5.20)

The equations (5.20) and (5.1) are the respective analogues of the closure and coclosure condi-
tions (5.11)-(5.12). A drastic difference is that the operators p - u, are not nilpotent (thus there
is no underlying cohomology). Actually, the equation (5.20) has no solution if ® is assumed to
be a polynomial in all the variables.

Step 4. Equation (5.20) can be solved as
& = b(uq - p) &, (5.21)

where the distribution ¢(p, u,) may actually be assumed to be a function depending polynomially
on the auxiliary variables u, for the present purpose. The Dirac delta is a distribution of
homogeneity degree equal to minus one, hence the irreducibility conditions (5.18)-(5.19) imply

that
0
|:<ua : aub) — A 6ab:| 0]

0 0
<8—ua . 8_%) ¢ = 0. (5.23)

The function ¢ is defined from (5.21) modulo the equivalence relation

Il
o

(a<b), (5.22)

¢~ ¢+Z(ua 'p) €a (5'24)
a=1

where €, are arbitrary functions. This means that (5.21) is equivalent to the alternative road
towards the Bargmann-Wigner programme: the gauge symmetry principle with the irreducible
components of (u, - p) €, being pure gauge fields. As mentioned before, this path will not be
addressed here (see e.g. [17] and refs therein for more discussions on the gauge-invariance issue).
Therefore, one may say that the equation (5.20) is the “remnant” of the gauge symmetries
(5.24). In the light-cone coordinates, the gauge symmetries (5.24) imply that one may choose
a representative ¢ which does not depend on the variables u_ (the gauge is “fixed”). The
transversality condition (5.1) implies that ¢ is also transverse, implying no dependence on u
(“gauge shoots twice”). Thus ¢ depends only on the transverse auxiliary variables u™" , so one
concludes by observing that the physical components of ¢ carry a tensorial irrep of O(D — 2)
labeled by A. O

Infinite spin representations

Infinite spin representations correspond to the case p # 0 and, in practice, the representation
of the massless little group IO(D — 2) is induced from a representation of the orthogonal group
O(D —3). The parameter p is a real parameter with the dimension of a mass. Wigner proposed
a set of manifestly covariant equations to describe fields carrying these UIR in four spacetime
dimensions [23]. Recently, they were generalized to arbitrary infinite-spin representations in any
dimension [15].

Step 1. Again, any unitary representation of the orthogonal group O(D — 3) is a sum of
finite-dimensional UIRs. Let us consider the UIR of the helicity short little group O(D — 3)
labeled by the allowed Young diagram A = {A\1, Aa,..., A} (that is, the sum of the lengths of
its first two columns does not exceed D — 3).

Step 2. In order to have manifest covariance, it is necessary to lift the eigenvalues £™ of
the generators 7™ in the massless little group to a D-vector £# . In practice, the covariant wave
function is taken to be a distribution ®(p,&,u,) satisfying the conditions (4.16)-(4.17). The
tensorial components associated with the commuting variables u, belong to the Schur module
of the Lorentz group O(D — 1, 1) labeled by an allowed Young diagram .

Step 3. Relativistic equations describing a first-quantized particle with infinite spin are

(p-® = 0, (5.25)

<p- a% - z) o (5.26)
@ -pHe
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(5.27)
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together with the transversality conditions

(prua)® = 0, (5.28)
(p. 6ia)q> _ (5.29)

0
. P
(6 8%)
This system of equations is far from being independent. For instance, compatibility condition

of the systems (5.25)-(5.26) or (5.28)-(5.29) is the massless Klein-Gordon equation.

Step 4. The equation (5.26) reflects the fact that the couples (p,£) and (p,€ + ap) are
physically equivalent for arbitrary o € R. Indeed, one gets

O(p,E+ap) = 0(p,¢) (5.31)

I
o

(5.30)

from Equation (5.26). The equation (5.27) states that the internal vector £ is a space-like vector
while the mass-shell condition states that the momentum is light-like. From the equation (5.25),
one obtains that the internal vector is transverse to the momentum. All together, one finds
that & may be taken to live on the hypersphere SP”~3 of radius px embedded in the transverse
hyperplane RP~2 . In brief, the “continuous spin” degrees of freedom essentially correspond to
D — 3 angular variables, whose Fourier conjugates are discrete variables analogous to the usual
spin degrees of freedom. Finally, proceeding analogously to the “gauge-fixed” wave equations
of the helicity representations, one may show [15] that the conditions (5.28)-(5.30) concretely
remove three unphysical directions in the components, so that the final result is a tensorial irrep
of the short little group O(D — 3) fixing both the momentum p and the internal vector & .

From the group theoretical point of view, the UIR of the homogeneous and inhomogeneous
orthogonal groups are related by an Inénii-Wigner contraction O(D — 1) — IO(D — 2) (see
Subsection 4.5). It follows that one can obtain the continuous spin representations from the
massive ones in a suitable massless limit m — 0 since their little group UIRs are related by a
contraction. The quartic Casimir operator of the Poincaré group for the massive representation
is related to its Young diagram v labeling the UIR of the little group O(D — 1) via the formula
(5.5):

C4<150(D— 1,1)) =m? > va(ve +D —2a 1), (5.32)
a=1

In order to keep C4 non-vanishing, the massless limit must be such that the product of the “spin”
1 = s and the mass m remains finite. More precisely, one needs sm — p in order to reproduce
(5.6), so that the spin goes to infinity while the row lengths v, for a # 1 are kept equal to
Aa—1 [24, 15]. The Fourier transform (in the internal space spanned by &) of the wave equations
(5.25)-(5.30) may be obtained in this way from the wave equations of a massive representation
in “gauge-fixed” form (see [15] for more details). This limit is very similar to the contraction of
Subsection 4.5.

5.4 Tachyonic representations

The tachyonic representations have some similarities with the massive representations. The
simpler one is the analogue of the Klein-Gordon equation, up to a change of sign for the mass
term. The other similarity is that the linear equations should remove the components along the
momentum. Of course, the major difference is that the momentum is space-like. The quartic
Casimir operator of the Poincaré algebra is also evaluated easily in components, giving as a final
result for a tachyonic representation,

s (iso(D _1, 1)) = G (iso(D _1, 1)) Cs (50(D — 9, 1)) , (5.33)

where the eigenvalues of the quadratic Casimir operator of the rotation algebra are given by the
formula (4.10).

Step 1. The first step is more involved for the tachyonic case since it requires the exhaustive
knowledge of the UIR theory for the groups SO(D — 2,1)". Fortunately, complete results are
available [25]. However, the steps 2-3 further require the completion of the Bargmann-Wigner
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programme for the isometry group SO(D — 2,1)! of the de Sitter spacetime dSp_», which is
still an open problem in full generality.

Let us assume that this programme has been performed through an ambient space formula-
tion, analogous to the one of the spherical harmonics, as discussed in the subsection 4.4. More
explicitly, let us consider that the physical components of the wave function have been realized
via a function on the hyperboloid dSp_s of radius p > 0 embedded in RP~2'! with some set of
auxiliary commuting vectors of RP~2! (for the spin degrees of freedom) and the corresponding
O(D — 2,1)-covariant wave equations of the UIR are known explicitly. The step 1 is therefore
assumed to be performed.

Step 2. In order to have manifest Lorentz invariance, all auxiliary variables are lifted to D-
vectors: the coordinates of the internal de Sitter spacetime are denoted by &# and the auxiliary
variables by u/y . The wave function is taken to be ®(p, &, u4), where the internal vector £ plays a
role similar to the one in the infinite-spin representations. An important distinction is that in the
ambient space formulation, one would evaluate the wave function on the hypersurface 2 = p?
instead of imposing this relation on the wave function, as in (5.27). The O(D — 2, 1)-covariant
wave equations for the UIR of the little group O(D — 2,1) must be O(D — 1, 1)-covariantized
accordingly. Concretely, this implies that the components of the covariant wave function carry
an (infinite-dimensional) irrep of the Lorentz group.

Step 3. These covariantized wave equations and the tachyonic Klein-Gordon equation (p? —
m?)) = 0 must be supplemented by two equations: say the orthogonality condition (5.25),
similarly to the infinite spin representation, and the transversality condition (5.1), similarly to
the massive representation. The orthogonality condition (5.25) may be replaced by another
transversality equation for the vector £ .

Step 4. Now, the equation (5.25) implies that the internal vector belongs to the hyperplane
RP=2.1 orthogonal to the momentum p. Its intersection with the hypersurface £2 = 2 restricts
€ to the internal de Sitter space dSp_» C RP~2%1. Moreover, the condition (5.1) sets to zero all
components of the wave function along the momentum. Therefore, the remaining components
are physical and carry an UIR of the little group O(D — 2,1) by construction (see step 2). O

Example: The simplest non-trivial example corresponds to a tachyonic representation of the
inhomogeneous Lorentz group IO(D —1, 1) induced by a representation of the little group O(D —
2,1) corresponding to “massive scalar field” on the “internal de Sitter spacetime” dSp_o with
D > 4. This UIR belongs to the principal continuous series of UIR of the group O(D — 2,1)
and it may be realized as the space of harmonic functions on RP~2 of (complex) homogeneity
degree s equal to % + io (with o a positive real parameter) evaluated on the unit one-
sheeted hyperboloid dSp_, C RP~2! . They can be regarded as a generalization of the spherical
harmonics in the Lorentzian case, where the degree is a complex number. The eigenvalue of the
quadratic Casimir operator (1.4) of the little group O(D — 2,1) on this representation is equal
to

Cs (50(D — 9, 1)) - <D23)2 +o?. (5.34)

The d’Alembertian on the unit hyperboloid evaluated on such functions is precisely equal to
the former eigenvalue (as is true for the Laplacian on the unit sphere evaluated on spherical
harmonics) so the corresponding fields on the internal spacetime dSp_o are indeed “massive”.
Inserting the above result in (5.33), one sees that the quartic Casimir operator is negative for the
corresponding tachyonic representation. In four-dimensional Minkowski spacetime, this implies
that the Pauli-Lubanski vector is time-like. The Lorentz-covariant wave function is taken to
be ®(p, &) evaluated on €2 = 1 and the corresponding relativistic equations for the induced
tachyonic representation may be chosen as

(»*-m?) @ = 0, (5.35)
(p. %) b = 0, (5.36)
(8% ) o%) d = 0, (5.37)
<§.a§§s>q> ~ 0, (5.38)
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where one should remember that s = %

(5.2) for the massive scalar field.

+ 70 . Notice the formal analogy with the equations

Remark: There might be sometimes confusion in the folklore surrounding the tachyons. We
would like to insist on the fact that the tachyonic representations are indeed unitary (by def-
inition). Still, their physical interpretation is problematic because they are not causal in the
sense that one may show that the support of their propagator requires superluminal propagation.
Roughly speaking, the acausality is obvious because the momentum is space-like, p? = +m?2.
The confusing point is that one may try to circumvent this problem in the following way: solving
p? —m? =0 by p* = (im, 6)) enforces causality, but the price to pay is the loss of unitarity. In-
deed, the energy is pure imaginary, hence a naive plane-wave e®*Po = i actually a non-integrable
exponential e*me”  These remarks are summarized in the following table:

E =po | |P] | Unitarity | Causality
0 m OK KO
+im 0 KO OK

Nevertheless, the tachyonic representations should not be discarded too quickly on such
physical grounds. Actually, if tachyonic representations appear in the spectrum of a theory,
then it merely signals a local instability of the field theory in the sense that the perturbation
theory is performed around an unstable vacuum, and the tachyon might roll to a stable vacuum
(if any). For instance, the Higgs particle is described by nothing but a tachyonic scalar field
(induced by the trivial representation of the little group). By analogy, one may wonder if some
infinite-component tachyonic field (induced by a non-trivial representation of the little group)
could not play a role in some huge Brout-Englert—Higgs mechanism providing mass to an infinite
tower of gauge fields in various massless irreps.
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The BRST antifield formalism
Part I: Theory

Serge Leclercq
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ABSTRACT. In this lecture, we recall the notions of gauge theories, differential and
(co)homologies. Then, we present the antifield formalism for gauge theories, illustrated
by the example of the electromagnetic theory.
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In this lecture, we present the antifield formalism, which is a cohomological formalism for
Lagrangian gauge theories developed in quantum field theory by Batalin and Vilkovisky [1]. The
first cohomological formalism, the BRST formalism, described Hamiltonian gauge theories and
was developed by Becchi, Rouet and Stora [2] and independently by Tyutin [3]. Both formalisms
have a classical version, which has been reviewed in a book by Henneaux and Teitelboim [4],
on which this lecture is based. More recent results and notations can be found, for exemple, in
[5, 6, 7, 8].

The lecture is organized as follows. In section 1, we recall the main ingredients of local
Lagrangian gauge theories. We then introduce the algebraic concepts that we need in order to
build a cohomological formalism in section 2. We proceed by introducing the building blocks of
the formalism : the longitudinal derivative and the ghosts, the Koszul-Tate differential and the
antifields. In section 4, finally, we set the formalism and present the main theorem justifying
the construction, as well as some considerations about the local (co)homologies. We conclude
by illustrating the construction on Maxwell’s electromagnetic theory.

1 Local Lagrangian gauge theories

History space versus jet space

Let us consider a local action, i.e. a functional that is the integral over a spacetime domain of a
Lagrangian density, where the latter depends on some fields ¢* and their derivatives up to finite
order k :

S[(ﬂ = / E(muv¢ivau¢i7-~-a8/1«1~~~uk¢i>dnx :

DCRn

Of course, since this is a functional, the integration makes sense only if a particular “history”
of the fields ¢?(z*) is given. Indeed, S is defined on the history space I, the functional space of
the values of the fields.

At a given point x*, the information about a history is contained in the values of the fields
and all their derivatives. But, if we are interested in functions that depend only on a finite
number of these derivatives and if we assume that the rest of the information can be recovered
when making the integration, then we can trade the dependence on the functions ¢*(z#) for a
dependence on the value of these functions and a finite number of their derivatives at each point,
i.e. for the finite set {z", ¢%, 0,0, ..., 04, .. &'} where each variable must now be considered as
independent. Such sets {z", ¢, 9,¢", ..., 04, 1, @'} are the coordinates of a finite dimensional
vectorial space called Ji, the jet space at order k.

So, since we will consider local Lagrangians, which depend only on a finite number of deriva-
tives of the fields, we will see them as functions over jet spaces. Many computations in the
history space would be difficult, and it is even a bit hasardous to define the antifield formalism
in I. On the other hand, the structure of Jy is very convenient, but boundary terms that arise
from the integration of divergences will have to be taken into account.

Finally, let us define the partial derivative in Jj :

0
ozt

0

0. = b

+ 00"

+ + 8u1...uk_1;¢¢ m .

Of course this looks obvious, but it is necessary because x*, the fields and their derivatives are
independent coordinates in Jg.

Equations of motion, stationary surface

The dynamical equations, which select the histories that extremize S, are related to functional
derivatives of the action. In the case of a local theory, the relevant derivatives are the Euler-
Lagrange variational derivatives :

5S 0L & .y oL
ot 09 ]Zzo M OOy )
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The vanishing of these derivatives gives the dynamical equations. These equations determine a
surface in I called the stationary surface :

= {¢'(a") € II 0} .

(5(;51
Let us note that, in Ji, the stationary surface is rather determined by the dynamical equations
and their derivatives up to a finite order [ :

oL

Yy={ae yVji<l<4oo: am..,#jw =0} .

Indeed, since the variables ¢',9,¢", ... are independent, there is no reason why an equation
f(z*, ¢%, 0,0 ..) = 0 should imply that its derivative 9, f(z*, ¢%, 0,4, ..) = 0 be true as well.

As we will be working in the complete (history or jet) space and not just on the stationary
surface, it is convenient to introduce the weak equality :

i oL
f=r0& f= f”lmﬂ]‘ 8#1...;”57& '

Gauge transformations and Noether identities

Gauge transformations are transformations of the fields that depend on arbitrary functions and
leave the action invariant. They have the form :

5e¢i = Réga ’

where R!, = RY, +R%0, + ...+ Ra" ", ..., is a differential operator called generator of the
gauge transformations, whose coefficients can depend on the coordinates, the fields and their
derivatives up to order k (as usual, j is a finite order). The £*’s are arbitrary functions defined
on the spacetime domain D. The above transformations are gauge transformations if they satisfy

0.5 =0.

A set of generators that allows to generate all the gauge symmetries of an action is called a
generating set.
Let us detail what the variation of the action looks like:

n 6‘6 7 o gn
0.8 = /55£dx_/5¢iRa€ d"x

; /amnﬁ/( 0 5L

The last step is obtained by integration by parts, with R!, being the adjoint operator of Rf,.
The first term is the integral of a divergence and thus a boundary term, which depends only on
the values of the fields, the €“’s and their derivatives up to a finite order on the boundary of D.
In order for the gauge transformations to have a meaning, the boundary terms must be zero.
Thus, it is necessary to assume that the arbitrary functions and their derivatives up to order j
vanish on the border, which is not too restrictive.

Computing the variation of the action for appropriate choices of the arbitrary functions, it is
obvious that the quantities R?, ‘SL have to vanish identically everywhere in D. These relations
among the equations of motlon are called the Noether identities :

_. oL
R(XW

0.

There is one and only one Noether identity for each gauge transformation. Conversely, studying
the algebraic structure of the equations of motion is the best way to find every gauge transfor-
mation of a Lagrangian theory.

Let us note that every theory possesses some trivial gauge transformations:

. w08 55 65
vs:&m—u[ﬂw = 0,8 = /WW ilgng =0,
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where [t is some antisymmetric parameter.! Such transformations have no physical meaning
and can be discarded.

Reducibility, gauge algebra

The generating set can sometimes be overcomplete (for example, to ensure Lorentz invariance
or, trivially, because it includes generators of trivial transformations). In these cases, there
exist classes of gauge parameters ¢ that depend on arbitrary functions and that lead to trivial
gauge transformations. In other words, one can construct differential operators Z¢ such that
the gauge transformations with gauge parameter ¢ = Z(Aﬁ‘nA, where 74 is an arbitrary function,
are trivial: 3 plvl | Syt = R ZGnA = u[ij]g%. Such theories are called reducible of order (at
least) 1. It is possible to have further reducibilities if the Z4’s form themselves an overcomplete
set of reducibility conditions.

Similarly to the Noether identities associated with gauge transformations, there are relations
among the gauge generators associated with reducibilities. Indeed, by integrating by parts in
the variation of the field, the identities Z§R!, = I[;J]g% are obtained for some coefficients
(g,

Let us now define the gauge algebra. It is very interesting to study the commutator of two
gauge transformations. The requirement that this commutator be still a gauge transformation
gives rise to relations among the generating set :

Ry 0 gy OB o5
5 B i S
This operator has to be seen as acting on the product of arbitrary functions £*n®, and the
generators are acting only on the function with which they are contracted. The operators

LC5(07) + MU (o)

Cgﬁ(qﬁi) and M (%] (¢*) are called structure functions and characterize the gauge algebra. The

Jacobi identity gives rise to on-shell conditions for these coefficients : e.g. Cg‘[#Cf Pl 0. Many
more relations among the gauge generators and the new operators like C; = arise when more
and more commutators are taken. They constitute conditions for the consistency of the theory.

2 Gradings, differentials and homologies

Grassmann parity, bosonic and fermionic fields

Even when the fields are commuting, some anticommuting fields will have to be introduced, so
let us introduce some general tools to handle commuting and anticommuting fields.

Consider a set of fields {¢*} = {¢® , 0} such that the ¢®’s are bosonic and the §’s fermionic:
°q® = ¢°¢%, 0% = 6%¢* and 6°0° = —#PH>. Tt is natural to introduce the Grassmann parity
i eq = €(q”) =0 and €, = €(0*) = 1. The ¢*’s are then said to be even, bosonic or commuting.
The 6%’s are odd, fermionic or anticommuting. With this notation, the commutation rule of two
fields ¢ is simply

N G VA

Let us now consider the set of all polynomials in the ¢*’s (with real or complex coefficients).
Given the product and the commutation rule of the basic fields, it is clearly an associative algebra
A. The Grassmann parity is also called a Zs-grading (because the value of the parity is 0 or 1),
the algebra is said to be Zs-graded-commutative, or supercommutative. It is natural to consider
that polynomials of power zero in the fields are in the algebra, so the number 1 is the unit for the
product of the algebra. When the polynomials are composed only of terms of odd/even powers
of the #%’s, they have a definite Grassmann parity. It is easy to check that

Ve, y € A| Jegp ey @ €y =€+ €y .

Even elements define a subset Ay C A, odd ones define A; C A, and of course A = Ay @ A;.
This remains consistent if the algebra is extended to any function of the bosonic fields (Note
that because of the finite number, say k, of anticommuting 6“’s, there are no polynomials of
degree higher than k in the fermionic fields).

I The fields have been considered here as commuting, which is the reason why the integrand of the last integral
is identically zero. Of course, anticommuting fields can appear (for example Dirac spinors), but this requires
some considerations that will be made in the next section.
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Operators, differentials and gradings

We will consider the set End(A) of endomorphisms from A to A (these are morphisms for
the sum in A). Given the composition of operators, End(A) is an associative algebra with
unit. Some operators can have a definite Grassmann parity : 7 € End(A) is said to be even if
Ve € A| dep @ €;(z) = €, it is said to be odd if Vo € A | Je, : €;(5) = 1 — €. End(A) is
obviously the direct sum of its subsets of definite parity. It is found that

V1,0 € End(A) | 36,65 1 €rp = €7 + €5 .

In general, End(A) is not supercommutative, so it is useful to introduce the graded commutator
of two operators 7, o with definite parity: [r,0] = 70 — (—=1)¢ ¢ oT.
This commutator satisfies a graded Jacobi identity :

Vp,o,7 € End(A) :
[lp. o], 7] + (=)0 *=)[o, 7], p] + (=1)= Cr+e)[r, pl, 0] = 0 .

Zo-gradings are not the only ones that can be defined. Indeed, it is often possible to introduce
N-gradings or Z-gradings. Generally, A is then the direct sum of a set of classes labelled by a
natural or integer number :

A= @ A, such that Vn,m:ApAm C Antm -
neNorZ

The label is called a grading or a degree, and is noted : x € A,, & deg © = n.
A common exemple is the polynomial degree in some of the generators ¢° of A (in particular,
the form degree related to the exterior differential is such a grading). More generally, any sum of
entire multiples of such polynomial degrees is a grading. Let us note that odd operators have to
raise or lower the number of anticommuting generators by an odd number. Finally, the grading
can be extended to operators : deg T =n < Vm,Vz € A, : 7(x) € Apim. End(A) is obviously
the direct sum of its subsets of definite degree.
Remark : 0 has no definite degree, as it belongs to every class A,, (and of course, the same holds
for the 0 operator).

Derivatives are operators with a definite parity, that satisfy a Zs-graded Leibniz rule. In this
lecture, only derivatives acting from the left will be considered :

d € End(A) is a left derivative
Ve, y € A ey, ey ¢ d(ay) = (dr)y + (—1)“xdy .

Derivatives form a subalgebra of End(A), that will be noted Der(A), and which also decomposes
into classes of definite degree. Let us note that the commutator is internal to Der(A) (i.e. the
commutator of two derivatives is a derivative).

A differential D is a nilpotent odd derivative :

D € Der(A) is a differential <& D* =0 and ep =1 .

In practice, we will assume that there is a grading such that deg D = 1 or —1 (in the case of
a Z-grading, there is a liberty on the sign of the label and it will always be chosen such that
deg D =1).

The kernel of D is the set Ker D = {x € A |Dxz = 0} and the image of D is the set
ImD={x€ A|3Jye A|xz=Dy}. Elements of Ker D are called D-closed objects ; elements
of Im D are called D-exact objects.

Because of the nilpotency of D, it is obvious that Im D C Ker D. Furthermore, Im D is
an ideal of Ker D : Vo € Ker D,y € Im D : 3z | yz = (Dz)x = D(zx) € ImD. We can thus
define the coset space of Ker D modulo Im D :

Ker D , ,
H(D)= D ={[a] | Da =0, &' € [a] & Tbla’ = a+ Db} .
If degD = —1 , this space is called the homology of D and is noted H.(D); if degD = 1, it is
called the cohomology of D and is noted H*(D). (Co)homologies are the direct sum of their
classes of definite degree, which will often be considered invidually

H.D)=EH.(D) or H*(D)=EPH"D).
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Tt is also possible to define the (co)homology of a differential D in Der(A). When a derivative
d (anti)commutes with D : [d, D] = 0, d is said to be D-closed. When there is a derivative A
such that d = [A, D], d is said to be D-exact. The set of D-closed derivatives is a subalgebra of
Der(A) (for the commutator).

We find that

Vd : [D,[D,d)) = +L[d,[D, D] =0
Vd|[d,D]=0, VA : [d[D,A] = £[D,[A,d],

thanks to the Jacobi identity. This clearly means that the D-exact derivatives form an ideal of
the D-closed ones. The (co)homology of D in Der(A) is the obvious coset space and is noted
H.(D) or H*(D).

Some derivatives are diffentials only in a subspace B C A. A derivative + is called a differ-
ential in B if the projection of its square on B vanishes. For example, we will consider in the
sequel the algebra of functions of the fields C°°(I) and the subset of functions on the stationary
surface C*°(X), both in tensor product with a polynomial space in some fermionic fields C'*.
Any derivative v such that v2 ~ 0 will then be called a differential in B = C*°(%) ® R[C¢]
(remember that ~ means “equal on the stationary surface”). It will also be possible to define
the cohomology of v in B, which will be noted H*(~, B).

Finally, let us define a differential modulo a differential. Let D be a differential in A, of
negative grading. If  is an odd derivative such that [D,~] = 0 and 3A : 42 = —[D, A], then
v is called a differential modulo D. It is clear that this implies that v is a differential in a space
of representatives of H,(D) : If Da = 0 then v?a = D(Aa) = 0 in H.(D). In the sense of
H.(D), v is D-closed and ~? is D-exact. The cohomology of v modulo D is noted H(y|D) or
H(y, H.(D)).

H(v|D)={[a] | Da =0 ,3blya+ Db=0, a € [a] & Jec,ela’ =a+ yc+ De} .

Remark : in the case where v is a true differential (i.e. A = 0), the cohomology of v is of course
defined in A, the condition Da = 0 is removed and the cohomology of v modulo D is then

H(v|D) ={[a] | 3b|ya+ Db=0, @ € [a] & Fc,ela’ = a+yc+ De} .

3 Ghosts and antifields

We are now ready to introduce the ingredients of the antifield formalism. First the ghosts related
to the so-called “longitudinal derivative” -y, which is a differential on-shell (but not necessarily
off-shell). Then the antifields and the Koszul-Tate differential §, introduced to work off-shell.
We will show that the longitudinal derivative can be considered as a differential modulo the
Koszul-Tate differential. The third step, detailed in section 4, will consist in combining v and §
into a global differential s containing all the information about the theory.

3.1 Longitudinal derivative y

Given a history ¢(z#), any history ¢*(z*)+ R’ e® gives the same value of the action, by definition
of the gauge tranformations. This is true in particular for histories extremising the action: if
@' (z") € X, then Ve*(z#) : ¢'(z*) + Rie® € . The gauge transformations thus generate
submanifolds on the stationary surface, which will be called “gauge orbits”, with a “dimension”
equal to the number M of gauge tranformations. This dimension has to be seen as the number
of generators €,, which is not very satisfying, because of the functional nature of the history
space. But, as usually, the trouble can be avoided by working in J, where arbitrary values of
the ,’s and their derivatives up to the appropriate finite order are considered (in this case, of
course, the dimension is higher that the number of gauge transformations).

Since the gauge orbits are functional manifolds, we can formally consider maps on those
manifolds, with M “coordinates” X,. This is quite similar to a usual map {e,} on a geomet-
rical manifold. In that case, the concept of arbitrary move on the manifold is replaced by the
introduction of the tangent space and the dual coordinates . The latter, which are just the
usual dz® in the natural basis, constitute the basic fermionic one-forms. The exterior differential
can then be introduced, which is fermionic and raises by one the form degree, i.e. the number of
dz®’s. The action of d on functions reproduces the first-order effect of an arbitrary move, with
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the advantage that there are no further orders because d> = 0, and that the basic one-forms are
well-defined independent coordinates.

Let us now try to apply the same pattern to the gauge orbits. We introduce a set of fermionic
fields C'*, dual to the coordinates X, and we call them ghosts. Then, we introduce a derivative
v, that acts along the gauge orbits, and is thus called the longitudinal derivative. It is meant to
reproduce an “arbitrary move” on the orbits, i.e. a gauge transformation, when acting on the
fields. Its action on the latter thus takes the form

79" = RoC .

As the coordinates X, are related to the gauge transformations, it is quite natural that
the Lie bracket of the coordinates is the same as the commutator of the transformations :
[Xo, Xg] ~ C’;Y,GXA, , where the C 5's are the structure functions of the gauge algebra. The dual
version of this is the action of v on the ghosts :

1
a _ ~ o o ¥ale)
~yC = 2CMC c” .
Let us now study 2. On ¢°, the action of 72 is related to the structure functions of the gauge
algebra, but, due to cancellations, only a term proportional to the equations of motion remains.
It can also be seen that

1
2 o a e} Vo
V0% = G5 0707 = SC5,CLCPC1CY % 0.

So, 7 is not a differential in the whole space but only on X.
The grading related to -y is the polynomial degree in the ghosts, which will be called the pure
ghost number :

pgh C* =1, pgh ¢' =0, pghy=1.

Omne can compute the cohomology of v in X, which we note H*(y,C>®(X) ® R[C*]) (we have
simply considered an algebra of functions on ¥ and polynomial in the ghosts). The cohomology
in pgh 0 is the set of functions closed under , which are none other that the gauge invariant
functions. There are obviously no y-exact objects in pgh 0.

This construction holds for .J, where values of the fields C'* and their derivatives up to a
finite order are considered. These variables can be added to build an extended jet space, where
v is an algebraic operator. We will choose v to commute with the partial derivatives (or that
~vd + dy = 0, where d is the exterior differential of the spacetime manifold).

3.2 Koszul-tate differential ¢

Up to this point, we have managed to define a symmetry on the stationary surface that replaces
the arbitrary gauge transformation. The second step is to relate the fact of being on-shell to
a rigid transformation that is a differential off-shell. To do so we will build what is called a
homological resolution of C*°(X) ® R[C?], the algebra where v is a differential.

A homological resolution of an algebra A is realized when there is a differential § acting in an
algebra A’ D A, related to a grading labelled by a natural number & with deg § = —1, such that
Vk > 0: Hi(d) = 0 and Hy(6) = A. The latter equality must be understood as an isomorphism,
the elements of A being representatives of the homology classes.

Our groups A and A’ will be C*°(X) ® R[C?] and C*°(]) ® R[C?]. The grading of § will be
called the antighost number, and noted antigh. By definition, if we want C*°(X) ® R[C?] to be
the antigh 0 class, we have to require that

antigh ¢* =0 and antigh C* =0 .

As antigh 6 = —1 and since there is no field of negative degree (by definition of an N-grading),
one must have 6¢* = 0 and 6C* = 0. If there were no further fields, there would not be any
S-exact combinations of ¢'’s, and the homological class in degree zero would be C*°(I) ® R[C].
If we want to restrict to C*°(X), we must somehow make the equations of motion d-exact. The
solution is to extend the space so as to include a new set of fields with antigh 1, called the
antifields and noted ¢}, in one-to-one correspondance with the fields ¢*. The nature of those
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fields does not matter, we will just consider them through the differential §. We define the action
of § on the antifields by

dop; = % , antighg; =1 .
Notice that this implies that the parity ot the antifields is the opposite of that of the correspond-
ing fields : e(¢?) = 1 — (¢"). Furthermore, we see that §2¢ = 0 automatically. Then, we have
to make sure that the other homology classes are zero. For the moment, this is not the case: the
Noether identities imply that §R:,¢; = 0. The combinations Rf ¢ are d-closed but not d-exact,
so they would appear in the H;(d) = 0 if nothing is done. The only way out is to introduce
some new fields C% such that
5C* = RL¢% , antigh C) =2 .

By construction, §2C% = 0. If the theory is irreducible, there are no relations among the (adjoints
of the) gauge generators, so no combinations of C*’s can be J-closed and the constuction stops.

If the theory is reducible of order one, one needs to introduce a further set of antifields of
antigh 3, C%, such that 6C% = —Z4C* — %CEJ]QS;‘ @7 in order to compensate for the redundancy
of the gauge generators. Unfortunately, when the theory is reducible, the longitudinal derivative
cannot be easily extended to the whole space. It has to be replaced by another derivative, 7,
called a “model” for v, the homology of which is isomorphic to H(v) but the action of which on
the different families of fields is a bit more complicated. Furthermore, new families of ghosts,
corresponding to the different generations of antifields, have to be introduced. For exemple, at
first order of reducibility, a family of bosonic fields C4 of pgh 2 are introduced and one has
FC* = %CE‘WCB C7 4+ Z% C4 + ... We will not give more details about that in this lecture, and
we will only consider irreducible gauge theories from now on.

As usual, this was a bit formal but everything is very well defined in Jj. The jet space is just
extended to the different families of antifields and their derivatives up to a finite order, then ¢
is a simple derivation commuting with 9, (or anticommuting with the exterior derivative d) :

N SPNT T L  PY
- = 1. g 'y 8(6M1~~~M_7‘C;) i V1...Um (‘)‘(bl 5(5111...1/,,"(15;-“) .

An important fact is that our construction not only ensures that ¢ provides a resolution of
C*®(X)@R[C?] in R[CX, ¢F] @ C(I) @ R[C?], but it also provides a resolution of Der(C*(X)®
R[C?]) in Der(R[C%, 9] @ C°(I) ® R[C*]). This means that Yk > 0 : Hg(d) = 0 and
Ho(d) = Der(C*>*(X) ® R[C?]). The proof is very general for every differential ¢ such that each
variable of strictly positive antigh is either not d-exact or d-closed, but we will not show it here.

4 Construction of the formalism

4.1 The differential s

First, we have to define the action of 7 on the antifields. In fact, this is quite arbitrary, but the
most logical choice is to fix y¢; and yC? such that v and ¢ anticommute. It is obvious that
this is true for the fields and the ghosts, because [v,d] is an antigh —1 operator. By taking

v = ¢;6[§%?(l] , we find (v + 7d)¢; = 0 thanks to the Noether identities and to the fact
that the variational derivatives of a divergence are identically zero. The value of vC}, is chosen
similarly (we will not write it here explicitely but it will be easy to compute given the differential
s a bit later).

Since v anticommutes with 6, it is d-closed. In addition to that, 2 is 6-exact, i.e. there exists
an auxiliary derivative A of antigh 1 such that 42 = —§A — Ad. It is easy (at least in principle)
to build the latter using the property that v2a ~ 0 if a = 0. Let us construct the action of A
on objects with increasing antigh. Given an antigh 0 object ag, which trivially satisfies dag =0
: 3b| v2ag = 6b. We can simply define Aag = —b and the relation v* = —§A — Ad holds (when
acting on antigh 0 quantities). Then, if a1 is an antigh 1 object, da; is of antigh 0, so it satisfies
v28a; = —5Ada;. This can be rewritten as 6[y%a; + Ada;] = 0. The vanishing of H;(5) now
implies that 3c|y2a; = —Ada; — dc, and the action of A in antigh 1 is defined as Aa; = c¢. The
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same kind of argument gives the value of A for higher antigh. Putting the two properties of ~y
with respect to § together, we have shown that ~ is a differential modulo §.

Now, the conditions 62 = 0, 6 +dv = 0 and v2 +6A +Ad = 0 could be seen as the first three
terms of the antigh expansion of the equation s?=0 with s = § +~ + A + higher antigh terms.
We will prove that, given that § provides a resolution in the derivative space, such a differential
s actually exists. This differential, defined on the whole functional space and which encodes
every characteristic of the gauge theory, is the central object of the formalism.

Homological perturbations

Let us show that if :

e 0 is a differential related to the N-grading antigh noted k,
with antigh 6 = —1, such that Vk >0 : Hy(d) =0 and Hg(6) =0 ;
e 7 is a differential modulo § (of antigh 0), i.e. v6 +dy =0
1 1
and 3 (s) | v2 = —[6, (s)] ;
~ is associated with a N-grading pgh, with pgh v =1 and pgh 6 =0 ;

Then there exists a differential s associated with the Z-grading gh = pgh —antigh with gh s = 1,

k k
and such that s =§ 4+ v+ Z (s) with antigh (8): k.
k>1
Furthermore, the cohomology classes of s in positive gh are isomorphic to those of v in antigh
0:
Vi>0 : H'(s)= H'(y,Hy(4))
where 7 is the gh number for s and is the pgh number for «. In particular, gauge-invariant

functions correspond to cosets of the group H(s) = H(v, Hy(6)).

Proof

1
1. Let us consider s, = § +vy+ (S) 4.4 (g) and let us assume that its square has no terms of

_ 5 (m) (nt1l) - (n+2)
antigh<n:s;,=p + P + P +..
The hypothesis tells us that it is true for n = 1. It is sufficient to show that for any n,
+1
there exists iy such that s2,, begins at antigh (n+1).

It is trivial that [s2,s,] = s3 — s> = 0. The term of lowest antigh of this expression is

(n) (n)
[0,0]=0,s0 p is d-closed.

(n+1) | (n) (n+1)
S

But we know that H,(d) =0,thus3 s~ | p=—]| ,0].
n+1
If Sp+1 = Snt ( st )7

(n) n41 n+1 (n+1) (n+1)
then s2,, =p +5( $ )+( §)5+ poH=p +..

2. Let us consider any element x of the algebra, it can be expanded according to the antigh

k
number : x = Z (J:). The isomorphism needed to prove the second statement is simply
k>0
. . () . (0) 1)
given by the map 7 that applies z on x. The reason is that sz = v = +J = +... so

0)(0)
wsx = ymwx in Ho(d). It is clearly a morphism : Va,y : w(ay) :(a:) y=mn(z)r(y).
(a) m is surjective : We need to prove that any antigh 0 object xg that is y-closed in

1 0 1
Hy(9) can be deformed into an s-closed x. By assumption, 3 (x) | ~v (x) +4 (Jc): 0.
0 1 ¥ @

This tells us that s((:c) + (x)) =t + t +...

o . . 0 ) (n) . (n
Now, it is sufficient to prove that if x,, =2 + o +...4+ 2 is such that sz, = ¢

(n+1) n+1

4+ ¢t +... then there exists a ( T ) such that sx,1 begins at antigh n + 1.



THE BRST ANTIFIELD FORMALISM. PART I: THEORY 43

(n)
As s%x,, = 0, its lowest antigh term vanishes too : § t = 0, and as H,(§) = 0 :

(n+1) | () (n+1)
x| t=-0 =z .
n+1
Ifxp1 =2+ ( % ),
(n) n+1 (n+1) (n+1)
then sz,11 =t +5( %_ ) N A S =t +..
(b) 7 is injective : We have to prove that: sz = 0, 7wz € [0] C H'(y, Ho(5)) = = € [0] C
. 0 (1 0 0 1
H'(s). More explicitely, the left-hand side means that 3 (z), (z) | (a:): y (z) +4 (z).

(1)
)), then sz’ = 0 and z’ begins at antigh 1, so 6 2'= 0. But

2) () 2 0 1 2
H,(6) = 0 thus 3 P | 2/=196 (z). Then a” = = — s((z) + Y + (z)) is such that

sz” = 0 and z” begins at antigh 2. Going on like this recursively, the different
antigh components of x are removed one by one. It is finally found that z is s-exact,
which proves that 7 is injective.

If 2 = x—s((g) + G

4.2 The antibracket and the generator W

Even more interesting is the fact that the differential s admits a generating functional. Before
exhibiting it, we have to introduce the antibracket. The latter is very similar to a Poisson
bracket, but with pairs of variables of opposite parity. For an irreducible theory, its action on
two functionals is :

6RAS'B  GRAGIB | 6RAS'B  §RASB
561 0gr  0pr ¢ | 6C 6C  6Cr 6C

(AvB) =

The indices L and R just indicate whether the derivatives act from the left or from the right,
which is not equivalent for fermionic fields. The antibracket is also well-defined on local functions,
for which the functional derivatives are replaced by the variational derivatives. The antibracket
clearly raises the gh number by one (the first two terms lower the antigh by one, the others
lower the pgh by one and the antigh by two), and it is clearly fermionic. It satisfies the following
rules :
Symmetry : (A, B) = —(—1)EatEs+) (B A)
Jacobi identity : (—1)EaT(Ec+H) (4 (B, C)) + cyclic permutations = 0
“Leibniz rule” : (A, BC) = (A, B)C + (—1)*3(EatD B(A, C)

It can be shown that there exists a definite local functional W such that for any functional
or local function A:

sA=(W,A).

W is a gh 0 bosonic functional. It is often considered as an extended action for the antifield
formalism, because its antigh 0 component is none other than the action S :

(1) (2
W=8S+W+W+....

Indeed, this choice reproduces the right antigh -1 part of the action of s (i.e. the differential ¢)
on the antifields ¢} : J¢; = g%-- The second term of W, in antigh 1, can also be easily written:

(1) , . . _
it is W= /¢;-‘RflC"d"x, which generates the relations v¢* = R, C* and 6C}, = R, ¢;.
D

An important feature of W is related to the nilpotency of the differential s. Using the Jacobi
identity, the latter means that, for any 4, 0 = s24 = (W, (W, A)) = £1(A, (W,W)). This is
true iff

(W,W)=0.

This very important condition is called the master equation.
The master equation is the key constraint that the generating functional W has to satisfy. We
will prove recursively that if the antigh expansion of W starts with the first two terms written

above, then one can always construct the further orders one by one in such a way that the master

(n—1) (0) (1) (n—1)
equation is satisfied. To do so, it is enough to show that, if R =W + W +...+ W satisfies



44 LECLERCQ

(n)
the master equation up to its antigh component n — 2 , then one can build R that satisfies it up

1 (1)
to antigh n — 1 . Indeed, R= S+ W satisfies the antigh 0 component of the master equation,

which is equivalent to the Noether identities.

Let us define (n[)l) as the component of antigh n — 1 of ((nél), (nél)) , which is its first non
zero component. The antigh n — 1 term of (W, W) = 0 is 26 %/T[L/) + (751): 0. On the other
hand, the Jacobi identity implies that ((n}%l)7 ((nél), (n}?))) = 0, the lower antigh term of which

(n=1) (n)
isd D =0. Thanks to the vanishing of H,_1(d), it is now obvious that 1V exists.

(2) 1
For an irreducible theory, the component of antigh 2 obtained is W= / (50(’;0%0’6 cv—
D

1 -
Z(;S;‘ ¢;M;J/3CQCB )d"x . When the theory is reducible, the reducibility constants appear in terms

like C*Z3C4 or (b;k(b;CifCA, and so forth. We see that the first terms of the generator involve
all the various coefficients characterizing the theory : the action, the generators of the gauge
transformations, the structure functions, etc. These coefficients are very easily singled out, as
the terms are all linearly independent. In fact, W is a single functional which contains all the
infomation about the theory in a very simple way. The consistency of the whole is secured by a
single constraint: the master equation. This is a fundamental advantage, which makes it possible
for exemple to study deformations of an action with very few hypotheses (see Part IT). But we
have to worry a bit more about the local nature of the objects. s is very well defined in Jj but
the homologies of the different derivatives are not quite equivalent to those in I.

4.3 Locality, homologies modulo d
Exterior differential d

The usual exterior differential d = dx#d,, can be introduced on the space-time manifold. It is
easily extended to the jet space thanks to the definition of the partial derivative on Ji. The form
degree is the N-grading of d and is given by the number of anticommuting 1-forms dxz*. This
grading is bounded from above by n because there are only n independent dz*’s. The Poincaré
lemma states that, on a domain with no holes or periodicity, the only d-closed object that are
not d-exact are the constant zero forms (i.e. the numbers). In other words :

Vi>0: H'(d)=0and H'(d) =R .

The same result holds in a jet space, except in form degree n, for bosonic and/or fermionic fields
and is called the algebraic Poincaré lemma. We will use the dual notation

d"x = %EM...MdeM A oo AdxHn, d"‘lxu = ﬁewl.““nfldw’“ A ... AdxPn—t,

Any n-form is obviously closed. A (n — 1)-form can be written v = V#d" 'z, and its exterior
derivative is the d-exact n-form : dv = 9,V*d"z. It is well-known that the Euler-Lagrange
derivatives of a divergence are identically zero, which is equivalent to saying that divergences
are trivial terms in a Lagrangian. The homology of d in form degree n in Ji is thus isomorphic
to the set of functions which have the same variational derivatives:

1@ = {ld] ldeg a = n.a' e o] v’ 5 = 20}

: 50 = 50
VO<i<mn : H(d)=0
HO(d) =R

The local Lagrangian and any function defined on Jj, can be seen as the coefficient of a n-form.
Let us note that if the metric is not flat (as for the Einstein-Hilbert theory of course), coefficients
of n-forms must be tensorial densities (for exemple, \ﬂ g, which appears in the Einstein-Hilbert
action). So, in that case, the Lagrangian, the equations of motion and the antifields all have
that behaviour. Trivial terms in the Lagrangian are just d-exact n-forms the integrals of which
are of course boundary terms in the action, which are assumed to vanish.
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Homologies modulo d

The fact that we consider only vanishing boundary terms means that two functionals are equal
if they are the integral of n-forms equal modulo d : if A= [a and B = [b, then A = B &
Jv | @ = b+ dv. This implies that a s-closed functional is related to an n-form s-closed modulo
d:

sAzOzs/a:>E|b |sa +db=10.
The same holds for s-exact functionals :
A =sB = 3cla=sb+dc

0 and s are differentials, constructed to commute with d in Jg, so § and s are differentials
modulo d and it is very natural to define H?(d|d) and H***(s|d), where i is the form degree. The
equivalent in Jy, of H*(s) in [ is in fact H*"(s|d). It is also possible to define the homology of
~ modulo d in Hy(d) and it can be shown that :

V>0 : H*"(s|d) = H*"(y|d, Hy(0)) .

It is also found that
Vk <0 : H*"(s|d) = H",(6]d) .

Finally, let us say a few words about H}!(4|d). It is not vanishing as Hy(6) does. But there
are never many independent classes, and the non vanishing part is always at pgh 0. The Poincaré
lemma and Hy(6) = 0 provide isomorphisms between classes of H}}(d|d) :

Vn>1,k>1 : H}(6|d) = H}~(5|d) .

If k > n, it is found that H}(5|d) = HY_, (8|d) = Hy—,,(6) = 0. It is also found that Vk > 1,n >
1 (but (k,n) # (1,1) ) : HE(S|d) = H*~1(d|6) and H{(8|d) = HY(d|5)/R. The homology of d
modulo ¢ in antigh 0 is called the characteristic cohomology, it contains the non trivial on-shell
d-closed forms. Those are generalized conserved currents, which have to be known for exemple
in some general relativity problems. The isomorphisms that we cited are very useful because
H}'(d]d) is rather easy to compute for k > 2. These cohomology classes are also needed in order
to compute deformations of Lagrangians.

5 A little example

A little example might be useful at this stage, so let us consider the theory of electromagnetism.

The basic settings are as follows: the fields are just the A,’s, the actionis S = —% [ F,, F* d"z
where F,, = 0,4, — 0, A, . It is invariant under the gauge transformations 6.4, = 9,¢€, which
correspond to the Noether identity 00" F},, = 0. The theory has no reducibility. The equations
of motion are 9, F** = 0.

Let us now apply the rules to build the BRST formalism.

First: a ghost should be associated with each gauge parameter. So let us introduce the ghost
C, corresponding to the gauge parameter €.

Secondly: define the longitudinal derivative . It acts on the fields like a gauge transformation
where the gauge parameter is replaced by its ghost, so we take yvA, = 0,C . Since the gauge
algebra is abelian, the action of v on the ghost vanishes: yC = 0. In this case, we see that - is
a true differential: 72 = 0 even off-shell.

Thirdly: introduce the first generation of antifields. An antifield has to be introduce for each
field, so we introduce the antifields A** .

Fourthly: build up the Koszul-Tate differential §. The action of § on the fields and the ghosts
vanishes: A4, =0 and 6C = 0. The action of § on the antifields yields the left-hand side of the
equations of motion: §A** = 9, F"*.

Fifthly: check whether a next generation of antifields is needed. A new generation of antifields
has to be introduced if the homology of ¢ in nonvanishing antigh is nontrivial. This reduces
to ask whether there are §-closed combinations of antifields. At this stage, it is equivalent to
look for relations among the equations of motion, i.e. Noether identities. In our case, there is
a Noether identity: 0,0, F*” = 0, which implies that §9,A"* = 0. A further ghost must be
introduced in order for 9, A*"* to be nontrivial in H;(9).
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Sixthly: iterate the last three steps until there is no need for further ghosts. In general, the
number of generations of antifields to be introduced corresponds to the reducibility level of the
theory plus two. We introduce a new antifield for the Noether identity and note it C*. The
action of § on this antifield is 6C* = —0,A**, so that 0, A*" becomes trivial in the homology.
Since the theory is irreducible, the iteration stops here.

Seventhly: extend the action of the longitudinal derivative to the ghosts, in such a way that
it anticommutes with the Koszul-Tate differential. In our case, it is enough to choose that the
action of v on the antifields vanishes.

To summarize, the set of fields and antifields is composed of

e the fields A, of even parity, pgh = 0, antigh = 0 and gh = 0;

e the ghost C, of odd parity, pgh = 1, antigh = 0 and gh = 1;

e the antifields A*#, of odd parity, pgh = 0, antigh = 1 and gh = —1;
e the antifield C*, of even parity, pgh = 0, antigh = 2 and gh = —2.

The pgh, antigh and gh numbers have been attributed using the following rules: pgh = 0 for the
fields and the antifields; antigh = 0 for the fields and the ghosts; gh = pgh—antigh ; increase the
pgh, resp. the antigh, by one for each new generation of ghosts, resp. antifields. The Grassmann
parity is alternating for each new generation. The symmetry between the fields+ghosts and the
antifields is no accident, it is a general rule.
The action of 7 and § is zero on any (anti)field and ghost, except in the following cases:
~yAH = oHC 0A;, = 0" F,

[T

5C* = —OM A7,

One easily checks that 2 =0, 6> =0 and 70 +dy =0 .
The differential s is simply s = v + & . No further terms are needed since s? = 0 is already
satisfied. This differential is generated by the generating functional

W= / (— iFWF‘“’ + A;@“C) dz

where the first term is easily identified as the action. The second term is built as the antifield
corresponding to the field multiplied by a gauge transformation, where the gauge parameter has
been replaced by its ghost. One can check that the master equation (W, W) = 0 is satisfied, and
that W generates s correctly, so there is no need for further terms.

One now has the tools to compute the various cohomology groups or apply the formalism to
whatever problem of electromagnetism one has in mind. The slightly more complicated case of
Yang-Mills is developped in the Part II of the BRST antifield formalism lectures.
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ABSTRACT. In these lectures, we present an introduction to two applications of the La-
grangian BRST formalism (also called field-antifield or Belavin-Vilkovisky formalism):
the quantization of systems with gauge freedom and the construction of consistent
interactions.
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The BRST formalism is mainly known because it offers a systematic way to quantize theories
with a gauge freedom. For these theories, the most naive implementation of the path integral
does not work. Indeed, the integration over gauge orbits makes the path integral infinite, as e.g.
for electromagnetism:

/DAue%S[A“] = 0.

One solution is to remove all the redundant degrees of freedom to work with the physical fields
only: one chooses a gauge before making the integration and integrates only over the physical
degrees of freedom. However, this procedure is not liked because it spoils the gauge invariance,
makes locality non manifest, is not covariant, etc. A way out was found by Faddeev and Popov.
They turned the infinities into new terms in the action, which involve a new kind of fields called
“ghosts”. The Faddeev-Popov action, which is a functionnal of the gauge fields and of the ghost
fields, has no gauge invariance (that is, no symmetry transformations depending on an arbitrary
function), but it exhibits a new global symmetry, called BRST symmetry, which mixes gauge
fields and ghosts. In spite of this success, the quantization problem was not completely solved
because the procedure is limited to “simple” gauge theories. For example, it does not work for
general reducible theories or when the gauge algebra is open. Furthermore, the mathematical
scheme behind the BRST symmetry and the whole construction was at first poorly understood.
Their meaning became only clear with the developpement of the BRST approach and of the
antifield formalism.

In these lectures, we will first show how the antifield formalism is used to build actions
without gauge invariance that can be used in the path integral quantization procedure. This
construction is systematic and can be done for any gauge theory. It can be related to the
Faddeev-Popov results when the latter exist.

The second topic covered in these lectures is the application of the antifield formalism to the
“consistent local interaction problem”. The problem one wants to solve is the following: given
a “free” theory of gauge fields, what are all the consistent couplings that one can introduce
to make these fields interact locally? By “consistent”, one means that the number of degrees
of freedom is unchanged. The antifield formalism offers a very systematic way to answer this
question, through a reformulation in terms of cohomology groups for various differentials related
to the BRST-differential and presented in the part I of these lectures (s, d, v and §). We will
briefly present this topic and illustrate it on an example.

Summary of Part I :

The main achievement of Part I is that the description of a theory by some fields and an
action S is replaced by a new description : the set of fields is enlarged to include new fields called
ghosts and antifields, while new terms are added to the action to build the “extended action”
W. The latter generates the BRST? differential s through the antibracket : sA = (W, A) , where
the antibracket is given by

RA§LB RASLB
(A, B) = 0"A"B  67TA0 .
DA 5P 6D 6D
Here we have used a new notation: the fields and ghosts are collectively denoted by ®4, while

the antifields are denoted by ®%. The extended action W no longer admits the original gauge
transformations as symmetries, but it is invariant under the rigid symmetry s:

sW=(W,W)=0. (0.1)

This crucial equation is called the master equation. Another important feature is that, by con-
struction, the gauge invariant observables are in one-to-one correspondance with the equivalence
classes of H%(s) in ghost number zero.

1 Quantization

The purpose of this section is to bridge the gap between the antifield formalism presented in the
Part T of the antifield lectures and its use for the path integral quantization. On our way, we
will meet Faddeev and Popov.

2 Actually this is not exactly the BRST differential, the latter being what this differential becomes when the
gauge is completely fixed. But we will nevertheless use the same terminology.
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The outline of this section is as follows. In the path integral approach, one needs an action
that has no gauge invariance. The extended action could be a better candidate than the origi-
nal action, but it also possesses some gauge invariance (Section 1.1). One can however fix this
invariance in a clever way, by chosing a “gauge-fixing fermion”, which removes the antifields.
To build the latter fermion, it is necessary to introduce new fields, called antighosts (Section
1.2). In the end, one is left with an action that has no gauge invariance, but admits a global
symmetry mixing the remaining fields (including ghosts and antighosts), called the BRST sym-
metry (Section 1.3). This action can be used in the path integral, modulo one last check: the
correlation functions computed must be independent of the gauge-fixing procedure (Section 1.5).
This requirement imposes conditions on the theory through the “quantum master equation”. We
illustrate the gauge-fixing procedure on an example in Section 1.4.

1.1 Gauge invariance and gauge-fixing fermion

The extended action built in Part I still possesses gauge invariances, though different from those

of the original theory. Indeed, differentiating the master equation
SEW §EW
WW)=2—F—7=
(W, W) IPA 5P

with respect to the fields (or to the antifields) yields the following relations among the left-hand
sides of the equations of motion:
B léR(I/V, W) oRW skeRW §RW §RSRW

= — 1.1
0=3 dz¢ DA §P*62¢  6DY dDAGzC (L.1)

where 2¢ can be either ®¢ or ®7 . Each of these Noether identities indicates the presence of a
gauge symmetry. (Exercice: write them!)

One can show (see [2]) that the number of independent gauge transformations matches the
number of fields (or equivalently the number of antifields), which we call N. In order to remove
the gauge freedom, one thus has to fix the gauge by N gauge conditions. One usually uses these
conditions to gauge-fix the antifields, that is, to express them in terms of the fields. This is
implemented by choosing a function 1/(®) depending only on the fields and imposing the gauge
conditions

AT &4
JpA
From this equation, one reads that ¢ must be a fermion, and have the ghost number —1:
e()=1, gh(y)=-1.

(Indeed, ®# and ®* have opposite parity, and gh(®*) = —gh(®4) — 1.) Accordingly, the
function 1 is called the “gauge-fixing fermion”. Note that in Eq.(1.2) it is equivalent to take left
or right derivatives (cf the rules of Appendix A ).

(1.2)

We will now consider two issues. First, we will try to build a gauge-fixing fermion ¢ and see
that it is necessary to introduce new fields, the antighosts. We will illustrate this construction
on an example. Secondly, we will check under which conditions the path integral is independent
of the choice of 1.

1.2 Antighost fields

We have said above that the gauge-fixing fermion should depend only on the fields and have
ghost number —1. However, all the fields of the minimal set® have positive ghost number (only
the antifields have negative ghost number). It is thus necessary to add new fields (and their
corresponding antifields) in order to build an appropriate gauge-fixing fermion.

It is allowed to add new fields by pairs {«, 3} (so-called “trivial pairs”) that satisfy the
following relations:

sa=0, B = «, (1.3)
ela) =€@B)+1,  gh(a)=gh(B)+1.

3As can be guessed, the minimal set is the smallest set of fields and antifields that verifies the properties listed
in Part I. One can arbitrarily enlarge it, e.g. by adding redundant gauge transformation generators, and in fact
the minimal set has no deep meaning.
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(one must also include their antifield counterparts {a*, 5*}). Such a couple will add no new
contribution to the cohomology of s: all s-cocycles involving these fields are s-exact and thus
trivial. This means that, while adding these fields, one keeps the nice property that the set of
observables of the theory is isomorphic to the cohomology of s in ghost number zero, H(s).
Enlarging the minimal set of fields to include this trivial pair thus contains the same information
as the minimal set itself. So let us do it!

One easily generates the BRST variations (1.3) for @ and 8 by adding a BRST-exact term
to the extended action:

Wminimal LW = Wminimal + Wtrivial ,
where Wrvial — _n3* . One can then read off the BRST variation of a* and 3*, which is
s = (=) D3* and sp*=0.

We will call the new fields “antighosts” because they correspond to the antighosts of Faddeev
and Popov. In specific cases they have other nicknames like B-fields, auxiliary fields, Nakanishi-
Lautrup auxiliary field, “extra” ghosts, Stuckelberg fields, etc.

The freedom to add trivial pairs is used in the gauge-fixing procedure to introduce fields
with negative ghost number. The number of pairs added depends on the reducibility level of the
theory. So, e.g., in the irreducible case one adds one trivial pair {Coa,, Toa, } Of fields that have
the same index structure as the ghost C§° . Their ghost numbers and parities are

gh[Coal = =1, ghlfoa,] =0,  €[Coa,] = €[CG°],  €[Toa,] = €[C5] +1.

For a first-stage reducible theory, one adds two more pairs {Ciq,, 714, } and {C1, , 714, } -
For an L-th stage reducible theory, for each integer s ranging from 0 to L, one adds s+ 1 trivial
pairs having the same indices as the s-th stage ghost.

We will not enter into the particulars about why exactly these antighost fields should be
added. Let us just state that, if the gauge-fixing fermion is properly chosen, they allow to
remove all gauge and non-propagating degrees of freedom. More details about this can be found
e.g. in [1].

As we just implied by using the words “properly chosen”, not every gauge-fixing fermion is
allowed, one must make sure that it kills all the unwanted degrees of freedom. Nevertheless, in
the end some freedom is left in the choice of the gauge-fixing fermion. One then chooses (or tries
to choose !) the fermion that most simplifies the calculation one is to perform.

1.3 Gauge-fixed action and BRST symmetry

Having chosen the gauge-fixing fermion and used the gauge-fixing conditions, one is left with
the gauge-fixed action

oy

— A F* —
Wd’_W((I) 7(I)A_ SPA

) = W((I)A7(I)j4)|2w )

where we have denoted by ¥, the surface on which ®% = % holds.

Quite naturally, one defines the gauge-fixed BRST symmetry by
sp X (@) = (W, X5,

The gauge-fixed action is invariant under the gauge-fixed BRST symmetry. Indee