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1 Conformal transformations in two dimensions

Consider flat space-time in d dimensions, that is, R? endowed with a flat metric g, (which will
be taken euclidian or lorentzian) and coordinates z#, p = 0,--- ,d — 1. First recall that Poincaré
transformations are the set of transformations

= M(x) , p=0,---,d—1 (1)
leaving the components of the flat metric (with lorentzian signature) unchanged :

GG (@' () = g () . (2)

This statement can also be expressed from the ”active” point of view by demanding that the squared
”Minkowskian norm” ds® of a vector with components da* be preserved under (1) :

ds® = g, da'da” — ds” = g, dx"™dz" = ds® (3)
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that is 92t B!
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y———— = (a3 - 4

I e g~ 90 (4)

Conformal transformations are defined as the set of transformations (1) leaving the components of
the metric tensor invariant up to a scale :

guyﬁg;y(xl(ft)) = A(l')g;w . (5)

Condition (5) expresses that the scalar product of basis vectors of the tangent space is conserved
only up to a local scale factor (possibly depending on the point). In particular, angles are preserved
by conformal transformations. Equivalently, conformal transformations are such that

ds? — ds? = A (z)ds* . (6)

Let us focus on the two-dimensional case. We will be working with an euclidian metric, such that
the line element is (dz')? + (dz?)?. We introduce complex coordinates

z=a'+iz® and Z=2'—ir? | (7)

in which the metric reads ds® = dzdz. Notice it is only in 2 dimensions that the metric in complex
coordinates factorizes in dz and dz. Consequently, any change of coordinates

s f(2) 2 2t alz) , =[G 2z+a@) (8)

with f and f depending only upon 2z and Z respectively? will satisfy (6), because

ds*—ds"™* = (3—];) (2—2_) ds* . 9)

Actually, these are the only conformal transformations in two dimensions. To verify this, one
may consider infinitesimal transformations 2 = z# + e#(z) in (5), for infinitesimal e*(z). With

I 2 Guw + f(x)g,m, one gets, to first order in e#(x) :

Ouey + 0, = —f(2)g - (10)

By taking the trace of (10), one determines f(x), so that we get

2
ap,gu + a1/5;1 = E(aocga)gp,u ) (11)

which are called conformal Killing equations. Their solution, in two dimensions, expresses that
£%(2,Z) = £%(2) = £(z) and £%(z,%) = €%(Z) = £(Z), see [3] for a detailed computation.

Now, suppose a(z) in (8) admits a Laurent expansion around say z = 0 (we only consider the
”holomorphic” sector) :

a(z) = Z 2"t (12)

n=—oo

21t is a common abuse of language to call f(z) (resp. f(Z)) a holomorphic (resp. anti-holomorphic) function, because
it may in general possess singularities. One usually restricts to meromorphic functions, i.e. functions admitting a set
of isolated poles



On functions (scalar fields) depending only upon one coordinate (say z), the mappings (8) are
generated by differential operators. Indeed, by considering a transformation of the form z—ua’,
¢(x)—¢'(x'), the variation of a field is defined as :

5p(x) = ¢'(z) — ¢(z) = W'Gudlz) (13)

where {w”} is a set of infinitesimal parameters, and G, are the symmetry generators®. By considering
an infinitesimal version of (8), the effect on a function f(z) is

0f(2) = —a(2)0:f(2) = Y omlnf(2) (14)

where we used (12) with infinitesimal parameters «,,, and defined the generators
l,=—2""0, . (15)
They satisfy the following commutation relation

[lm lm] = (TL - m)ln+m ) (16)

with analogous definition and commutation relations for the [,’s. The infinite Lie algebra defined by
(16) is known as the Witt algebra. Notice that the infinitesimal transformations resulting from (15)
are the most general that are analytic (or holomorphic, in strict sense) near the point z = 0. They
may introduce singularities at z = 0, but not branch cuts?.

An important subset of the transformations (8) consists in transformations defining invertible map-
pings globally defined on C U {oc}, that is, the complex plane plus a point at infinity. This space
is called the Riemann sphere, as it may be compactified (through stereographic projection) to the
two-dimensional sphere S2. These transformations are called global conformal transformations.

To determine them, a first argument is based on the form (15) of the generators. Clearly [, is
non-singular at z = 0 if n > —1. To investigate the behavior at oo, consider the conformal map
z—z2 = % Under this transformation, the generator [, transforms to
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n+1 1—(n+1)
—2"0,— — 2 —
(62’

) 82/ = z’(l_")azz . (17)
This operator is non-singular at 2z’ = 0 if n < 1. The generators (15) are thus defined everywhere on
the Riemann sphere if —1 <n < 1.

Let us see to what kind of transformations they correspond. For n = —1, the infinitesimal transfor-
mation is

2=z =2+4+0A (18)

where the infinitesimal parameter «_; is supposed to arise from the variation of a finite complex
parameter A. The finite transformation follows from a trivial integration :

2! A
dZ /
ﬂ_li/dw—/dfliz_z—i—fl . (19)
z 0

3As an example, for translations, the infinitesimal parameters are w*, defined by 2/# = x# + wH and ¢'(2') = ¢(z),
so that G, = -0,

4to admit a Laurent expansion around zg, a function must be analytic in a crown centered at zy. If the function
has a branch cut at z (like for instance log z at z = 0), then one cannot ”close a contour” around zy and the Laurent
expansion cannot be defined
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Recalling the definition of z and going back to the original coordinates ! and 2, this corresponds

to
r'—a' + Re(4) , 2?—2®4+Im(A) (20)

and hence to translations : x#—x" + a*. For n = 0, one finds, with ay = 67" :
d Fdw [
d—;:z:/gw:/dez’:Bz ,B=¢e" . (21)
z 0

Let us consider two cases : B = ¢ and B = . With the first one, we find that the effect on the
coordinates (z!, x?) is
=AY 0 Ae SOQ2) | (22)

thus corresponding to rotations. At this point, we just found the (euclidian) Poincaré group in two
dimensions, which was expected to be a subgroup of the conformal group. With B = A, we find that

=zt (23)

corresponding to dilations. Finally, for n = 1, we have

(24)

This transformation is called special conformal transformation (SCT), and can be seen as the com-
bination of an inversion, a translation and an inversion (notice that inversions are conformal, even
though they do not have an infinitesimal form).

By combining (19),(21) and (24), one obtains the so-called global conformal transformations in two
dimensions :

, Bz+ A Bz+ A (25)
z = =
1+ D(Bz+A) (1+BD)+BDz ’
whose general form is
, az+b
= , 26
S +d (26)

Notice that (26) has 4 complex parameters, while (25) has only 3. The excessive parameter is not
relevant, since we could divide numerator and denominator of (26) by d. It is however common to
use this parametrization for the two-dimensional global (or finite) conformal group, with additional

condition )
a
det ( e d ) =1, (27)

which leaves us with 3 complex parameters. The parametrization (26) is very convenient because
successive transformations correspond to the product of the corresponding matrices. Indeed, it can
be checked, by looking at successive transformations of the form

a1z + b1 a221 + b2
S LR L (28)
C1zZ + d1 Coz1 + dg

that the resulting transformation is
az+U
2y = , 29
2Tz d (29)




where the parameters a’,b/,c’ and d' are given by

CL, b/ . a9 b2 aq bl
(Cl d/)_(CQ dg)(cl d1 ' (30)

This establishes that the global conformal group in two dimensions is equivalent to S1(2, C)/Z,, the
quotient coming from the fact that A and —A € SI(2,C)/Zy correspond to the same conformal
transformation®.
At this level, it seems interesting to make a point about the status of the pair of variables (z,%z). It
is customary to consider (z',z?) as a point in C?, so that (7) is a mere change of coordinates , z
being not the complex conjugate of z but rather a distinct complex coordinate. This constitutes a
convenient simplification in some situations, where one could for instance completely forget about
the Z (sometimes called anti-holomorphic) sector and focus on the z (holomorphic) sector, because
both sectors are regarded as independent. The global conformal transformations would then be given
by

az+b _az+b
— Z— -

cz+d czZ+d
with 8 complex parameters subject to the constraints ad—bc = 1 and ad—bé = 1, thus corresponding
to the group SI(2,C)/Zy x SI(2,C)/Z,. In the complex plane C? parameterized by (z, %), the surface
where z = z* will be called the real surface, because it corresponds to (z!,z?) € R? i.e. to the
physical space. Furthermore, conformal transformations send points from the real surface on itself if
the condition

(31)

z

f[(z) = f(2) (32)

is satisfied. Obviously, when restricted to the real surface the global conformal group reduces to
SI(2,C)/Zs.
Note that in obtaining (26), we assumed that the parameters of the transformations, a_i, ag, aq,
are complex, and we forgot about the Z dependance (assuming we are on the real surface). An
equivalent approach used in literature consists in keeping the z dependance, and then restrict the
transformations

z—2 + Z a2t Z—7 4+ Z anz"t, (33)

with real parameters «, and &, to the real surface Z = z*. The transformations preserving the

real surface (Z = 2*=% = 2'*) are generated by (I, + I,) and i(l, — I,,). The global conformal

group is thus generated by the 6 generators obtained by taking n = —1,0,1, which can be seen
to satisfy the commutation relations of the so(1,3) real Lie algebra. It can indeed by checked
that 9 2 9 = —(ly +11), Oy = i(ly — 1) (translations), 220, — 220, = —(ly — ly) (rotations),

210y + 220, = —(lp + fo) (dilations), the remaining two corresponding to SCT.

Another way of finding the form of the global conformal transformations consists in looking at the
finite transformations (8). To describe a bijective map on the Riemann sphere, the function f(z)
should not have any branch point nor any essential singularity. Indeed, around a branch point the
map is not uniquely defined®, whereas the image of a small neighborhood of an essential singularity

®One recognizes easily in (26) the different transformations : translations, 2’ = 2 + b for a = d = 1 and ¢ = 0,
rotations, 2/ = ez for c =b =0, a = 2 = ¢"%/2, dilations, 2’ = e’z for c=b=0, a = = e*/? and SCT, 2/ = o
fora=d=1,b=0

6Consider logz = Inp + iy, for z = pe’?. If one adds 27 to ¢, this doesn’t change z, but the imaginary part of
log z gets modified, showing that log z is a "multivalued function” having distinct branches




under f is dense in C (Weierstrass’ theorem). Thus f is not invertible in these cases, and the only
acceptable singularities are poles. Then, f can be written as a ratio of polynomials without common

zeros’

) = o

Q(z)
If P(z) has several distinct zeros, then the inverse image of zero is not unique and f is not invertible.
If P(z) has a multiple zero zg of order n > 1, then the image of a small neighborhood of z, is wrapped
n times around zero, and therefore f is not invertible, see Fig.1.

(34)

z0 + g exp 0

z 7 P(z)=(z-z0)"

e" exp ind

~
NI

Figure 1

Thus P(z) must be of the form P(z) = az + b. The same argument holds for Q(z) when looking at
the behavior of f(z) near z = co. Thus

az+b

O (3)

with ad—be # 0 in order for the mapping to be invertible (this is the Jacobian of the transformation).
Since an overall scaling of all coefficients does not change f, the normalization ad — bc = 1 has been
adopted , so that we recover the S1(2,C) global conformal group in two dimensions.

2 Conformal Ward identities in two dimensions : part I

2.1 Preliminaries

The objective of a quantum field theory is to determine the scattering amplitudes between various
asymptotic states (free particles). In practice these amplitudes are computed from the correlation

7Any meromorphic function, i.e. holomorphic except at isolated poles, can be expressed as the ratio of two
holomorphic functions. These could be exponential functions or combination thereof, but we exclude them because
they are periodic in the complex plane and thus not invertible. Furthermore, such functions are even not defined on
the whole Riemann sphere, because (z,y) = (0,00) and (z,y) = (o0, 0)are supposed to represent the same point (the
North Pole in the stereographic projection), while e* = e®(cosy + isiny) is not univocal at this point
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functions (Green’s functions) via the so-called reduction formulas. The quantum description of a
physical system may be tackled using different methods. One of them, the operator formalism,
consists in replacing classical quantities by operators acting on a vector space in which the states of
the system reside. Another method is called path integration or functional integration, and can be
related to the first one, see e.g. Appendix A of [11]. To begin, we will work in the second formalism
(the operator formalism of two dimensional CFT will be discussed in Sect. 4), in which a euclidian
correlation function of N fields ¢;(x;) reads

(Gr(z1) - b () / DD 6,(x1) - dy(zy) exp(~S[d]) . (36)

where Z = [ D® exp(—S[¢]), ® denotes the set of all functionally independent fields in the theory®,
and S[®,0,0] = [ d*x L(®(z),0,P(x)) is the action.

Classically, the invariance of the action under a continuous symmetry” implies the existence of a
conserved current via Noether’s theorem. At the quantum level, a continuous symmetry of the action
and of the functional measure leads to constraints on the correlation functions, which are expressed
via the so-called Ward identities.

Before turning to their derivation in the context of 2D CF'T, we define the notion of a primary field.
Under a conformal map z—w(z), Z—w(Z), a primary field transforms as

oot mm) = (2) () Mo 7

where h (resp. h) is called holomorphic (resp. anti-holomorphic) conformal dimension of the field.
Eq. (37) states that a primary field of conformal dimensions (h, k) transforms as the components of
a tensor with A covariant indices z and h covariant indices Z. The conformal dimensions are related
to the spin s and scaling dimension A of the field by s = h —h and A = h+ h 1.

These fields play a crucial role in conformal field theories, namely because correlation functions
involving any field of the theory can be reduced to correlations functions involving only primary
fields. This is one of the properties rendering conformal field theories in two dimensions solvable,
where a theory is said to be solved when all correlation function can be written (at least in principle).
Fields transforming like (37), but only under global conformal transformations (31) are called quasi-
primary.

2.2 A derivation of the conformal Ward identities

I first would like to mention that there are quite a lot seemingly different derivations of the conformal
Ward identity. In this section, I will present that of [1], which is to my opinion the shortest way to
get to the goal and gives a good flavor of how things fit all together. Skeptical readers may wish to

8When one speaks of a field in CFT, it does not necessarily mean that this field figures independently in the
functional integration measure. For instance, a single boson ¢, its derivative 0,¢ and a composite quantity such as
the energy-momentum tensor are called fields, since they are local quantities with a coordinate dependence. However,
only some fields are integrated over in the functional integral

9This means that under a transformation z—z', ¢(z)—¢'(2’), we have S = S, with §' =
Jpy A%’ L(®'(2), 8,9 («")) = [, d*ax L(®'(x),,9(x)), where D is the integration domain (often D = R?)

10The variation of a ﬁeld under a transformatlon can be decomposed in §¢(z) = (¢'(z) — ¢'(2")) + (¢’ (2") — (),
where the second term encodes the spin and scaling properties of the field. For a rotation, z—e?z, we find ¢'(2') =

(h=h) ¢ (z), while under a scaling z—e*z, we have ¢/(z') = e 2 r M ¢(z)



consult another derivation, maybe more precise, based on [2] and presented in Appendix C (see also
[2] p123 for an alternative approach to global conformal Ward identities). Later on, I will return to
the these identities in the context of the operator formalism (see Sect. 4.4 and 4.7).

To study the consequences of the consequences of the conformal symmetry on correlation functions,
it is usually more convenient to consider infinitesimal transformations of the form (8), for small «(z).
With w(z) = 2+ a(z), W(Z) = Z+ &(Z), one finds the infinitesimal transformation of a primary field:

6a0(2,2) = —(hd/(2) + a(2)0 + hd/ (Z) + a(2)0) ¢(z,2) . (38)

At this point, I would like to draw attention on the infinitesimal character of the transformation we
are to use. As we found, general conformal transformations are given by (8), with f(z) and «(z)
depending only upon the variable z (I will sometimes omit the Z dependence, being understood it
is always present). This makes f and a holomorphic functions, except at the location of possible
singularities. Now, it is clear that close to a singularity, the functions cannot remain infinitesimal,
whatever the parameters «, in (12). Furthermore, on the Riemann sphere, even globally holomorphic
(analytic) functions (admitting everywhere a Taylor expansion), like polynomials, are unbounded,
except the constant function (for another discussion on this point and another way round, see [4],
p129).

To avoid this problem, we will define transformation (8) in a finite region D, say in the neighborhood
of z =0, with a(z) analytic in D, and put «(z) = 0 outside D. This way of cutting a(z) will produce
boundary terms which we will have to keep track of. The region D will be chosen so to as to contain
the positions of all the fields inside the correlation function, see Fig. 2.

Figure 2

An analytic function in a region D containing the origin may be Taylor expanded around z = 0 as

az) = Z 2"t (39)

n=-—1



Because [z|"! is bounded in D, the coefficients {a,} can always be chosen sufficiently small to
render «(z) infinitesimal. These coefficients are the parameters of the corresponding conformal
transformation, and their number is infinite expressing the infinite-dimensional character of the
symmetry.

Let us consider a variation affecting both coordinates and fields'! of the form

r — (40)

p(z) — ¢'(@) . (41)

In the functional integral (36), let us make the following change of functional integration variable :
$(2,2)—¢'(2,%) = ¢(2,2) + 06(2,%) . (42)

We will assume that the functional measure is invariant under conformal transformations , that is,
that the Jacobian of this change of variable is equal to 1. This cannot be checked formally, but only
on specific theories, so we will take this as a definition of a conformally invariant filed theory. With
this assumption, D¢ = D¢, and replacing (42) in (36) does not change the correlation function.
With X = ¢(z1) - ¢(zn) (25 = (24,Z;)), we find that

(X) = % / DY ¢/ (21) -+ ¢/ (wn) e (43)
B /DCI)/ (¢1(21) +0¢1(21)) - (dn(7N) + 0N (TN)) e S1e1=0519] (44)
= (X)+ / Do s X e 51 _ / DO X6S[@le ¥, (45)

where 0X =" .(¢(z1) - dp(x;) - - - ¢(zn) ). Thus, we have
S(X) 2 (5X) = (6S X) . (46)

When all fields in the correlation function are primary, we may use (38), so that the r.h.s. of (46)

becomes
N

Sac(X) ==Y [hi/(2) + a(2)0; + hid (Z;) + a(z:)0:)(X) (47)
i=1
assuming that all points x; in the correlation function are distinct!?. The Lh.s. can be rewritten by
using the relation

0S = f ds"'o’T,, (48)

C

where the contour C' is the boundary of D, and T, is the canonical energy momentum tensor'?

oL
— 29,
0,

1We consider the variation of all fields, even those not appearing in the functional integration

12Correlation functions typically become potentially singular when two or more points come to coincide, so the
operation of "taking the derivative out of the correlation function” , (---0;¢(x;)---) = 0;(---¢d(z;)---) may pose
problems in this case. We will always assume x; # x; for i # j.

13From now one, we consider for simplicity the situation where ® reduces to a single field ¢

TNV((b) = 6HVL(¢7 aﬂ(b) ¢ ’ (49>
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with ¢, = 0,¢. This is the conserved current associated with translation invariance of the action.
Eq. (48) expresses that, although the action S is supposed to be conformally invariant, we find a
boundary term because a(z) is discontinuous on C'.

Let us derive (48), in the case where o = a” = cst. Let S[¢] be an action given by

St = [ L6, 6,(0) (50

where the lagrangian L is supposed to be local in ¢(x) and ¢ ,(x), as well as invariant under trans-
lations. This implies that

5S[6] = / PoL($(2), 8 (1)) — / PrL(6(z), bu(z) = 0 (51)

where the integration is over the whole space and ¢'(z) = ¢(x) — a0, ¢(x) = ¢(r — a). Now, when
restricted to a finite region D, the transformation of the coordinates reads

2 — 2 =at 4 a(x) (52)
with
a* ifxeD,
a(x) = . (53)
0 otherwise

and the variation of the field is

{gb(m—a) ifzeD,

o(x) otherwise

A one-dimensional section of ¢'(x) is given in Fig.3

T ¢'(x) = p(x-a)

T~ ¢'(x) = 0(x)
~ o /"
/ N

D

A
v
ok ]

Figure 3
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The variation of the action now becomes

55[] = / Pal($(z), 8, () - / PoL((z), du(c)) | (55)

D D

where only the contribution of the part inside D appears. By restricting ourselves to a finite region,
we broke translation invariance, in some sense. There are two contributions to .S[¢] in (55). To see
this, we rewrite it as

o = e[ ()

- D/ e (55) o (3a2)] o0 + D/ #29, (53-) (57)
§5reglé] + 6Siumpld] (59)

The first term corresponds to a ”bulk term”, while the second one can be rewritten using Stokes’
theorem as a boundary term, whose contribution comes from the ”jump” that ¢ experiences on

oD =C:
0S; @) 2 / ) < 5 m(sqﬁ) f{ <_a ¢u5¢) ds* (59)
D C

Thus, with 0¢ = —a”0,¢ ,we get

oL
5Siumpld] = — f{ a” ( 5 ) d,pds” . (60)
C K

>

The analysis of the regular term is better performed starting directly from (55) and performing the
change of variable Z = = — a in the first integral. So, the function to integrate becomes the same,
the difference being the integration domains :

5Sregld] = / PEL(H(F), 6,u(F)) — / PrL((x), 6 ,(x)) (61)
- / PaL(d(r),6,(x) . (62)
3D

where the domain 0D is represented in Fig.4 . 3
Because a* is infinitesimal, this integral may be transformed in a contour integral (on C' or C, to

first order), with
/dzx = j{e“,ja“dm” = %ds“au = j{ds“a”éw : (63)

5D c c c
Finally, with (60) ,(61) and (63), we find

5S[4] = g[ dsta” [5WL - ( ;j’#) 31,925} : (64)

12



Figure 4

and hence Eq. (48). The same argument may still be applied if o* is replaced by a conformal Killing
vector o (z). Eq. (46) becomes, using (48)

6(X>:—% ds"o? (T X) | (65)

[

where the factor of —% is placed for convenience and corresponds to a normalization choice for T},
or the action. Let us now express (65) in complex coordinates. With z = z! +i2?, 7 = 2! —iz? and
(do") = (dat, da?), (dst = etda”) = (da?, —dz'), we find that ds* 2 ds = —idz and ds® 2 d5 = idz,
as well as o = «(z), o*(Z) (with the help of the conformal Killing equations (11)), so that (65)
becomes

SaalX) = 5 § du fo(w)(Tee(w, )X )+ () (Tex(ow, )X
C
o § W a(@) (T, )X ) + alw)(Ta(w,m)X)] (66)
C

This is a first version of the ward identity, in integral form. It is possible to go a step further to
obtain it in local form. We are first going to simplify (66) by analyzing two special cases, that is (1)
a(z) = a = cst. and (2) a(z) = bz, and by applying (66) to an arbitrary domain D* which does not
contains the points x; (see Fig 5).

In this way, the L.h.s. vanishes, because now d¢(z;) = 0, as everywhere outside the original domain
D. With the first case, we find

0=_ jf dw(T...(w, D)X ) + j’{ G (0, D) X) (67)
C* C*

13



Figure 5

The two contour integrals may be rewritten using Stokes’s theorem |’ o d*x0,F* = |, o ds"Fy, which
implies in particular

1 = 1
/d%@f(z,?):—?j{dif(z,?) and /d%@f(z,?)z;%dzf(z,?) . (68)
i i
D c D c
Eq. (67) can then be rewritten
/ d*r [0g(T..(w, W)X ) + Op(Teo(w, W)X )] =0 . (69)
D*
Because this holds for any domain D* (excluding the points z;), this implies
O(T..(w, W)X ) + Op(T5.(w,w)X )=0 |, (w,w)#x; . (70)
With the second case, we find
0= —?f dw w (T...(w, )X ) +7§ 4w (T (w0, D)X )| (1)
c* c*
and by using Stokes’ theorem
/dzx [(WOFH(T.(w, W)X ) 4+ wy(Ts,(w, )X ) + (Tt (w, @)X )] (72)
D*
where the first two terms of the integrand vanish because of (70). Thus (72) implies

(To(w, @)X ) =0, (w,@) £, . (73)

14



From (69) and (73), we find that
Ol ,(w,w)X ) =0 ,(w,w)#z; . (74)
Similar relations hold for (7%, (w,w)X ) and 0,,(T%(w,w)X ), so that we end up with

0T, (w, W)X ) = Op(Tez(w,w)X ) =0 if (w, W) # (w;, W;) (75)
and
Tz, (w, )X ) = (Tz(w,w)X ) =0 if (w,w) # (w;,w;) . (76)

Eq. (75) shows that inside correlation functions 7. (resp. 7%) does not depend on Z (resp. z), and
is said to be an holomorphic operator (resp. anti-holomorphic operator), except at the points x;. We
set

T.27() and To. 27(z) . (77)
Furthermore, T = g"'T,, = Ty + Tay = %(T =+ T%.), so (76) expresses the vanishing of the trace
of the energy- momentum tensor inside a correlation function except at coincident points'#!® Finally,
eq. (66) reduces, with (75), (76) and (77), to'®

Saa(X)=—— ¢ dwa(w)(T(w)X )+ —j{ dwa(w)(T(w)X ) . (78)

Because of the form of (47) and (78), we observe that (78) splits into two independent equations
(recall we may consider z and Z as two independent variables, as well as «(z) and @(Z) as two
independent functions). Let us focus on the z-part ("holomorphic” part), and consider a correlation
function involving primary fields :

—— ¢ dwa(w)(T(w)X )= — Z(a’(zi)hi + a(z)0)(X) . (79)

C )

Using the residue theorem!”, the r.h.s. may be rewritten as

_% i:j{ dwa(w) ((w fizi)z - i Ziai) (X) (80)

i

because o(w) is analytic in D and in particular in any of the contours C; represented in Fig.6 .

14 (Classically, the canonical energy-momentum tensor of a system invariant under rotations can be made symmetric
on-shell, and put in the so-called Belinfante form (see [2], p47). An alternative definition of the energy- momentum
tensor is given by the functional derivative of the action w.r.t. the metric, evaluated in flat space : TH” = 6g —, which
makes it identically symmetric. For a system invariant under dilations, it can be shown that in d > 2 and assuming a
technical (”virial”) condition that the canonical energy-momentum tensor can be made symmetric on-shell ([2], p102,
[4] p122). In d = 2, this is assumed to hold.

15The tracelessness of the energy-momentum tensor is sufficient to guarantee the invariance of the action under
conformal transformations . Indeed, under z#—a# + &, the action varies as 65 = [ dz T 9,e,. If €, is a conformal
Killing vector, then (see 11) §S = [ d%x T}!0P¢e,, which vanishes if T/ = 0. The converse is not true, since 9¢, is not
an arbitrary function.

6We may use (75) and (76) because the contour C' does not pass exactly through the points z;

(n 1)

4 dz | LI CO N O i G if 8(2) is analytic in C

(z—z0)™
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For the same reason (and because (X) does not depend on z!), the contours C; may be deformed
into the contour C, see Fig.2 . Eq. (79) then becomes

f{ dwa(w) | (T(w)X) —ZN: < - LI ai) <X>] —o . (81)

J — — z) w— %

This is an equation of the form §,dz a(z)f(z) = 0, for all analytical function a(z). Thus f(z) has
to be holomorphic inside C' and may not contain singularities. Therefore we write

(T(w)X) = Z ((w h 5+ ! 8i) (X) + reg (82)

— —z)? w-—z

where "reg” stands for a holomorphic function of z inside C', regular in particular as w—z;.

3 Operator product expansion and conformal transforma-
tion of fields

The main result of the preceding section is encapsulated in (82) (when X contains only primary fields)
and in (78), which are called the Ward identities of two-dimensional conformal field theories. These
will be of great importance in what follows. We saw that the z and Z parts of the transformations
split in two parts, so in the following we will only consider the z part, keeping in mind that the Z
part is always present.

Eq. (82) delivers an important information. It yields the singular behavior of the correlator of
the field T'(z) with the primary fields ¢;(z;,Z;), as z—z;. For a single primary field of holomorphic
conformal dimension A, this is usually written as

h

(z —w)?

T(2)(w, ) ~ 8w, 0) + —— Do, W) (83)
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The precise meaning of this expression is the following : when z—w, the (correlation) function
(T'(2)p(w,w)Y) behaves as the function ﬁ(qﬁ(w,w)Y} + 0, (¢(w,W)Y'), where

Y = ¢1(wy,W1) - - - ¢n(wy, W, ), none of the points being coincident in (T'(2)¢(w,w)Y). An expression
like (83) is called (the singular part of) the operator product expansion (or OPE) of the energy-
momentum tensor with a primary field. As we stressed, it only makes sense inside a correlation
function. The symbol 7 ~ 7 means equality up to terms which are regular as z—w. A general OPE
of two fields takes the form

n=—oo

where the composite fields {AB},(w) are non-singular at w = z. For instance, {T'¢};(w) = 0yp(w).
Let us now return to eq. (78), focusing on the z part :

0o(X) = —— ¢ dwa(w)(T(w)X) (85)

where 0, (X) stands for ((da¢1)d2- - dn) +-- -+ (d1- - (0adn)) as before. This Ward identity can be
interpreted as defining the transformation of the fields within the correlation function. The variation
of the function on the 1.h.s. is by definition that produced by the variation of the operators. Now
remember the contour C' encircles the positions of all operators. This contour may be ”distributed”
on the operators ¢y, -, ¢n as in Fig.6, because the only singular points of (T'(w)X) are located at
w = z;. Thus

Suldr- o) = D (61 Gagudr(zn) - dw) (86)
k=1
= 35 pdwale)Twn-ox) (57)
k=1 Cs

Each integral in (87) corresponds to the variation of a field in (86). So, the variation of a single field
is represented by the integral

Guteg9() = 5 P dwalw)Tw)on(z) (85)

C;
where C; encircles only z;, see Fig.6. Consequently, because «(z) is analytic inside C;, we conclude
that the transformation of a field under z—z+«a(z) is completely determined by the singular terms of
the OPE of this field with the holomorphic part T'(z) of the energy-momentum tensor, and vice-versa.
This explains the important role of OPE’s in conformal field theories.
We now concentrate on the transformation properties of the holomorphic energy-momentum tensor,
T(z). From its definition, it seems natural that it should transform as a rank 2 covariant tensor,

T(2)—T"(w) = (fl—w) T(:) (59)

under z—w(z), thus as a primary field of conformal weight & = 2,h = 0 (see eq.(37)) (similarly,
T'(z) should have h = 0,h = 2. Actually, it turns out, in passing to the quantum theory, that the
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situation is complicated by the addition of a term in the transformation law (89), so that the latter
becomes in general

T(z)—T"(w) = (fl—w) () - Swizd] (90)

where cis a numerical constant characterizing the theory and where

A Pw/dz® 3 (dzw/dz2)2

fws 2} = dw/dz= 2\ dw/dz (91)

is called the Schwartzian derivative. The additional term in (90) is called Schwinger term and is
related, as we will see in Sect. 4.2, to the conformal anomaly. It can be shown (see for instance
4], pp134-141) that, requiring that (90) defines a group law and that (91) be a local functional (i.e.
containing derivatives of w(z) only up to finite order and degree), the form of the functional (91) is

completely fixed up to a constant, hence the term %18. Notice that the Schwartzian derivative of
the global conformal map
az+0b
w(z) = , ad—bc=1 92
() cz+d (92)

vanishes, making 7'(z) a quasi-primary field of conformal weight h = 2. The infinitesimal variation
0.T(2) =T'(2) — T(2) can be obtained from (91) by considering {z + «(z), z} to first order in « :

Fa 3 Pa \°
{z+a(z),z}—1+aa—§(1+aa> ~ (93)

then (90) gives

T'(:4+a) = (1—20a(2)) [T(z) - 1—62(9304}
= T'(2)+ a(2)0T(z) (94)

hence

0T (2)=T'(2)—T(2) = —%8304 —20a(2)T(z) — a(2)0T(2) . (95)

An alternative way of proceeding is to consider the OPE of T'(z) with itself which, according to
the discussion of preceding section and eq. (88), should encode (95). It again turns out that, for a
general CFT, this OPE has the form

c/2 N 2T (w) +8T(w)

T(2)T(w) ~ z—wt (z—w)? z-w

(96)

Given a specific CFT, (96) is generally easier to obtain by standard techniques than (95), as we will
see on some particular examples in the exercises (see also [2] pp128-135, p138). The last two terms of
(96) again reflect the fact that 7'(z) is a quasi-primary field of conformal dimension h = 2 (see (83)).
The term 2 is actually the only addition compatible with the scaling transformation of (96). Let

(z—w)

18The group property to be verified is that the result of two successive transformations z—w—u should coin-

cide with what is obtained from the single transformation z—w, that is 7" (u) = (%)72 [T (w) — G{u;w}] =

(%)_2 {(%)4 (T'(2) — H{w; 2}) — ﬁ{u,w}} = (%)_2 [T(z) — {5{u; z}]. The last equality requires the following

relation between the Schwartzian derivatives : {u;z} = {w; 2z} + (%’)_2 {u;w}, which is indeed satisfied.
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us see that (95) and (96) really expresses the same thing. The relation between the variation of a
field and the OPE is given by (88). By plugging (96) in (88), we get

5.T(z) = —ﬁ dw o(w)T ()T (2)
C.
1 w ol c/2 2T (2) IT'(z)
B 27rz'c dw o )[(w—z)4+(w—z)2+w—z ’ (97)

so that after performing the integration, we effectively recover (95).

4 Operator formalism

Throughout the previous sections, all our manipulations were assumed to hold inside correlation
functions. The consequences of conformal symmetry on two-dimensional field theories were embodied
in constraints imposed on these correlation functions via the Ward identities (78) (we will elaborate
on this point in Sect 4.4). These Ward identities were most easily expressed in the form of an OPE
of the energy-momentum tensor with local fields (see (83) and (96)). Up to now, we only used the
path-integral representation of the theory in which all correlation functions could in principle be
obtained. We would now like to give an operator interpretation in terms of states in a Hilbert space.

4.1 Radial quantization

The operator formalism distinguishes a time direction from a space direction. This in natural in
Minkowski space-time, but somewhat arbitrary in euclidian space. This allows to choose as time
direction the radial direction form the origin, the space direction being orthogonal to it. This choice
leads to the so-called radial quantization of two-dimensional conformal field theories.

We may start from a two-dimensional Minkowski space with coordinates ¢t and o. One usually takes
the space direction o to be periodic, o € [0, L], defining this way the theory on a cylinder!. We
continue to euclidian space, t = —i7, and then perform the conformal transformation

- e(T-l-iU)%r 7 5 — e(T—iU)QT7r : (98)

which maps the cylinder onto the complex plane C U {oco}, topologically a sphere (the Riemann
sphere). Surfaces of equal euclidian time 7 on the cylinder will become circles of equal radii on
the complex plane. This means that the infinite past (7 = —oo) gets mapped onto the origin
of the plane (z = 0) and the infinite future becomes z = oo, see Fig.7. Time reversal becomes
z—1/z* (= e7™) on the complex plane, and parity is z—z*. The operator (Iy + ;) (preserving
the real surface, see below eq. (33)) generates dilations in the complex plane : z—e* 2% which,
according to (98), corresponds to (euclidian) time translations on the cylinder. Consequently, this
operator represents the hamiltonian of our system (since we are working in euclidian space, a more
appropriate name would be transfer operator, which upon Wick rotation becomes the hamiltonian;
similarly, the exponential of the transfer operator gives the transfer matrix, which would become

Z2,z—e

19This is natural from the closed-string theory point of view, where the two-dimensional space describes the world-
sheet of the string. Also, this procedure allows to avoid infrared divergences, e.g. as the one present in the vacuum
functional of a free boson (see [2], p142). L can be chosen very large and taken to infinity at the end of the calculation.
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the time evolution operator upon Wick rotation). Finally, an integral over the space direction o, at
fixed T, will become a contour integral on the complex plane. This enables us to use all the powerful
techniques of complex analysis. We would now like to translate a relation like (85) :

Gut () = ~ 5= § dwa(@)(T(w))

in the operator formalism language. Expressions like (¢(z1,Z1)¢(22,Z2)) which were understood in
the path integral formalism (see (36)) must now be interpreted as

(0]T(p(11,01)9(12,09)[0) (99)

where |0) is the vacuum state of the Hilbert space of states H (see Sect. 4.3) and where the
fields become operators acting on H. As is known (see Appendix B for a reminder), in ordinary
QFT insertion of operators in the path integral represents time-ordered matrix elements of the
corresponding operators. The time-ordering, defined by

¢(Tla Ul)¢(T2a 0—2) if T > T2,

5¢(7'2, Uz)qﬁ(’ﬁ, 0'1) if >m (100)

T [¢p(11,01)P(To, 09)] = {

where ¢ = 1 for bosons and —1 for fermions, appears naturally by the nature of the path integral,
which builds amplitudes from successive time steps. In radial quantization, this notion obviously
generalizes to the radial-ordering

P(21,%1)0(22, Z2) if [21] > |22f,

101
€¢(22,22)¢<21,51) if ‘22‘ > ’Zl| ( )

R[p(21,21)9(22,22)] = {

Since all fields within correlation functions must be radially ordered, so must be the 1.h.s. of any OPE
if it is to have an operator meaning. In particular, all OPE’s written previously have an operator
meaning if |z| > |w|.
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Recall that in (88), C'is a contour encircling all points z; appearing in X = ¢; - - - ¢y. Let us consider
the variation of a single operator, X = ¢(z,%) :

ba$(2:%) = =5 b dw a(w)R[T(w)(=,2)] (102)

C

where C' is represented in Fig.8 . We will forget about the Z dependence in what follows. As we

Figure 8

already pointed out, it is expected that a correlation function involving the product of operators
T(w)¢(z) will potentially exhibit a singularity as w—z (see e.g. (83)). We will assume that w = z
is the only singularity in the product. Because of the radial ordering, the integrand of (102) is to be
changed along the path C. To avoid this, we deform C in C’, as shown in Fig. 9. This can be done
safely, because there are no other singularities. The integral can further be rewritten as

ff-f44

see Fig.10, and where the last integral vanishes because the contour C. does not contain any singu-
larity. Thus, (102) can be rewritten

Sup9?) = = |5 §dwalw)T(@)ele) - 5 § dwaw)o(:)T(w) (104)
L [Quél2)] | (105)

where |
Qaé% dw o(w)T(w) . (106)



C+CG =C - C

Figure 9

The integrals over C'; and (5 correspond to integrals over the space direction, at fixed time, and
there is no ordering ambiguity in them. Note that to allow an arbitrary number of fields to lie beside
¢(z) (recall an operator relation involving a field ¢ is obtained by considering a string of the form
X = ¢¢1 - - ¢n), the contours C; and Cy have to be chosen appropriately. Indeed, the decomposition
into two contours is valid if ¢(z) is the only field of the string having a singular OPE with T'(w)
between the two circles €} and C5. Therefore these circles are taken to have radii respectively
equal to |z| + € and |z| — ¢, with e—0. The commutator (105) may then be seen as an equal time
commutator®.

The operator (106) is called conformal charge and represents the generator of conformal transforma-
tions z—2z + «(z). This situation is familiar from QFT. We know in this context from Noether’s
theorem that to every continuous symmetry of the action one may associate a current j* (where
7a” stands for a collection of indices coming from the set {w,} of infinitesimal parameters of the
symmetry transformation) that is classically conserved :

0," ~ 0 (107)

where ~ stands for equality when the equations of motion hold (on-shell). One may define the
conserved charge associated with j#, as the integral over the spatial dimensions of the time component
of the current :

Qa:/dd‘lxjg , (108)

whose time derivative vanishes : @, = 0 (provided the spatial components of the current vanish
sufficiently rapidly at infinity). This charge is also seen to generate the infinitesimal symmetry
transformations in the operator formalism :

[Qm ¢] - Ga¢ > (109)

20Tt seems to me that this construction does not work if there is a point z; in the correlator such that |z| = |2
because then, we cannot avoid it yo lie between to two contours
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where the generators GG, are defined in (13). This justifies the appelation ”conformal charge” for @,
as well as the usual expression "the energy-momentum tensor T'(z) generates conformal transforma-
tions”.

More generally, if a(w) and b(z) denote two holomorphic fields (i.e. depending only upon one complex
coordinate), then

7{ dwa(w)b(z) = ]f dw a(w)b(z) — f dw b(2)a(w) (110)

C, Cq Cs

[A,6(2)] (111)

1>

where the contours are as in Fig.10, and the operator A is the integral over space at fixed time of
a(w) : A= ¢ a(w)dw (compare to (106)). In the Lh.s. of (110), the radial-ordering symbol R is
understood, as everywhere where products of fields are involved. The commutator of two operators,
each the integral of a holomorphic field, is obtained by integrating (111) over z :

[A, B] = %dz]{dw a(w)b(z) (112)
o C.

where A = § a(w)dw and B = ¢ b(w)dw. This commutator can also be seen as

A, B] = ]{ dw ]{ dz — 7{ dz f dw| Rb(z)a(w)] . (113)

1 Ca Cy

Indeed, the difference of contours can be deformed as shown in Fig.11, by fixing for instance z and
then deforming the contour integral on w as in Fig.10 . We then recover the same integrations as
in (112). We will extensively use these relations in the next section. Notice that we have similar
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relations for operators defined by a contour integration around an arbitrary point : A(z) = §, a(w)dw.
This integral does not represent a fixed-time integral, but the commutation of two such operators
can still be defined through (112) and (113) by replacing the point z = 0 by an arbitrary z.

From now on, whenever a contour integral is written without a specific contour, it is understood that
we integrate at fixed time, i.e. along a circle centered at the origin. Otherwise the relevant points
surrounded by the contours are indicated below the integral sign.

As a conclusion, formulas (111) and (112) are important because they allow to relate OPE’s to
commutation relations, as we will see in the next section.

4.2 Mode expansions and Virasoro algebra

A conformal field (primary or quasi-primary) of dimensions (h, k) may be mode expanded as follows:

$(2,2)= > 2T G, (114)
m,nel
with ) )
¢m,n = % dz Zm+h_1¢(2, E) % % d22m+h_1gb(z, E) . (115)

With this definition, the modes transform under scaling z— Az as ¢,,— ¢!, = A"¢,,, thus having scaling
dimension n. Eq. (114) corresponds to a Laurent expansion around z = 0. Later on we will use a
development around a arbitrary point w :

¢(Z7 2) = Z (Z - w)imih(z - w>7niﬁ (bm,n(w’ w) ) (116>
with ) ) )
G0, 70) = o f 4z (z — w)™" (2, ) o f &z T lg(zz) . (117)



We set hereafter ¢, ,(0,0) = Dmon-

For the energy-momentum tensor, we have
=> "L, , T(E) =) 7" L, , (118)
nez neL

where the modes are given by the contour integrals

_ 1
Ly=-— ¢dzz2"""T(z), L,= dzz"MT(z) . (119)

271 27rz

Considering an infinitesimal conformal transformation z—z + a(z), with a(z) = > 2""a,, the
conformal charge (106) can be reexpressed as

QMZ]{dw% T (w Zan . (120)

The variation of a field then reads with (105)

oa(z)(b Zan n; . (121)

. . A
In particular , for a transformation z—z + @, 2" = 2z + a,,(2), we have

Oan(2)P(2) = —an[Ln, ¢(2)] . (122)

The mode operators L, (and similarly L,, which we will omit) are the generators of the local
conformal transformations on the Hilbert space, exactly like [,, (and ,) (see (15)) are the generators
of conformal mappings on the space of functions®'. Using (111), the algebra they satisfy may be
derived, with the help of the OPE (96) :

(L, L) = dw ¢ dz 2" w™ T(2)T(w)

0

_ 1 fdw;{dzz"“wmﬂ [(2 c/2 N 2T (w) N (9T(w)]

(2m1)? —w)t  (z—w)? z—w
0 w
1 m+1 C/2 3¢+l n+1 n+1
= — ¢dww 8 (2" 4+ 2T (w)0 (") 4+ 0T (w)z
211 J |z=w
1
- — ddw [iwm+n—1n(n2 — 1) + 2T (w)(n + L)w™m T ¢ wm+n+2]
2me 12
0
= n(n?— 1)1—625%,%0 +2(n + 1) Lyen
1
b oo 7{ dwd (W™ T (1)) — Ja{ dwT(w)(m +n+2w™+ | (123)
i
0 0

21Recall the L,’s generate the conformal transformations of the operators ¢
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hence c
[Lna Lm] = ETL(TL2 - 1)5m+n,0 + (TL - m)Lm—i-n . (124)

A similar relation holds for the L,’s and [Ly, L,,] = 0. This is the Virasoro algebra. It can be seen
as a central extension of the Witt algebra (16). It is clear that the central term proportional to ¢ is
due to the presence of the Schwinger term in (90) and (96). We note that the generators L_;,L, and
L, form a SI(2,C) subalgebra identical to that generated by the [,’s for n = —1,0,1 :

[L—leO] = _L—17 [Lla LO] = L17 [Lla L—l] = 2L0 . (125)

Thus, only the global subgroup SI(2,C) is not affected by the conformal anomaly. This will be
reflected when returning to the Ward identities in Sect. 4.4, where we will see that the correlation
functions are invariant only under the global conformal group.

4.3 The Hilbert space and representations of the Virasoro algebra

To describe the Hilbert space H, we will use the standard formalism of ”in” and "out” states of
quantum field theory. We first have to assume the existence of a vacuum state |0) upon which H
is constructed by application of creation operators (or their likes). In free field theories (in the QFT
sense), the vacuum may be defined as the state annihilated by the positive frequency part of the field.
For an interacting field, we assume following the usual procedure of QFT that the Hilbert space is
the same as for a free field, except that the actual energy eigenstates are different. We suppose that
the ic interaction is attenuated as t— + oo and that asymptotic fields are free.

In a two-dimensional CF'T on the complex plane, the in-states are defined as

| ¢m> = z%izlllo ¢(sz)| O> ] (126>

for some quasi-primary field ¢(z,%Z). On H, we must also define a bilinear product, which we do
indirectly by defining asymptotic out-states together with the action of Hermitian conjugation on
conformal fields. One sets

(Gout | = | )", (127)
with i
B(z 2t 2 72 g2, 2) (128)

where ¢ is a quasi-primary field of dimensions (h, ). In Minkowski space, Hermitian conjugation does
not affect the space-time coordinates, while in euclidian space, 7 = it must be reversed (7— —7) upon
Hermitian conjugation if ¢ is to be left unchanged. So this corresponds to the mapping z—>zi* = %
on the real surface (see Sect. 4.1 and (98)) and explains the interchange z—21, z—2 in (128). The
additional factors on the r.h.s. of (128) may be justified by demanding that the inner product
{ Pout |din) is well-defined®?. Let us focus on the holomorphic part of the stress-energy tensor. By
taking the adjoint of the mode expansion (118), one finds on the one hand

[T(z)]"=> z"7°LF (129)

2,Z,W, W

2 bout |Pin) = lim 0(0 |6(2,Z)p(w,w)|0) = limz 272720 (0]¢(1/2,1/2)¢(w,w)|0) =
lim (0|p(E,€)p(w,w)|0)E2hE2h. We will see in Sect 4.4 that the 2-point functions are completely fixed by
§,§—0

conformal invariance, and have the form (¢(&, &)¢(w,w)) = @%@7 so that the product is well defined because the
factors cancel out. See also [5] p52, [4] p147.
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and on the other hand, from (128)

T()" =z"T(1/z) =7 2L, => 7" L, . (130)

These expressions are compatible if
Lt =L_, ,andsimilarly L% =1L . (131)
We may also determine the action of the L,’s on H. With (117) and (119), we have

Lu(2)6(2.2) 2 (La6)(2.7) = 5 74 dw (w — )™ T(w)$(z,7) (132)

Consider a primary field ¢(z) of conformal weight h (leaving the anti-holomorphic part aside) and
the asymptotic state

) £ 6(0)]0) . (133)
Acting with the L,’s on this state yields
(La0)(0) 2 Lol h) = 5 § dww T()6(0)]0) (134)

0

Using the OPE (83), one gets

1 h 1
L, h) = 5 dw w" ! [Eqb(O) + anzﬁ(()) +reg||0) (135)
— QLm dw [hw" ' $(0) + w"dp(0) + w"'.reg] |0) . (136)

0

For n > —1, none of the regular terms of the OPE will contribute the integral. We thus find that
L,Jh)=0 if n>0 , Lolh)=nh|h) (137)

Remark we also have following the same computation that (L,¢)(w) = 0 for n > 0 and (Ly¢)(w) =
ho(w).

Eq. (137) defines a highest weight representation of the Virasoro algebra (124)? of , just like the ones
one usually encounters in the su(2) case (see the Lectures on Lie algebras).The operator Ly measures
the conformal dimension of the state, while the L,,’s play the role of the raising and lowering operators,
taking one state to another into a representation. The major difference between the Virasoro (est
arrivéééé) representations and those of su(2) is of course that the Virasoro representations are infinite-
dimensional. Although the algebra is infinite-dimensional, the Cartan subalgebra (i.e. the maximal

set of commuting Hermitian generators) contains just the identity operator and Ly (from (124), we

23Representations of the anti-holomorphic counterpart of (124) are constructed by the same method. Since the two

parts of the overall algebra decouples ([L,, L,,] = 0), representations of the latter are obtained simply by taking tensor
products
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see that no pair of generators commute, so we may choose Ly which, from (137), is diagonal in the
representation space). The operator Lg is used to label the states, and from (124) we find

(Lo, L_n] =nL_, (138)

so the state L_,|h) has eigenvalue h + n under Ly (n > 0).

We see that the Virasoro algebra V plays an important role in conformal field theory. The states of
the theory span a set of infinite-dimensional representations of V. Eqgs. (133) to (137) exhibit what is
generally referred to as field-state correspondence : the primary fields of the theory are in one-to-one
correspondence with the highest-weight states (h.w.s.) of V. Then, using (138), one obtains excited
states by successive applications of the raising operators on |h) :

Loy - Log|h) (139)

When the L_j, appear in increasing order of the k;’s, 1 < k; < --- < k,,, the states (139) provide a
complete basis for the representation descended from |h), because a different ordering can always
be brought into a linear combination of the well-ordered states (139) by applying the commutation
rules (124) as necessary. The state (139) is an eigenstate of Ly with eigenvalue

We=h+ki++ks2h+N . (140)

The states (139) are called descendants of the asymptotic state | h) and the integer N is called the
level of the descendant. The number of distinct, linearly independent states at level N is the number
p(IN) of partitions of the integer N. The complete set of states generated by the h.w.s. |h) and its
descendants is closed under the action of the Virasoro generators and forms a representation of V,
called a Verma module. A Verma module in conformal field theory is characterized by the central
charge ¢ and the dimension h of the h.w.s., and is denoted by V' (¢, h). The Verma modules for the
anti-holomorphic part are denoted by V (¢, h). Now recall that the hamiltonian of the system was
identified with the operator Ly + Lg, so that the energy eigenstates belong to the tensor product
V ® V. In general ,the total Hilbert space is a direct sum of such tensor products, over all conformal
dimensions of the theory

H=> Vieh)®V(eh) | (141)

h,h

where the number of terms in this sum may finite or infinite (we will see that in the simple case of
a free boson, this number is infinite).
To close this section, we notice that there is a very special Verma module formed from the identity
operator I = I(z,%Z). The h.w.s. is just the vacuum |k ), having h = 0. Clearly L;|0) = 0 because
the vacuum is a h.w.s. The Virasoro algebra tells us that Li(L_1|0)) =0, so L_41]|0) is also a h.w.s.,
with h = 1. It is common to require that L_41]0) = 0, so that the vacuum is Sl(2,C) invariant
(recall L_q, Lo, Ly generate a S1(2,C) subalgebra). This originates from the following. In a theory,
the vacuum is generally taken to be invariant under the underlying symmetry algebra. In principle,
we should thus take

La|0Y=0 ,V¥n (142)

but this would imply
(L, Ly)|0) =0 [ Vn,m (143)
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which is not true because of the central term in (124) (take e.g. n = m = —2). So, the best we can
do is

L0Y=0 ,n>-1 . (144)
This condition can be recovered by requiring that 7'(z)|0) be well-defined as z—0 :
lim7'(2)[ 0) = hr%z*"*?[,n\ 0) (145)

is well defined if L,|0) = 0 for n > —1, which includes in particular invariance under the global
subgroup.

4.4 Ward identities strike back : global Ward identities

The operator formalism provides us with a useful framework to investigate how the conformal sym-
metry puts constraints on correlation functions. In this formalism, a generic N-point function of
primary fields is written

(0[p1(z1) - on(2n)[0)  with|zl] >+ > |ay] . (146)

From (142), we know that the vacuum satisfies L,,|0) = 0 for Vn > —1. This also implies (L,|0))* =
(0|Lf =0Vn > —1, by using (131). Thus, we find that

(0|Li=Lj0)=0 for i=—1,0+1 , (147)

that is for the generators of the global subgroup (that are not affected by the conformal anomaly in
(124)). Therefore, we may write

0 = ai(0]Li¢1(z1) - on(2n)]0)
_ aiz<0‘¢<zl)...¢(Zj_1)[Li,¢(zj)]¢(Zj+1)"'¢(ZN)|0>+Oéi<0|¢1"'¢NLi|O> (148)

J

where the last term vanishes because of (147) and where «; is an infinitesimal parameter. But,
according to (122),

60&1’(2)¢<Z) = _ai[Lia (b(Z)] ) (149>
and (148) becomes
D (0161(21) - Gay()05(2) -+ On(2x)]0) = 0 (150)
J
that is, by definition
Su(X)=0 , i=-1,0,1 , (151)
for X = ¢y --- ¢n. Let us analyze the consequences of (151). Recall that
Oa(z)$(2) = —(ha/(2) + (2)0:)(2) (152)

where a(z) = > a,z"t! £ > 0 (2). We now develop (151) explicitly. For the 1-point function of
a primary field, this yields the following set of equations:

9:(¢(2)) = 0,
(h+20.){¢(2)) =0 (153)
(2zh + 220.)(¢(2)) = 0
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which imply that (¢(z)) = cst., where the constant may be different from zero only if h = 0.
A 2-point function Gia(21, 22), with z; # 25 has to satisfy

(O (z1)P1(21)P2(22)) + (D1(21) 00 (z0)P2(22)) = 0 (154)
and thus
[thd;(Zl) + Oéi(Zl)al + hga;(ZQ) + ai(zg)@] Glg(zl, ZQ) =0 . (155)
For 1 = —1, one gets
(81 + 82>G(Zl, ZQ) =0 (156)
and hence
G(z1,20) =G(z) , x=2—2 , (157)
as is natural from translation invariance. The equation for ¢ = 0 then reduces to
(h1 4+ ho +20,)G(x) =0 (158)
with solution
G(z) = Cg~(htha) (159)
Finally, by substituting in the equation for ¢ = 1, we find
(h1 —hy)xG(x) =0 | (160)

leading to the result
012(21 — 22)_2h if hi = hy = h,

) (161)
0 otherwise

G(Zl, 22) = {

Taking the anti-holomorphic part into account would have given rise to an additional factor of
(El — 52)72}1.

A similar reasoning also completely fixes the form of the three-point functions (see [3] p43, [2]p105,
and [6] p89-97 for an explicit computation). The result is

_ h3—hi—ha _hi—ha—hs _ha—hz—h1
G123(217 22, Z3) = Ca3 219 293 <31 ) (162)

with Zij = Zi — Zj-
As a consequence, the coordinate dependance all n-point functions up to n = 3 are completely fixed
(up to multiplicative constant) by the (global) conformal symmetry. This can be understood as

follows. We have three complex transformations at our disposal (i = —1,0,1). Using them, we can
always bring three variables z1, 2o, 23 to three arbitrary fixed points a;q, as, a3, by means of
az; +b azy + b azs +0b
=« =ay =aq3 . 163
cz+d cpt+d cos+d (163)

These 3 equations for the four complex variables a, b, c,d, ad — bc = 1 always have a solution if all
the z;’s are different. One usually chooses a; =0, as = 1 and a3 = co. Hence, the entire answer is
determined if we know the 3-point function in just three points.

This doesn’t work any longer for n-point functions, n > 4. The 4-point function takes the following
form (see e.g. [6], Exercises 3,4,8) :

Glor, 20, 29, 24) = f <Z12234) H Zi;h,;—hj+h/3 ’ (164)

213224 i<j

where h = S0 hy.
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4.5 Descendant fields

We found in Sect. 4.3 that a highest weight state | h) of the Virasoro algebra is obtained by applying
a primary field of conformal dimension h to the vacuum state |0), see (133), (137). This state is
the source of an infinite tower of descendant states of higher conformal dimension (see (139), (140)).
Under a conformal transformation, i.e. by application of L,’s, the state |h) and its descendants
tranform among themselves.

Each descendant state L_,|h) can be viewed as the result of the application on the vacuum of a
descendant field. Indeed, as seen in (134) :

Loalh) = L(0)]0) = (L0)(0)]0) = QLM ]{dz "T(2)6(0)]0) (165)

The descendant field associated with the state L_,,| h) is denoted (see (132) )

1

0 (w) 2 (Lont)(w) = 3

]{dz (z —w) " MT(2)p(w) . (166)

With (166), we may write the complete OPE of T'(z) with a primary field (including all reqular
terms) as

T(2)p(w) =) (z —w)" 6P (w) (167)

k>0

Because we know the singular part of the OPE (see (83)), we have that
o0 (w) = h(w) and ¢V (w) = dp(w) (168)

see also below eq. (137). The other descendant fields are defined by the regular part of the OPE,
and can be computed explicitly once the regular part is known (see Sect. 4.6)
By taking ¢(w) = I, the identity field, we obtain

1
7= - —ntlp 1
() = 5 $ 22T (169)
so I (w) =0 for n < 1, and
1 (w) = ! O AT (w) for n>-2 . (170)
(n—2)! -

In particular, this shows for n = 2 that the energy-momentum tensor can be seen as a descendant
field of the identity operator (field).

A remarkable property of these fields is that their correlation functions may be derived from those
of their corresponding primary field. Consider the correlator

(@ (w)X) (171)
with X = ¢1(wy) -+ - ¢n(wy) a string of primary fields of conformal dimensions h; :

wwwm:ifwwm%wwmm, (172)

271
w
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where the contour circles w only, excluding the positions of the other fields. This can further be
expressed, by "reversing” the contour (see Fig.12), deforming it in a sum over contours circling only
one point w; and by considering, in each contour, the OPE (83) of T'(z) with the relevant field ¢;(w;):

<¢(fn) (w)X) = _% Z % dz (2 = w)inﬂw(w)‘bl(wl) - T(2)gi(wi) - - - o (wn))
_ | ; hi(z —w)™ (2 — w) )
B 2mi zz: ]{ a { (z — w;)? * Z — w; Ou, | (P(w)X)

- Z [hi(1 = n) (w; — w) ™ + (w; — w) "0y, ] (p(w)X)
= L (¢(w)X) , n>1

with the differential operator

L= [h(l=n)(w;—w)™" + (w; —w)"9,,] . (173)

7

We have thus reduced the evaluation of a correlation function containing a descendant field to that

W2

WN

Figure 12
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of a correlator of primary fields, on which we must apply a differential operator. Because

(O + D Bu ) (d(w)X) =0 (174)
for any correlator as a consequence of translation invariance (see (150) and (152) for ¢ = —1) and
L_1=—73,0,, we have

Lo(p(w)X) = 0u(p(w)X) =0 . (175)
A general descendant field, corresponding to the state (139), has the form
O (w) 2 (Logy - Loy )(w) (176)

These field are defined recursively, for instance

pF (W) = (LyL_no)(w)

= QLM dz (z — w) " FT(2)(L_nd)(w) (177)
and so on. In particular,
o (w) = (h+n)oT(w) and ¢ (w) = 0! (w) (178)
The first relation is clear from the Virasoro algebra:
¢ (w) = (LoL-nd)(w) = (L Lod)(w) + (L) (w) = (h +n)(L_ng)(w) . (179)

The second expresses the transformation of the fields under translations. The variation of ¢~ (w)
under translations (z—z + a_y, ®(2)—d'(2') = ®(2)) is given by

By (W) = —a1 9 (w) (180)
as for any field. This can also be expressed from (122) and (119), for n = —1 :
1
a0 ) = —5 oy 7{ duw T(w) 6= (w) (181)
i

z

But the r.h.s. of (181) is just —a_;¢"""™(w), see (177), and thus with (180) we find the second
relation.
Finally, it can be shown that

(pUF N () XY = Loy, - Loy (D) X) (182)

that is, we simply need to apply the differential operators in succession. We may also consider corre-
lators containing more than one descendant field, but at the end the result is the same : correlation
functions of descendant fields may be reduced to correlation functions of primary fields. This is why
primary fields are of prime interest in CFT’s.
The set comprising a primary field ¢ and all of its descendants is called a conformal family, and is
denoted by

[¢] = {¢7 (L*n¢)> T (L*kl to Lka)} > 07 ki >0 . (183>
The members of a family transform amongst themselves under a conformal transformation. This
means that the OPE of T'(z) (which generates conformal transformations , see (106), (120)) with
any member of the family will be composed solely of other members of the same family (conformal
fields have an anti-holomorphic part as well, so there will also be descendants of the field through
the action of the anti-holomorphic generators L_,,).
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4.6 Operator algebra

We have seen in section 4.4 that conformal invariance takes us a step towards solving a given
conformal field theory (i.e. to be able, at least in principle, to write down all correlation functions of
all the fields present in the theory), by completely fixing the coordinate dependence of the two- and
three-point functions. To fix the numerical coefficients Cjj, in (162) and to go beyond three-point
functions, some additional information is needed (namely the complete OPE of all primary fields
with each other). Besides conformal invariance, another basic property of two-dimensional CFT’s is
that operator products can be defined for arbitrary pair of fields. That is, there is a closed operator
product algebra among all the fields (called the operator algebra in short). The operator involved
is indeed a product in the sense that it is associative. It is expected that this structure is a direct
consequence of the fundamental properties of quantum field theory 24 (see e.g. [8] p. 21), but are
usually postulates the existence of the operator algebra as a separate input (this is called the bootstrap
approach, where the set of OPE’s is treated as the fundamental information of the theory, for which
the whole theory can be reconstructed ). In general, the operator algebra is expressed as

Oi(x) O;(y) =>_ Cyi*(x — ) Ok(y), (184)

where the sum runs over all fields present in the theory. (184) is to be understood as constraints on
correlations functions. In particular, if ¢(y) is some field in the QFT,

(0(2)Oi(x Z Ck (z —y) (0(2)Ok(y)) (185)

and hence (184) allows to compute all correlation functions of the theory recursively, reducing ulti-
mately to the 2-point functions, which are known. Let us make this more precise. We have seen that
the 2-point function vanishes if the conformal dimensions of the two fields are different (161). We
are free to choose a basis of primary fields such that

— L ifh=hy=handh =hy=h,
<¢1(w,ﬁ])¢2(2’,2)>:{ (w—2)2h (w—z)2h 1 1 2 an 1 2

0 otherwise .

(186)

it is a simple matter of normalization.

Thus, primary fields ¢; and ¢, with different conformal dimensions are orthogonal in the sense of
the two-point functions. This is also the case for all the descendants fields of ¢; and ¢, because as
we have seen in section 4.5, correlation functions of descendant fields can be reduced to correlation
functions of primary fields. Thus, if Ay # hs, then the conformal families [¢;] and [¢;] are orthogonal

(( 57"1""’7"’1)¢;ll"“’4”)> = 0 if Ay # hg). The same is true for the corresponding Verma modules.
Let

24A heuristic argument goes as follows . According to the OPE assumption, in any QFT, the product of local
operators acting at points that are sufficiently close to each other may be expanded in terms of the local fields of the
theory: ¢;(z)¢;(y) S5 Cii*(x —y)dr(y), where Cy;* (x —y) are (possibly singular for z — y) functions. This is usually
an asymptotic statement in QFT. In QFT though it is believe it becomes an exact statement because scale invariance
(dilatations) prevents the appearance of any length [ in the theory. So, there is no parameter to control the expansion,
and thus no terms like e/(*=%) which would the breakdown of the exactness of the asymptotic expansion above.
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|l ) = ¢1(0,0)[0) (187)
|h27}_7/2> = ¢2<070)’0>7 (188>

see (126). Then

<h’1751|h27712> - ZZHJI{U}_)O<O|¢T(Z7§)¢2(w7w)’0>
7 11
_ 1 ——2h1 ,—2h1 O - — O
i 20l (2 )de(w, ©)]0)
= lim 2% p*"(0]6:1(p, p)2(0,0)[0)
B { 1 ifhy=hy=nh,

189
0 if 7y % By . (189)

using (186).

This is also evident from the fact that two eigenspaces of a Hermitian operator (here Ly) having differ-
ent eigenvalues are orthogonal. Furthermore, the othogonality of the h.w.s. implies the othogonality
of the Verma modules associated to the two fields (this is also as consequence of the orthogonality
of the conformal families, because descendant states can be seen as created for the vacuum by the
application of the descendant fields, see (165)). The operator algebra takes the general form

O1(21,22)02(0,0) = Y Oy 2hvhimhe ghemhazhe (g (0,0) + 280 De0(0,0) + 235 el (0,0)
p

2200 VBV G0 (0,0) + 22(85 Vel (0,0) + 55266 2(0,0))
+22(..) + .. (190)

where the sum runs over all conformal dimensions present in the theory, ¢,(fl) = (L_19p), 1()71) =

(L_1¢p), @(;1)(71) = (L_1L_1¢,), ... as usual, and the coefficients 3, are constants defining how the
descendants of a given family [¢,] contribute to the OPE, which can be determined as functions
of the central charge and of the conformal dimensions by requiring that both sides of (190) behave
identically upon conformal transformations (for an example of such a computation, see [2] p. 181
and [1] p. 51).

We now focus on the z-part of (190):

01(2)d2(0) = ) Oy, (0) + 255 VolD(0) + 2265Vl (0) + 826l 72(0)) + .(191)

p

The prefactor z"»~"1~"2 ensures invariance under scaling transformations. Indeed, consider z —

Mz, ¢(z) — ¢'(2') = \"¢(z). Applying this to both sides, we have for the Lh.s. :

01(2)d2(0) — AT 726, (2)2(0), (192)

while for the first term on the r.h.s.:
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Srthag (0) — Ahi—he N phomhishe yho (). (193)

Thus both sides get multiplied by the same factor A™"17"2. For the descending fields, one needs
additional factors, because ngbé_l = qb;go’_l) = (h,+ 1)4251(0_1), see (178), which translates into the fact

that ¢\ ") (w) transforms under dilations (L) as a primary field of conformal dimension (h,+1). So,

th—hl—hgqu;—l)(o) ., N+l y—hi—hs )\—hp—lqb]g—l)(o)’ (194)

and so on for the other descendants at higher levels.

In conclusion, the complete operator algebra may be deduced form the conformal symmetry, the
only necessary ingredients being the central charge, the conformal dimensions of the primary fields
and the coefficients CZ The latter can be obtained from another source, through a procedure called
the conformal bootstrap, consisting essentially in implementing the constraint of associativity of
the operator product algebra (crossing symmetry) (see [2]Sections 6.6.4 and 6.6.5,[3] p49,[7] p16,[§]
p42,19] p22). Thus, any n-point function can in principle be calculated from the operator algebra by
successive reduction of the products of primary fields. The correlations of descendant fields obtained
can be expressed in terms of primary field correlators, and so on, up to two-point functions which
are known. So the theory is solved, in principle!

4.7 Ward identities: final chapter

We discussed Ward identities at different places in these notes, using two different formalisms of
quantum field theory. Within the path integral representation, we found that the variation of a
correlation function (¢(z1)...¢(z,)) = (X) under an arbitrary conformal transformation z — z +

a(z), ¢(z) — ¢'(2 + a(z)) is given by

1
5u{X) = 5= ¢ dea(e)(T(©)X) (195)
c
where C encircles the position of all fields in X. On the other side, in the operator formalism, we

observed in section 4.4 that for a(z) corresponding to a global conformal transformation
ag(z) =a_ +apz +a_2* | (196)
this variation vanishes:
0o, (X) = 0. (197)

We would now like to verify that (195) effectively vanishes for a(z) of the form (196). This may
be done using the operator algebra (191). Let us work out explicitly a simple example. Consider
the case X = ¢1(21)¢2(0). This product can be expanded using (191). Now, recall from (169) that
T'(z) belongs to the family of the identity operator I (with h = 0), and that conformal families
corresponding to different primary fields are orthogonal. Thus, when considering (T'(£)¢1(z1)¢2(0))
and expanding ¢1(2z1)¢0) using (191), the only family involved in the expansion will be that of the
identity operator (which is the only (one) primary field with A = 0). Then,
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(T(E)X) = (T(€)z7" " (1 + 216, TV (0) + 22(65 7V 12D(0) + 85 2 1CD(0) +...) - (198)

But, from (232), we know that (T'(¢)) =0, and I™Y = (L_,I) = 0, because the vacuum is SL(2,C)

invariant (L_;|0) = 0). We have, because ™™ (w) = (niQ)!a(”*Q)T(w), see (165),

(T(E)X) = 27"~ *2(T(6)T(0)) 5y 2 + terms involving (T(£)0"T(0)),n > 1 (199)

In (195), note that we can send the contour (to infinity, because all operators are already inside C.
This way, the integrand behaves as

Q&)T(E)X) ~ al@)TEOT(0) x 2

o o (200)

where we used (233). Thus for a(§) given by (196), the integral in (195) vanishes. We recover the in-
variance of (X) w.r.t. to transformations of the global conformal group. For local transformations it
is relation (195) that holds, instead of the expected invariance. Returning to the derivation of sec-
tion 4.4, we may see that this originates from the apparition of the central charge ¢, which prevents
to apply the same procedure, because we don’t have (0|L, = L,|0) Vn, but only for i = —1,0,1
corresponding to the global subgroup.

4.8 A short story on normal ordering

In this section, I will introduce the notion of conformal normal ordering, and show that it reduces
in some situations to the more familiar operator normal ordering, consisting in moving annihilator
operators to the right. We saw that the OPE of two fields can be written in general as

{AB}n(w)
A(2)B = 201
@B = 3 (201)
The conformal normal ordering of the two fields, denoted by tAB:, is by definition
tAB: (w) £ {AB}(w), (202)

that is, the term of order (z — w)? in the OPE. This is a particular prescription, which in general
differs from the definition

A,B, forn>0,

203
B,A,, forn<O0. (203)

‘A, B, = {

where

37



L _ 1 m+ha—1
A, = An0) = 57 /dzz A(z)
1
L m+hp—1
B, = 5 dzz B(z) (204)

are the modes of the fields A(z) and B(z) (see (115)). We will return to this.

The singular terms in an operator product are called contraction and are denoted by

N

A(2)Bw) £ Y

n=1

AB},
{AB}n(w) (205)
(z —w)"
Again this definition is in general different from the QFT one, where contraction generally means
propagator (two-point function).

This is well illustrated in the case of the field T'(z). Indeed, with (205) and (96), one has

/2 2T (w) oT (w)
T(2)T(w) = ) + G w) + G w)” (206)
while
rETW) = 7L (207)

From (202), the conformal normal ordering can be represented using contour integration by

CAB: (w) = —— / 4 B(w) (208)

T omi (z —w)

where, as usual radial ordering is understood in the r.h.s.

The OPE (201) is then

A(z)B(w) = A(z)B(w) + :AB: (w) + O(z — w) (209)
Notice that, when the contraction coincides with the propagator, this formula is exactly the one
we get in usual QFT, where the ordering is the familiar operator normal ordering (203). A field
for which the contraction contains only one singular term (necessarily coinciding with the 2-point
function) is called a free field. In this situation, both orderings are equivalent, and Wick’s theorem
may be applied as such. When the field are not free, Wick’s theorem must be adapted (see [2] p188).
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5 The free boson

Consider the following action for a massless scalar field in two dimensions
s= L /d%a POt p (210)
8T " ’

or in the usual complex coordinates z = a! +iz?, 0 =0,,--- :

1 _
S = E/dzz&b@gb , (211)

where d?z = dzdz = 2dx'dz?®. This action is invariant under scalings r— Az, ¢(r)—¢'(z') =
A 2g(x) if A=0.
The equations of motion are

i—z =0= 00¢(2,2) =0 . (212)

The energy-momentum tensor (see (49)) is given by

Ty = (0,60, — L0,0,60°0) 213
and thus (g.z = 1/2,9., = g. = 0)
L.= 0006 . Tw= 0606 (214)
AT AT
Later on we will use the following convenient normalization
T(z)=—-2rT., , TZ) =-2nTs . (215)

The primary input we need is the OPE of the fields appearing in the action. This can be obtained
by the following method. Consider the variation

0¢(x) = e(x) (216)

1>

and its effect on correlation functions of the form (¢(xy)--- ¢(xy)) = (X). The variation of (X) is

given by (46), with

55 — ﬁ / Pr,cdd . (217)
Thus, we have
S () len) o) - olon)) = o / ' 0u2(2)0"(9(2) X) (218)

i

where " stands for omission. Integrating the r.h.s. by parts and discarding the boundary term, one

has
— / P e(2)0,0, () X) (219)
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Therefore, (218) implies that

~

_im Z 82(x — @) (p(x1) - - b(as) - dlaw)) . (220)

This can be solved as

Zln!z—zw $(w1) - d(xi) -+ dan)) + (26(@)p(x1) - dlan):) (221)

where [z —w|* = (¢ —w)(Z — w). This is understood as follows. The first term originates from the
fact that O, = 400 and that B
00In |z —w|? = —7wd*(x —y) (222)

r=(2,%),y= (w,w) and [dPz*(z)f(z) = f(0). Eq. (222) follows from the following representa-
tion of the ¢ function :

Z T
see e.g. [2] p.119. The second term of the r.h.s. of (221) actually defines :p(x)d(x1)--- p(zn),
where the function (:p(x)p(xy) - ¢(xy):) satisfies

00(:¢(x)p(x1) -+ plan)i) =0 (224)

i.e. it is a harmonic function. It is thus locally the sum of an analytic and anti-analytic function,
and can be Taylor expanded. In particular, it has no pole as x—ux;. Eq. (221) gives us the behavior
of the function (¢(x)p(z1) - - ¢(xn)) as r—a;, i.e. by definition the OPE of ¢(x) with itself. This is
written

1.1 1.1
2 z_ - 22
6 (z) = Waz =S (223)

¢(Zaz>¢<zz>zz) ~ In |Z - ZZ'|_2 ) (225)

where this relation is to be understood inside a correlation function with other fields, and ~ means
equality modulo terms regular as z—ux;. If there are no other fields, this gives us the propagator

<¢<Z>z>¢(zivzi)> =In |Z - Zi|_2 ) (226)

up to a harmonic function (regular as z—z;). This shows, as expected, that ¢(z,Z%) is a free field, as
defined in the preceding section.
Finally, eq. (221) is usually rewritten as

O(2,2)0(2,7:) = Inlz— 2z + 10(2,2)0(2, %)
= (¢(2,2)8(21, 7)) + 10(2,2)d(21, Zi): (227)

which is the familiar relation between time(radial)-ordering and normal ordering in QFT.
This can be brought in the form (209) by Taylor expanding the whole series of regular terms

20(2,2)0(2,2i)+ as
:¢(Z’E)¢(Zi7zi) ¢¢ (Zza Zz) (Z - Zz) 8¢¢ (Zu Zz) (E - zi) :ggb Qb: (ziyzi) + - ) (228)
from which we deduce

(2, 2)p(2, %) = In [z — 2|~ 2+ 200t (2, 25) + (2 — 2i) 200 @2 (24, Zi) + (2 — Z4) 8¢¢ (zi,Zi) +-+ .
(229)
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Focusing on the z sector, we are left with

d(2)p(w) = —In(z —w) + PPt (W) + (2 — w) 0P P (W) + -+, (230)
which coincides exactly with (209). We may also write
2003 () = _lim_[6(=,2)6(w. ) — (6(=,2)(w, 7)) (231)

6 Exercises

6.1 Operator formalism

1. Show that (144) implies that
(T(2)) = (0|T(2)[0) =0 (232)

2. Compute the two-point function of 7'(z) and show that

(T(z)T(w)) = (0|T(A)T(w)|0) = ——; (233)
by using (144), (131) and (124).
This can also be inferred from (96) and (232)

3. Compute the norm of the state L_5|0) and show that a necessary condition for the theory
to be unitary is ¢ > 0.

4. Compute the singular part of the OPE of ¢(~"(w) with T'(z), and deduce from this the transfor-
mation law of the descendant field ¢(~Y(w). For this, use the expansion T'(z) = Y, (z —w)* 2Ly (w)
and the Virasoro algebra (124).

(R = T(2)$ D (w) ~ 200 4 (14 1) 4200 4 20700 g 5,,060D(2) = —ha"(2)(2) — (h+ D) ()6~ (2) —

a(2)0¢~Y (2), where h is the conformal weight of the primary field ¢(z) from which the field descends.)

6.2 Free boson
1. From (225), write the OPE of 0,¢(z,%)0,¢(w,w) and 0:¢(z, Z)dz¢(w, ).

(R:0.0(2,2)0pd(w,w) ~ —ﬁ and 0z¢(z, 2)0zo(w,w) ~ —ﬁ. Thus everything splits in a holomorphic and
anti-holomorphic part. In the following, we will focus on the holomorphic field d¢ 2 0,9.)

2. The energy-momentum tensor (214) is not well defined because 0¢(2)0¢(w) have singularities
as z—w. Therefore the quantum version of (215) is

T(z) = —% 20000, T(Z) = —% 10006t . (234)
that is, with (231)
T(z) = =2m lim [06(z) 9p(w) — (0¢(2,Z) Ip(w, W))] . (235)
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Compute the OPE T'(2)0¢(w). What does this show? You could need the following Wick’s rules:
T(10203) = 19102037 + :¢1¢L¢3: + 3¢L¢2¢3: + 019203t (236)

with similar relations holding when some factors are already normal-ordered in the the T-product,
but with omission of contractions inside a same normal ordering. For instance, T'(:p1¢9: 1d34t)
does not contain the term (p1¢9) s34t .

(R : T(2)00(w) ~ 22, 4 220y

3. Compute the OPE T'(z)T(w). Check it has the form (96) and deduce the central charge of
the system.

4. Consider the following field, called a verter operator :
Vo(w) = e (237)

a. Compute its OPE with 0¢(z)

(R: 0¢(2)Va(w) ~ =512 Va(w) )

zZ—w

b. Compute its OPE with T'(z) and show this operator is primary with conformal weight a?/2.

5. Compute the OPE :(0¢(2))*: :V,(w):. For this, compute the OPE :AF: :eB: for two gen-
eral operators A and B.

6. Using the result of Ex.5, show that :e?: :ef: = et4B) teteB:. From this, deduce the corre-
lation function (V,(z)Vz(w)) (the correlator being given by the most singular part of the OPE).
(R : See [6], p47)

6.3 Ghost system
The b — ¢ ghost system is defined by

1
o= Prb, 0 (238)

where the field b,,,, is a traceless symmetric tensor, and where bot_h c* and b, are fermions. Going
to complex coordinates, with ¢ = ¢, ¢® = ¢, b,, = b and bsz = b, the action is rewritten (d?z =
tdzdz = 3d*z2)

1 — _
7 / d*z (bdc + boe) . (239)
From the equations of motion the fields ¢ and b are holomorphic. They satisfy the following OPE
1

b ~ 240
(2)efuw) ~ (240
The normal-ordered holomorphic energy-momentum is obtained as (see e.g. [2], p133)

T(z) = :20cb+ cOb: . (241)
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1. Compute the OPE’s T'(2)c(w) and T'(2)b(w). Deduce the conformal weights of ¢ and b.

2. Compute the (most singular part of the) OPE T'(z)T(w). What is the central charge of this
system?

3. This system appears in the covariant quantization of the bosonic string through the gauge-
fixing of two dimensional gravity (see [10], Chapter 3). In this context, each space-time coordinate
is represented by a free boson. How many free bosons do you need in order for the central charge of
the system ” D free bosons + ghosts” to vanish? You just found one way of computing the critical
dimension of bosonic string theory.
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Appendix A : Another derivation of the conformal Ward
identities

This section is mainly based on [2]. Therefore I won’t go through all calculations in details, since
they may be found in the reference.
Let us start with an action S[¢] = [ d%z L(¢(x), ¢ .(x)), and consider the following infinitesimal
transformations

ozt

ow® 5
jC'
/ / a

0(z) — ¢(2) =9¢(2) +us—

which are supposed to leave the action S invariant when the infinitesimal parameters {w®} are

constant (the subscript ”a” indicating as before a collection of indices). Noether’s theorem states

that to every continuous symmetry of a field theory corresponds a conserved current, and hence a

conserved charge. To determine this current, one may use the ”"Noether’s trick”, which consists in

looking at the variation of the action under the same transformation, but with w® depending on

the position. This doesn’t leave the action invariant anymore, and the variation may be written in
general as

t — M =gt W : (242)

(z) . (243)

S" =S + terms involving derivatives of w®(x) 4+ terms without derivatives of w®(z) .  (244)

Because S’ = S when the w®’s are constants, the last contributions must sum up to zero. Then the
variation of the action can be found to be

5S:/ddxj58uwa , (245)
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with

oL ox¥ oL OF
o _sh _
Ja { (9(@@) 0t 5VL} ow? 8(3/@) dwe (246)

If w*(x)—0 at infinity, this relation can be integrated by parts, to yield
58 = / A%z 0,5t w, . (247)

Now, if the field configuration satisfies the classical equations of motion, the action is stationary
against any variation of the fields, and 0.5 should vanish for any position-dependent parameters
w*(z). This implies

g ~0 . (248)

This is Noether’s theorem : every continuous symmetry implies the existence of a current, conserved
on-shell.

We may now return to the Ward identity in field theory. We follow the same procedure which led us
to (46). In the path integral, we make the following change of variable :

¢(x)—¢(z) = ¢(x) — iw*(x)Gad(x) (249)

where the parameters depend on z, and hence §S is not 0 and given by (247). Notice that the
variation of a field is here defined by d¢(z) = —iw*G,¢(x) and differs from (13) by a factor —i. We
keep this factor to be coherent with [2] but it is unimportant. We may now rewrite (46) using (247)
and (249) as

I Y@ Gt 60) = [ et ()9, ) (250)
i=1
where w?(z) are arbitrary functions. In the Lh.s., only the values of w®(x;), 7 = 1,--- ,n matter.

This equation is thus of the form [ f(z)h(z)dz = f(y)é(y) Vf(z), which necessarily implies h(z) =
¢(z)d(x — y). From (250), we thus conclude that

0u (it (@)d1(w1) - Gu(@n)) = =i Y 8(a = @) (b1 -+ Gadyx;) -~ da) (251)
j=1
This is the Ward identity for the current j*. Applying this to translations, we find from (246) that
ol A
= g, ¢ LT 252
j U 50,0) (252)

and recover the fact that the conserved current associated to translation invariance is the canonical
energy-momentum tensor. This also shows that the energy-momentum tensor is conserved inside
correlation functions except at coincident points.
Notice that the form of the current may be modified from its canonical definition (246) without
affecting the Ward identity. We may indeed freely add to it the divergence of an antisymmetric tensor
without affecting its conservation. In the case of a system invariant under Lorentz transformations
(rotations), it can be shown that there always exist an antisymmetric tensor B*?, with BP* = — BHY
such that the tensor

TE 2T 4 9, B (253)
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is symmetric on-shell, that is T][B” "I %~ 0. This new tensor is called the Belinfante tensor (see [2]p46 for
its construction). Furthermore, much in the same way, the energy-momentum tensor of a theory with
scale invariance can be made traceless on-shell, under certain certain conditions which are generally
assumed to be fulfilled (see [2] p.102). By using this suitably modified energy-momentum tensor, the
Ward identities associated with translation, rotation and dilation invariance can be obtained from
(251). In two dimensions, the result is (see [2] p106,118,123)

(T} (2)X) = - Z 0(x — ;) 0pr (X) (254)
€T (2)X) = —i Z si0(z — 2;)(X) (255)
(LX) = =3 Az —2)(X) (256)

Here X stands for a string of primary fields. In two dimensions, the spin generators are given by
St = set” and A stands for the scaling dimensions of the fields. These relations show that, inside
correlations functions, the energy-momentum tensor is conserved, symmetric and traceless, except
at coincident points. This is the quantum counterpart of the classical statement that the energy-
momentum tensor is conserved, symmetric and traceless on-shell. A derivation of these identities
which does not require the hypothesis that the energy-momentum can be made classically traceless
can be found in [2], p123.

We may now turn to the conformal Ward identity. Let e#(x) be (the components of) a conformal
Killing vector, satisfying (11), and defining an infinitesimal conformal transformation. We may write

(e, ") = £,0,T" + %(8“@ + Oye, ) TH + %(@51, — Oye,)TH (257)
= ,0,T" + %(8P6P)T;j + %eaﬁ&lagewT“” : (258)
where we used
R (259)
%(8#5,, —0ye,) = %eaﬁaaggew . (260)

Remark that 0,(s,7"") ~ 0, therefore €, 7" is sometimes called the conformal current. Let us
compute

/de Oule, ()T (x)X) (261)
M
where M is a domain including all insertion points x;. We will also assume that inside this domain,
the functions £(z) and £(%Z) have no singularities (this can always be realized if € and € are regular at
x = ;). By using (258) and eqs. (254) to (256), as well as €% = —2i, h; = $(A;+s;), hy = $(Ai—s;),
we get, using complex coordinates

/ Pz, (e, (2)TH (2)X) = - Z(e(zi)azi + &(2:) 0, + hi0-e(zi) + hidz,6(Z:) ) (X)

M

1>

0ec(X) (262)
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where ¢* = £(z), e* = &(z). The Lh.s. can further be expanded with the relation [,, d®z9,F* =
L+ [ou [=dzF? + dzF*], applied to F* = ¢, (x)T"(z). The fact that T is conserved, symmetric and
traceless except at coincident points implies that

T.(23) = Tul2) 2~ 2-T(2) (263)
To(2%) = Tu(z) 2 —%T(E) (264)
T:(2,2z) = T5.(2,2)=0 , for (z,2) # (z,z:) (265)

so that (262) finally reduces, because the domain M strictly contains all insertion points (and so the
contour C' = M does not go through the insertion points), to

5. 2(X) = _2%, dwe(w)(T(w)X ) + QLM ]f dwE(T) (T(@)X ) . (266)

In deriving this relation, we have used the property that the fields in the set X are primary, through
the Ward identities (254)-(256) (see their derivation p123 of [2]). However, eq. (266) may be taken as
a definition of the effect of conformal transformations on an arbitrary local field within a correlation
function, see [2], p122.
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