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Abstract. A new approach to stochastic thermodynamics is developed,
in which the local equilibrium hypothesis is extended to incorporate
the effect of fluctuations. A fluctuating entropy in the form of a
random functional of the fluctuating state variables is introduced,
whose balance equation allows to identify the stochastic entropy flux
and stochastic entropy production. The statistical properties of these
quantities are analyzed and illustrated on representative examples.

1 Introduction

Nonequilibrium thermodynamics provides fundamental insights on key properties of
wide classes of systems at a macroscopic level of description in which the entropy
production, measuring the dissipation released by the irreversible processes taking
place within the system, plays a central role [1].
The most familiar and far-reaching approach to nonequilibrium thermodynamics

is the one based on the local equilibrium hypothesis, whereby the entropy density at
a given point in space and at a given time is taken to depend on the state variables
through the same relation as in the state of equilibrium [1,2]. As it turns out this
covers an extremely wide range of systems and processes, where variations of the
state observables in space and time induced by the nonequilibrium constraints occur
on much longer scales than those associated to molecular-level processes. The sim-
plicity and elegance of the resulting formalism allows then one to address phenomena
beyond the traditional realm of the linear range and in particular the stability of non-
equilibrium states, thereby establishing unexpected links with the field of nonlinear
dynamics [2].
Stochastic thermodynamics was originally introduced as an extension of classical

nonequilibrium thermodynamics aiming to formulate the evolution of nonequilibrium
states and their stability in a way incorporating the effect of the fluctuations of the
macroscopic observables around their average values [3–6]. As such it was based on
a probabilistic approach in which (i) entropy production and entropy itself are de-
fined in terms of probabilities of states or sequences thereof, and (ii) probabilities
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evolve as a result of transitions between states through a master-type equation. This
allowed, among others, to gain a more fundamental view on the problem of stability
where the disturbances responsible for the variability around a given steady state or
for transitions between states are not taken to be of external origin as in traditional
thermodynamics, but are actually of intrinsic origin, generated spontaneously from
microscopic-level processes occurring within the system. Over the last two decades
stochastic thermodynamics experienced important further developments following the
growing interest in processes occurring in nanoscale materials and the discovery of
some intriguing connections with information theory and the foundations of nonequi-
librium statistical mechanics [7–11].
In the present paper a new approach to stochastic thermodynamics is developed.

The basic idea is to extend the local equilibrium hypothesis to incorporate the effect
of fluctuations. We start with the set of evolution equations for the state variables
featured in the traditional macroscopic description, with the additional ingredient
that fluctuations are accounted for through appropriate source terms assimilated to
Gaussian Markov processes, in a way similar to fluctuating hydrodynamics [12]. We
next introduce a fluctuating entropy in the form of a random functional, related to the
fluctuating state variables by the same relations as in thermodynamic equilibrium.
We derive a balance equation from which we identify the fluctuating entropy flux and
fluctuating entropy production and analyze their principal statistical properties, such
as mean values and probability densities. Explicit examples are provided dealing with
transport processes and chemically reacting systems and the role of nonlinearities is
assessed.

2 Formulation

Let {Xi(r, t)}, with i = 1, . . . n, be a set of macroscopic variables (such as the energy
density, the concentration of a chemical in a solvent, etc.) describing the state of a
system. These variables evolve in time as a result of two kinds of processes:

– Exchanges with the external world, modeled by a flux Φi through the surface
surrounding the volume occupied by the system.

– Internal processes generated by the system itself, even when it is completely iso-
lated, modeled by a rate of production per unit volume σi.

Consequently, the evolution laws for the above mentioned variables read [1]

∂Xi

∂t
= −divΦi + σi. (1)

To account for the presence of fluctuations we decompose Φi and σi into a system-
atic part driven by the nonequilibrium constraints acting on the system (chemical
potential or temperature differences, etc.), and a random force modeling the effect of
microscopic level processes on the evolution of the macroscopic variables [12–14]:

Φi = Ji ({Xj(r, t)} , {∇Xj(r, t)} , . . . ) + ji(r, t) (2)

σi =
∑

ρ

αiρ [wρ({Xj(r, t)}) +Rρ(r, t)] . (3)

In these expressions, wρ are the rates of the different internal processes ρ = 1 . . . r,
and αiρ are process-dependent numerical coefficients.
As discussed in the Introduction, within the framework of a local equilibrium

approach, the entropy density s(r, t) of the system will depend on space and time
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through the space and time dependencies of the observables {Xi}, s = s({Xi(r, t)}).
The rate of change of entropy can thus be written as

∂s

∂t
=
∑

i

(
∂s

∂Xi

)

Xj �=i

∂Xi

∂t
(4a)

or, using (1)–(3),

∂s

∂t
=
∑

i

(
∂s

∂Xi

)

Xj �=i

[
−div (Ji + ji) +

∑

ρ

αiρ (wρ +Rρ)

]
· (4b)

Relation (4b) allows us to derive a balance equation for entropy of the form of Eq. (1),

∂s

∂t
= −divJ+ σ (5)

where the entropy flux J and the entropy production σ are given by

J =
∑

i

(Ji + ji)

(
∂s

∂Xi

)

Xj �=i
(6a)

σ =
∑

i

(Ji + ji) ·∇
(
∂s

∂Xi

)

Xj �=i
+
∑

i,ρ

(
∂s

∂Xi

)

Xj �=i
αiρ (wρ +Rρ) . (6b)

These relations highlight the fact that s and its rate of change are to be viewed as
stochastic fields incorporating the variability associated to the presence of fluctua-
tions.
It should be kept in mind that the decomposition into the two terms of the right

hand side of Eq. (5) is not unique. In the absence of fluctuations, the non-negativity
of entropy production as required by the second law of thermodynamics imposes that
whatever the decomposition chosen, the following condition should be satisfied:

∑

i

Ji · Fi +
∑

ρ

Aρwρ ≥ 0, (7a)

where we introduced the thermodynamic forces

Fi =∇
(
∂s

∂Xi

)

Xj �=i
, Aρ =

∑

i

αiρ

(
∂s

∂Xi

)

Xj �=i
. (7b)

Processes of different spatial symmetries are expected to satisfy separately inequali-
ties like Eq. (7a). Basically, such inequalities express that the fluxes Ji and wρ should
somehow be aligned to the forces. This type of dependence becomes specially trans-
parent in the linear range of irreversible processes, where fluxes are linearly related
to forces through the (positive definite) Onsager matrix of phenomenological coeffi-
cients [1].
In the presence of fluctuations it seems natural to still adopt the decomposition

leading to Eqs. (5)–(6). The systematic parts Ji and wρ of the fluxes become now
stochastic variables via their dependence on {Xi(r, t)}, but are still expected to satisfy
relations (7). On the other hand, the random parts ji and Rρ need not be aligned to
the thermodynamic forces, even if the latter incorporate the effects of fluctuations.
This reflects the fact that with some probability, as a result of microscopic-level
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processes, ji and Rρ may be led to be in “opposition” with respect to the action of
an instantaneous thermodynamic force. The parts

∑

i

ji · Fi,
∑

ρ

AρRρ

will then yield negative contributions. Our goal is to analyze the extent to which these
contributions may “contaminate” σ as a whole and bring it, with some probability,
to negative values.
In the light of the foregoing, stochastic thermodynamics has to do with the prop-

erties of the fluctuation-generated deviations of s, ∂s/∂t, J and σ from reference
values associated to the macroscopic values {Xim} taken by the observables at the
level of a mean-field description in which such fluctuations are not incorporated. We
will be specially interested in the evolution around an asymptotically stable steady
state, in which case {Xim} are known to correspond to the maxima of the invariant
probability density associated to the stochastic differential Eq. (1) [15]. Setting

Xi = Xim +ΔXi

Ji = Jim +ΔJi, Fi = Fim +ΔFi

wρ = wρm +Δwρ, Aρ = Aρm +ΔAρ
(8)

we may decompose the fluctuating entropy production σ as (cf. (6b) and (7))

σ = σm +Δσ (9)

with

σm =
∑

i

Jim · Fim +
∑

ρ

Aρmwρm (10)

Δσ =
∑

i

(ΔJi · Fim + Jim ·ΔFi + ji · Fim)

+
∑

ρ

(ΔwρAρm + wρmΔAρ +RρAρm)

+
∑

i

ΔJi ·ΔFi +
∑

ρ

ΔwρΔAρ

+
∑

i

ji ·ΔFi +
∑

ρ

RρΔAρ. (11)

We will refer to Δσ as the stochastic entropy production, or the entropy production
of the fluctuations.
The first two sums in Eq. (11) include all the first-order contributions with respect

to the deviations ΔXi, while the remaining four sums start with second-order contri-
butions. Of these, the first two correspond to the excess entropy production familiar
from classical irreversible thermodynamics as developed by Glansdorff and Prigogine
[2]. A similar procedure can be carried out for the entropy flux.
Ordinarily, in the framework of a probabilistic description one decomposes the

variables into the sum of their average values and the fluctuations. In the present
case this would lead to

Xi = Xi + δXi

σ = σ + δσ
(12)

with σ, δσ given by expressions similar to those of Eqs. (10)–(11), the difference
being that the subscript “m” is replaced by averaging and the deviations ΔJi, etc.
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are replaced by the fluctuations δJi around the averages. In a linear system the mean
and the most probable values coincide, and the deviation from the macroscopic state
can be identified to the fluctuations around the mean. The situation is different in
nonlinear systems, where the macroscopic (mean-field) values differ from the mean
values by quantities related to the strength of the fluctuations.
In the sequel we will be interested in the statistical properties of Δσ for some

prototypical irreversible processes and, in particular, in mean values and probability
densities. For this purpose the properties of the random forces ji and Rρ will need to
be prescribed. We will adopt the assumption of Gaussian white noise usually made in
the literature, being aware that this introduces singular contributions in expressions
such as Eq. (11). These singularities will be smoothed out at the level of the averages
but will subsist as far as the probability densities are concerned. To cope with this
difficulty we will be led to focus on the net entropy production over a time interval t,

Pt =

∫ t

0

dt′σ(t′). (13)

In all cases, and provided the system is ergodic, the mean value of the entropy deriv-
ative in Eq. (5) will be zero for asymptotically long times and thus

σ = divJ. (14a)

An equality of this kind is known to hold true in classical irreversible thermodynamics
when a system has reached a steady state [1,2]. It follows therefore that the mean
total entropy production of the fluctuations is bound to be equal to the associated
mean entropy flux exchanged through the boundaries,

Δσ = divΔJ. (14b)

3 Transport processes

In this section we apply the formalism developed in Sect. 2 to two prototypical ex-
amples of irreversible processes, namely, diffusion and heat conduction. We identify
the macroscopic and stochastic parts of the entropy production and entropy flux and
study their general structure and their dependence on the nonequilibrium constraints.

3.1 Diffusion

We consider a non-reactive isothermal binary mixture in absence of external forces
and bulk motion. For simplicity we assume that the mixture is diluted, consisting of
a solute of mass fraction c1 � 1 diffusing within a solvent of mass fraction c2 ≈ 1.
In the framework of a local equilibrium hypothesis and as long as one is limited to
the contributions due to mass transfer, the entropy of such system depends solely
on the variable c1 (thereafter denoted by c), s = s(c), with ∂s/∂c = −μ/T where T
is the temperature. It follows that (cf. Eq. (4a))

∂s

∂t
= −μ
T

∂c

∂t
(15)

with (see Eqs. (1) and (2))

∂c

∂t
= −div [Jd + jd(r, t)] (16)
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it being understood that by virtue of mass conservation the source term in the general
balance equation is absent.
The thermodynamic force associated to the process of diffusion is [1] (cf. Eq. (7b))

Fd = −∇μ(c)
T
· (17)

Limiting ourselves to the linear range of irreversible processes we may express the
systematic part of the flux, Jd, as

Jd = −L∇μ(c)
T

where L is the Onsager coefficient or, setting for a diluted mixture μ(c) = μ0 +
kBT ln c,

Jd = −kBL
c
∇c = −D∇c. (18)

HereD is Fick’s diffusion coefficient, hereafter considered as constant (c-independent),
in accordance with empirical data applicable to a wide range of concentration values.
Utilizing relation (18) reduces Eq. (16) to the linear form

∂c

∂t
= D∇2c− divjd(r, t) (19a)

where from now on j will be assimilated to a Gaussian white noise in space and time,

jd,k(r, t) = 0

jd,k(r, t)jd,k′(r′, t′) = q2kk′δ
Kr
kk′δ(r− r′)δ(t− t′).

(19b)

The strength q2kk of these noises, assumed to be small, scales with the inverse of the
system size Ω [15]. Using eqs. (6) the local entropy production σ and entropy flux J
associated to diffusion may now be identified,

σ =
1

T
∇μ · [D∇c− jd(r,t)] (20a)

J =
μ

T
[D∇c− jd(r, t)] . (20b)

To get a clear picture of the essential features present let us apply these relations to
a slab of length l in contact with two reservoirs of fixed chemical potentials μa, μb on
x = 0 and x = l respectively, taking the bulk outside the boundaries to be spatially
uniform. Equation (20) become

σ =
1

T
{(μa − μ) [D(ca − c) + ja] + (μb − μ) [D(cb − c)− jb]} (21a)

J =
1

T
{μa [D(c− ca)− ja] + μb [D(c− cb) + jb]} (21b)

in which J is the global entropy flux and where the concentration c satisfies the
discretized form of (19a),

dc

dt
= D (ca + cb − 2c) +R(t) (22a)

with
R(t) = ja − jb. (22b)
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The solution of (22a) is

c = cm +Δc =
ca + cb
2

+ Δc (23)

where cm is the macroscopic, mean-field value at the steady state and Δc satisfies the
differential equation

dΔc

dt
= −2DΔc+R(t) (24)

defining an Ornstein-Uhlenbeck process [13]. Introducing this decomposition in
Eqs. (21), we are in a position to identify the mean-field values Jm and σm of the
entropy flux and entropy production as deduced from classical irreversible thermody-
namics and the parts due to fluctuations, see Eq. (11),

Jm = −kBDca − cb
2

(μa − μb) (25a)

σm = kBD
ca − cb
2

(μa − μb) (25b)

ΔJ =
1

T
[(μa + μb)Δc− jaμa + jbμb] (26a)

Δσ =
1

T
[D(2μm − μa − μb)Δc+ (μa − μm)ja + (μm − μb)jb]

+
1

T
Δμ [2DΔc− ja + jb] . (26b)

The following points are worth noticing.

(i) Jm, σm depend entirely on chemical potential differences and vanish, as expected,
in equilibrium.

(ii) Chemical potential differences also appear throughout the expression for Δσ,
with e.g.

μm − μa = kBT ln cm
ca
= kBT ln

ca + cb
2ca

Δμ = kBTΔln c = kBT ln

(
1 +
Δc

cm

)

where we used the expression for μ in a diluted system.
(iii) Since the diffusion equation is linear, averaging Eqs. (22a) or (24) over realiza-

tions of the process yields Δc = 0. In other words, the most probable value cm
coincides here with the mean value c of the concentration.

(iv) It follows from the linear dependence of ΔJ in Eq. (26a) on Δc and on the
fluctuating flux that ΔJ = 0. This entails that Δσ = 0 as well, on the grounds
of the comments made in the end of Sect. 2. This property can also be checked
directly from Eq. (26b) in conjuction with Eq. (24). Indeed, the first part in (26b)
is linear in Δc, ja and jb and thus gives trivially a zero average. For the second
part, multiplying both sides of Eq. (24) by Δμ one obtains

Δμ
dΔc

dt
= −2DΔμΔc+Δμ (ja − jb).

The right hand side of this relation is just the part of Δσ in question with
opposite sign. Since on the other hand Δμ is a function of Δc, the left hand side

is the average of the time derivative of
∫Δc
0
dΔc′Δμ′(Δc′), which vanishes in an

ergodic system. This establishes the desired property.
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Fig. 1. Time series of the entropy production of the fluctuations, Eq. (26b), as obtained
from an Euler-Maruyama integration [13] of the stochastic differential Eq. (22a) with (a)
ca = cb = D = 1,Ω = 100 and (b) ca = D = 1, Ω = 100 and cb = 2.0. The Stratonovich
interpretation was used, with a time step dt = 1.0× 10−5. Parameters are scaled by kB .

In short, in the process of diffusion, the average entropy production of the fluctu-
ations Δσ vanishes. This is a direct consequence of the linearity of the process and
is in accordance with early results based on the Shannon-Gibbs entropy balance as
deduced from a probabilistic description based on the master equation [5]. On the
other hand, Δσ itself displays a complex time dependence around this zero average.
Figure 1 depicts this dependence under equilibrium (Fig. 1a) and non-equilibrium
(Fig. 1b) conditions. We notice a marked difference, which can be traced to the fact
that by virtue of Eq. (26b) in equilibrium the contributions linear in the fluctuations
vanish (μa = μb = μm), entailing that the first non-trivial parts are due to quadratic
terms. In both cases we observe that Δσ can take negative values, as anticipated in
the Introduction. These properties will be analyzed in more detail in Sect. 5.

3.2 Heat conduction

We next consider a one-component non-reactive mixture in absence of external forces
and bulk motion, in contact with external heat reservoirs maintained at constant
temperature. The entropy of such a system depends solely on the internal energy
u (we again use our local equilibrium hypothesis), s = s(u), with ∂s/∂u = 1/T . It
follows that

∂s

∂t
=
1

T

∂u

∂t
(27)

with, using energy conservation,

∂u

∂t
= −div [Jq + jq(r, t)] (28)
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The thermodynamic force associated to heat conduction is [1]

Fq = −∇T
T 2
·

In the linear range of irreversible processes the corresponding systematic part of the
flux Jq can be written as

Jq = −L∇T
T 2
= −κ∇T. (29)

Here κ = L/T 2 is Fourier’s heat conduction coefficient which hereafter will again
be considered as constant (T -independent), similarly to the assumption made in the
previous subsection on diffusion. On the other hand, again in the spirit of local equi-
librium, under the conditions set u depends solely on T through an “equation of
state” u = u(T ), with du = ρcV dT (ρ being the mass density and cV the specific heat
at constant volume). Substituting into Eq. (28) we obtain the linear form

∂T

∂t
= λ∇2T − div jT (r, t) (30)

where λ = κ/ρcV is the thermal diffusivity and jT is a normalized random flux
satisfying relations (19b). Using the above relations the entropy production σ and
the entropy flux J associated to heat conduction may be identified,

σ =
1

T 2

[
λ (∇T )2 − jT ·∇T

]
(31a)

J =
1

T
[jT − λ∇T ] . (31b)

To get explicit expressions we apply, in the spirit of the previous subsection, these
expressions to a conductive slab of length l in contact with two heat reservoirs of
fixed temperatures Ta and Tb, on x = 0 and x = l respectively. Eqs (31) simplify to

σ =

(
1

T
− 1
Ta

)
[λ(Ta − T ) + ja] +

(
1

T
− 1
Tb

)
[λ(Tb − T )− jb] (32a)

J =
λ

Ta
(Ta − T ) + ja

Ta
+
λ

Tb
(Tb − T )− jb

Tb
, (32b)

where J is again the total flux of entropy and where the temperature T satisfies the
discretized form of (30)

dT

dt
= λ (Ta + Tb − 2T ) +R(t) (33a)

with
R(t) = ja − jb. (33b)

Proceeding as before we are led to identify the macroscopic and fluctuating parts of T

T = Tm +ΔT (34a)

where

Tm =
Ta + Tb
2

and ΔT is an Ornstein-Uhlenbeck process [13]

dΔT

dt
= −2λΔT +R(t). (34b)
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A similar treatment gives for σ

σ = σm +Δσ (35a)

with

σm = λ
Ta − Tb
2

(
1

Tb
− 1
Ta

)

and

Δσ =

(
1

Tb
+
1

Ta
− 2

Tm

)
λΔT +

[(
1

Tm
− 1
Ta

)
ja +

(
1

Tb
− 1

Tm

)
jb

]

+Δ
1

T
(ja − jb − 2λΔT ) . (35b)

Similar expressions hold for the entropy flux. Following the same procedure as before,
it is easy matter to show that Δσ = ΔJ = 0. This is, again, due to the linearity of
Eq. (34b) satisfied by the excess variable as a result of which the mean and the most
probable values coincide, Tm = T and ΔT = δT = 0.

4 Reactive systems

We now turn to processes, typical examples of which are chemical reactions, involving
non-conserved variables and giving rise to source terms σi in the general balance
Eq. (1). We consider successively a chain of first-order reactions and a prototypical
nonlinear model.

4.1 First-order reactions

Let A be a reactant giving rise to a final product B through the intermediates Xi
(i = 1, . . . n):

A
k1�
k−1
X1
k1,2�
k2,1
· · · kn−1,n�
kn,n−1

Xn
kn+1�
k−(n+1)

B. (36)

The overall system is supposed to be isothermal, well-stirred, free of external forces
and closed with respect to the Xis but open with respect to A and B. Following our
local equilibrium hypothesis, the entropy of the system depends on the concentrations
a, b and {xi} of substances A, B and {Xi}, s = s(a, x1, . . . xn, b) with ∂s/∂a = −μa/
T and similarly for the other state variables. Focusing on the contributions of mass
exchange and reactions to the evolution equation of s, one gets

ds

dt
= −μa

T

da

dt
− μb
T

db

dt
−

n∑

i=1

μi

T

dxi

dt
· (37)

The rates of change of xi depend entirely on the chemical reactions rates in (36):

w0 = k1a− k−1x1,
wi = ki,i+1xi − ki+1,ixi+1 (i = 1, . . . n− 1)
wn = kn+1xn − k−(n+1)b.

(38)
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A random force reflecting the effect of fluctuations is associated to each of these
systematic processes. This leads to the rate equations (cf. Eqs. (1)–(3))

dx1

dt
= w0 +R0(t)− (w1 +R1(t))

dxi

dt
= wi−1 +Ri−1(t)− (wi +Ri(t)) (i = 2, . . . n− 1)

dxn

dt
= wn−1 +Rn−1(t)− (wn +Rn(t)).

(39)

On the other hand, the rates γa, γb at which substances A and B are injected into
the reaction volume through the surface are supposed to cancel their rates of change
resulting from the first and the last chemical reactions in (36), thereby maintaining
the concentrations a, b fixed within the volume. This leads to

da

dt
= γa − (w0 +R0(t)) = 0

db

dt
= γb + (wn +Rn(t)) = 0.

(40)

Using Eq. (6a) we may identify the entropy flux in Eq. (37) as

J =
1

T
(−μaγa − μbγb)

or, using (40),

J =
1

T
[−μa (w0 +R0(t)) + μb (wn +Rn(t))] . (41)

The entropy production part comprises, in addition to the “boundary” terms asso-
ciates to the first and the last reactions, terms arising from the reactions 2 to n− 1.
This leads to (cf. Eq. (6b))

σ =
1

T

[
(μa − μ1) (w0 +R0(t)) +

n∑

i=2

(μi − μi+1) (wi +Ri(t))

+ (μn − μb) (wn +Rn(t))
]
. (42)

We notice that the rate equations (39) are linear in the concentrations. It follows that
the macroscopic (mean-field) values xim are equal to the mean values xi, in other
words in the decomposition

xi = xim +Δxi (43a)

the deviations Δxi may be identified to the fluctuations around the mean: Δxi = δxi
with

Δxi = δxi = 0. (43b)

Furthermore, we see from Eq. (41) that J is linear in the concentrations x1 and xm.
It follows that in the decomposition

J = Jm +ΔJ

ΔJ = 0, i.e. the mean entropy flux associated to the fluctuations vanishes. By virtue
of ergodicity the mean entropy production of the fluctuations Δσ in the decomposi-
tion σ = σm +Δσ is then also vanishing, Δσ = 0. These conclusions are in complete



958 The European Physical Journal Special Topics

agreement with those obtained from the balance equation of the Gibbs-Shannon en-
tropy previously derived by using a master equation approach [5].
As an illustration, we consider the simplest realization of scheme (36), where only

one intermediate X is present. The rate equation for the concentration x reads

dx

dt
= w0 +R0(t)− (w1 +R1(t))
= k1a− (k−1 + k2)x+ k−2b+R(t) (44)

with R(t) = R0(t) − R1(t). The entropy flux J is still given by Eq. (41), while the
entropy production becomes

σ =
1

T
[(μa − μ) (k1a− k−1x+R0(t)) + (μ− μb) (k2x− k−2b+R1(t))] . (45)

The decomposition in Eq. (43a) now leads to

xm =
k1a+ k−2b
k−1 + k2

and
dΔx

dt
= −(k−1 + k2)Δx+R(t) (46)

where Δx coincides with the fluctuation δx around the mean. Accordingly, decom-
posing σ as in eqs. (9), (25b)–(26b) and (35) yields at the steady state, using as in
Sect. 3.1 the expression for the chemical potential of a diluted mixture,

σm =
1

T
(μa − μb)w0 = kB

(
k1k2a− k−1k−2b
k−1 + k2

)
ln
k1k2a

k−1k−2b
(47a)

Δσ =
1

T
{[k−1(μm − μa) + k2(μm − μb)]Δx+ (μa − μm)R0(t) + (μm − μb)R1(t)}

+
1

T
Δμ [(k2 + k−1)Δx+R1(t)−R0(t)] . (47b)

We note that, similarly to the case of diffusion, both σm and Δσ depend on chemical
potential differences. Furthermore, the first part in Eq. (47b) which contains contribu-
tions of first order vanishes at equilibrium. As for the property Δσ = 0, it can again be
checked explicitly by multiplying both sides of Eq. (46) by Δμ = kBT ln (1 + Δx/xm)
and averaging over the realizations of the noise. Finally, as in the case of diffusion
and heat conduction, Δσ itself displays a marked variability around its zero average.

4.2 Nonlinear effects

The principal effect of nonlinearities in the structure and the statistical properties of
the rate laws for the concentrations, of the entropy flux and of the entropy production
is to introduce deviations between the mean values and the most probable values that
are featured in the macroscopic description. The origin of these deviations is the non-
commutation of the averaging operation of a nonlinear function of the state variables
and of the averaging of the variables themselves,

f(x1, . . . xn) = f(x1, . . . xn) + Corrections involving variances and

higher order moments.
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In this subsection we analyze the consequences of this property on a prototypical
model involving an autocatalytic step,

A + X
k1�
k−1
2X X

k2�
k−2
B, (48)

assuming as in the previous subsection that the concentrations a, b of reactant A and
product B are maintained constant within the reaction volume. Equations (38)–(39)
are now replaced by

w0 = k1ax− k−1x2, w1 = k2x− k−2b (49)

and

dx

dt
= w0 +R0(t)− (w1 +R1(t))
= (k1a− k2)x− k−1x2 + k−2b+R(t) (50)

with
R(t) = R0(t)−R1(t).

The macroscopic value xm satisfies the equation

(k1a− k2)xm − k−1x2m + k−2b = 0. (51a)

On the other hand, averaging Eq. (50) over the realizations of the noise yields

(k1a− k2)x− k−1x2 + k−2b− k−1δx2 = 0. (51b)

Comparing (51a) and (51b) we conclude that xm differs from x. Setting

x = xm +Δ

one gets to the dominant order

Δ ≈ k−1
k1a− 2k−1xm − k2 δx

2
. (52)

We notice that the denominator in this expression is the Lyapunov exponent of the
noise-free part of Eq. (50). It is negative as long as k2 �= 0 but tends to zero in the
limit k2 → 0, where the system undergoes a transcritical bifurcation. In this case,
then, the correction Δ and the macroscopic value xm become comparable.
Coming next to the entropy balance, one may derive straightforwardly the expres-

sions for the entropy flux and entropy production replacing Eqs. (41) and (42):

J =
1

T

[−μa
(
k1ax− k−1x2 +R0(t)

)
+ μb (k2x− k−2b+R1(t))

]
(53)

σ =
1

T

[
(μa − μ)

(
k1ax− k−1x2 +R0(t)

)
+ (μ− μb) (k2x− k−2b+R1(t))

]
. (54)

As in all cases previously studied, we have σ = −J in the stationary state and,
separately, σm = −Jm and Δσ = −ΔJ . These quantities can be easily computed
starting from the expression of J rather than σ

σm = −Jm = 1
T
(μa − μm)

(
k1axm − k−1x2m

)
(55)
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Fig. 2. Mean value of the stationary entropy production of the fluctuations normalized
with the variance of x, for the model (48), as a function of concentration b. The other
parameters are k1a = 5, k−1 = k2 = k−2 = 1 and Ω = 100. The dots correspond to the
outcome of numerical integrations. The averaging was obtained from 10,000 realizations of
the corresponding stochastic differential equations, with dt = 1.0× 10−5. The plain curve is
the prediction of Eq. (56), and the dashed lines indicate the state of equilibrium.

and, to the dominant order,

Δσ = −ΔJ = 1
T
(μa − μb) k2Δ

=
1

T
(μa − μb) k2k−1

k1a− 2k−1xm − k2 δx
2 (56)

where Eqs. (51) and (52) have been used. We conclude that the mean entropy pro-
duction of the fluctuations no longer vanishes as long as the system is maintained out
of thermodynamic equilibrium (μa �= μb). Furthermore (see Fig. 2), Δσ is negative if
μa > μb and positive otherwise since the denominator in Eq. (56) is negative on the
grounds of the stability of the state xm (for k2 �= 0) [5,6]. Actually, using Eq. (54),
we may also estimate the stochastic entropy production incorporating the effect of
fluctuations:

Δσ =
1

T

{
(μa − μm)

(
(k1a− 2k−1xm)Δx− k−1Δx2 +R0(t)

)

+(μm − μb) (k2Δx+R1(t))}
+
1

T
Δμ
[
(k2 + 2k−1xm)Δx+ k−1Δx2 − k1aΔx+R1(t)−R0(t)

]
. (57)

Here the average value of the deviation Δx from xm is the quantity Δ introduced in
Eq. (52), with Δx2 = δx2+Δ2. Δx itself satisfies the nonlinear stochastic differential
equation (cf. Eq. (50))

dΔx

dt
= (k1a− 2k−1xm − k2)Δx− k−1Δx2 +R(t) (58)
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reducing to an Ornstein-Uhlenbeck process only to the dominant order. Comparing
(56) and (57) we see that the dominant part of the average value Δσ comes from the
first group of terms in Eq. (57). The latter can in turn be decomposed as follows.

– Terms where the thermodynamic forces (here the affinities A0, A1) are evaluated
at their reference values in the macroscopic state xm, and the fluxes (here the
reaction rates w0, w1) are deviated to the first order from their reference values,∑
ρAρΔwρ.

– Terms involving explicitly the random forces,
∑
ρAρRρ(t).

The mean stochastic entropy production can also be calculated independently, using
the balance equation for the Gibbs-Shannon entropy as derived from the master
equation. Full agreement with Eq. (56) is obtained. The interest of our formulation is
to give access not only to the averaged, but to the full stochastic entropy production
and to allow us to address its statistical properties. This will be the subject of the
next section.

5 Probability densities and related quantities

We start with the evaluation of the probability density associated to the entropy
production of fluctuations Δσ under nonequilibrium conditions and in absence of
nonlinearities in the evolution equations of the state variables. The dominant part of
Δσ is then given by the first group of terms in Eqs. (26b), (35b) and (47b), which
are linear combinations of the noises and of the deviations of the state variables from
the reference state. We write this part in the generic form

Δσ1 = az + F (t) (59)

with

σ ≈ σm +Δσ1.
Here F (t) is a white noise and z an Ornstein-Uhlenbeck process [13] which denotes,
depending on the case, Δc, ΔT or Δx and satisfies an equation of the form of Eqs. (24),
(34b) or (46)

dz

dt
= −αz +R(t). (60)

The coefficients a and α and the variances q2 and Q2 of R(t) and F (t) can be spec-
ified by comparison with the aforementioned equations and depend, among others,
on the values of the transport coefficients, rate constants and chemical potential or
temperature differences.
As pointed out in the end of Sect. 2, the determination of the probability density

of Δσ is complicated by the presence of singularities associated to the Gaussian white
noise F (t). To remove them we switch from Δσ to the mean entropy Σt produced
during a time interval t,

Σt =
1

t

∫ t

0

dt′σ(t′)

= σm +
1

t

∫ t

0

dt′Δσ1(t′)

= σm +ΔΣt. (61)
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Integrating both sides of Eq. (59) with respect to time we see that ΔΣt is the super-
position of the process

Zt =
a

t

∫ t

0

dt′z(t′) (62a)

and of

Vt =
1

t

∫ t

0

dt′F (t′) =
1

t
(Wt −W0) (62b)

where z satisfies Eq. (60) and Wt is a Wiener process of variance Q
2t/2.

By the central limit theorem, both Zt and Vt are Gaussian. Their variances ΔZ
and ΔV can be evaluated straightforwardly, yielding

ΔZ =
q2a2

α2t
+
q2a2

α3t2
(
1− e−αt)

ΔV =
Q2

t
·

This determines fully the corresponding probability densities P (Zt), P (Vt) and allows
to evaluate P (ΔΣt) through the relation

P (ΔΣt) =

∫
dZtdVtP (Zt)P (Vt)δ (ΔΣt − Zt − Vt) (63)

where the limits in both Zt and Vt are set from −∞ to ∞. The integration is thus
straightforward and yields again a Gaussian distribution of the form

P (ΔΣt) =

√
t

2πΔ0
exp−

(
tΔΣ2t
2Δ0

)
(64)

with (we take for simplicity time t	 α−1)
Δ0 = Q

2 +
q2a2

α2
· (65)

From these relations, the probability of Σt itself can be inferred:

P (Σt) =

√
t

2πΔ0
exp

[
− t(Σt − σm)

2

2Δ0

]
· (66)

We see that time going on, P (Σt) becomes centered on σm with an increasingly sharp
peak, entailing in particular that the probability mass associated to negative values of
Σt becomes small This feature can be expressed in the form of a large deviation-type
property [16–18]

P (Σt)

P (−Σt) = exp−
{
− t

2Δ0

[
(Σt − σm)2 − (Σt + σm)2

]}

= exp

(
2σm
Δ0
Σtt

)
· (67)

This expression is reminiscent of the ones derived, in a different context, by a
number of authors. The difference is in the value of the coefficient in the exponent. In
our expression, this coefficient integrates information on macroscopic-level processes
through the value of σm, and on microscopic-level ones through the value of q

2.
Figure 3 depicts the steady state probability distribution P (ΔΣt) for different

distances from equilibrium and for different times t, in the case of mass diffusion. The
distributions were obtained from the time averages of the full Eq. (26b) and a direct
simulation of the stochastic differential Eq. (24). Figure 3a depicts the distribution
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Fig. 3. Probability distribution P (ΔΣt). The marks stand for the distributions of ΔΣt
obtained from 10,000 values of (26b) calculated through numerical simulations of Eq. (24)
with dt = 1.0× 10−5. The plain curves correspond to Eq. (64). Figure 3a was obtained with
a total time t = 20, cb = D = 1, and ca = 1.5 (circles), ca = 2 (squares) and ca = 2.5
(diamonds). In Fig. 3b, ca = 1.5 and the values of the other parameters are the same as
in Fig. 3a. The three curves correspond to three different times: t = 50 (circles), t = 100
(squares) and t = 150 (diamonds).

of ΔΣt obtained at a fixed total time t = 20 for different values of the global driving
force μa − μb corresponding to different concentrations of ca. It can be seen that
the steady state probability distributions are in all cases well fitted by Gaussians of
variance

Δ0 =
kBD

Ω

[
(ca + cm)

(
ln
ca

cm

)2
+ (cb + cm)

(
ln
cb

cm

)2
+
1

2
(ca + cb)

(
ln
cacb

c2m

)2]
,

(68)
as predicted from the form of the stochastic differential equation and of the en-
tropy production, using the fluctuation-dissipation theorem (see also the discussion
in Sect. 6). We note in particular that the variance of the distribution at a given time
tends to increase with the distance from equilibrium, which can be understood from
Eq. (68) as a consequence of the increase of both ca and cm. The role played by the
averaging time t was also investigated numerically (see Fig. 3b). We observe that the
distribution of the averaged entropy production gets narrower and narrower as time
increases, as predicted from (64), which reproduces almost perfectly the statistics
obtained from numerical simulations.
Let us rewrite (6b) as

σ = σGP + σMeso, (69)

where the “Glansdorff-Prigogine” entropy production

σGP =
∑

i

Ji ·∇
(
∂s

∂Xi

)

Xj �=i
+
∑

i,ρ

(
∂s

∂Xi

)

Xj �=i
αiρwρ (70a)

has a structure similar to the macroscopic local equilibrium expression, but in which
the Xis are stochastic processes. We notice that despite the fluctuating character of
the state variables, the terms entering σGP strictly satisfy the positivity criterion (7a).
While the overall distribution of the fluctuations of Σt around the deterministic value
σm is intrinsically symmetric, this contribution to the total entropy production will
thus show an asymmetric behavior. In contrast, in the part containing the random
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Fig. 4. Probability distribution of the time-averaged Glansdorff-Prigogine (Fig. 4a) and
mesoscopic (Fig. 4b) entropy productions for the two-compartment mass diffusion. The
vertical line in Fig. 4a indicates the value of the minimum entropy production as predicted
from the macroscopic expression of σ. The histograms were obtained from 10,000 realizations
of the stochastic differential Eq. (24), for ca = 3, cb = 1, Ω = 100 and a total time t = 5.
The time step and the other parameters are identical to those of Fig. 3.

forces grouped into a “mesoscopic” entropy production term

σMeso =
∑

i

ji ·∇
(
∂s

∂Xi

)

Xj �=i
+
∑

i,ρ

(
∂s

∂Xi

)

Xj �=i
αiρRρ, (70b)

such a constraint does not apply. To illustrate this difference we consider once more
the example of the two-compartment mass diffusion. We have (see Eq. (21a))

σGP =
D

T
[(μa − μ)(ca − c) + (μb − μ)(cb − c)]

and

σMeso =
1

T
[(μa − μ)ja − (μb − μ)jb] .

The distributions of the corresponding time-averaged entropy productions ΣGPt and
ΣMesot are depicted in Fig. 4. The distribution of the mesoscopic contribution to
the entropy production is fairly symmetric and has a slightly negative mean. The
Glansdorff-Prigogine part is markedly asymmetric, because it is bounded from below
by the minimum entropy production of the system. As a consequence, the maximum of
probability does not coincide with the mean Glansdorff-Prigogine entropy production,
which is itself slightly larger than the deterministic value, in such a way that the sum
of the mean Glansdorff-Prigogine and mesoscopic entropy production terms is indeed
equal to σm. Such asymmetric distributions would arise if one calculates the entropy
production with the traditional macroscopic expression, based on the measurement
of the fluctuating state variables only, while the full distribution (and the correct
average entropy production) should be obtained when using both the fluctuating
state variables and fluxes to evaluate the instantaneous value of σ.
We next consider the limiting case of equilibrium. As pointed out previously, the

first non-trivial contribution to Δσ comes now from nonlinear terms and can be cast
in the generic form

Δσ2 = αz
2 − zR(t)

= −1
2

dz2

dt
, (71)
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up to a multiplicative factor. Introducing as before the mean entropy produced dur-
ing the time interval (0, t) we are led to inquire about the probability distribution
density of

ΔΣt =
1

2t

(
z20 − z2t

)
(72)

which we express in a way similar to Eq. (63),

P (ΔΣt) =

∫ ∞

0

dz20

∫ ∞

0

dz2tP (z
2
0)P (z

2
t )δ
(
2ΔΣtt− z20 + z2t

)

or, integrating over z20 ,

P (ΔΣt) =

∫ ∞

0

dz2tP (z
2
t )δ
(
2ΔΣtt+ z

2
t

)
if ΔΣt > 0, and

=

∫ ∞

−2ΔΣtt
dz2tP (z

2
t )δ
(
2ΔΣtt+ z

2
t

)
if ΔΣt < 0.

Taking the distribution of both z0 and zt to be the invariant distribution of the
Ornstein-Uhlenbeck process and carrying out the change of variables to z20 and z

2
t ,

we obtain (up to a normalization factor)

P (ΔΣt) ∝ K0
(∣∣∣∣
2α

q2
ΔΣtt

∣∣∣∣

)

where K0 is the modified Bessel function. Further asymptotic expansion of K0 with
respect to its argument (valid as long as q2 is small and/or αt is large) leads to

P (ΔΣt) ∝ 1

(ΔΣtt)
1
2

exp

(
−2α
q2
ΔΣtt

)
if ΔΣt > 0, and

∝ 1

|ΔΣtt|
1
2

exp

(
2α

q2
ΔΣtt

)
if ΔΣt < 0. (73)

We obtain a peculiar, non-differentiable at ΔΣt = 0 structure, with longer tails in the
positive and negative values of ΔΣt as compared to the Gaussian-like distribution
found in the nonequilibrium case.
This property is confirmed by the numerical evaluation of P (ΔΣt), as seen in

Fig. 5 which plots the distribution of the time-averaged entropy production at equi-
librium for the linear reaction (36) with a single intermediate species. Note that the
initial condition z0 of the numerical integrations has to be sampled over its stationary
distribution. For the chosen example, α = k−1 + k2 and q2 = (k1a+ k−2b+ αxm)/Ω
[14,15]. We observe in particular that, as predicted, the probability tends to diverge
as ΔΣt tends to zero. The chance to observe a time-averaged entropy production de-
viating from zero is thus small, in particular for large systems and for long times, but
at the same time these deviations can be relatively large in view of the long tails that
P (ΔΣt) presents both in the domain of positive and negative entropy productions.
We close this section with a brief discussion on the role of nonlinearities in the

structure of the probability density of the stochastic entropy production, using the
model of Sect. 4.2. The steady state solution of the Fokker-Planck equation associated
to the stochastic differential Eq. (50), satisfying zero flux boundary conditions is

ρ(x) = Z−1 exp
{
2

q2

[
(k1a− k2)x

2

2
− k−1x

3

3
+ k−2bx

]}
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Fig. 5. Equilibrium probability distribution of the time-averaged entropy production for
the linear reaction model (36) with a single intermediate species X. The histograms were
obtained from 10,000 realizations of the stochastic differential Eq. (44), σ being calculated
at each time step using Eq. (45). The parameters were k1 = k−1 = k2 = k−2 = 1, a = b = 1,
Ω = 100 and a total time t = 200, and dt = 1.0 × 10−5. The plain curves correspond to
Eqs. (73), with a coefficient of proportionality fitted to a value of ≈ 81.

where Z is the normalization constant. We notice, as stressed also in Sect. 4.2, that
the extremum of ρ(x) corresponds to the reference state xm. Introducing the deviation
Δx from xm and expanding the part of the exponential in Δx

3 in powers keeping the
first non-trivial terms, we obtain

ρ(Δx) ≈ Z−1 exp
{
− 2
q2
|k1a− k2 − 2k−1xm|Δx2

}[
1− 2k−1

q2
Δx3

3

]
· (74)

The point is that while the variance of this distribution is identical to the Gaussian
variance, the second term introduces an asymmetry correction entailing that the mean
value Δ of Δx is not zero (alternatively, the mean value x of x is different from xm).
Carrying on the calculation we end up with a form of Eq. (57) limited to the

linear parts in δx and R(t) and following the same procedure as earlier in this sec-
tion, we conclude that the probability density of ΔΣt will inherit the asymmetry of
P (Δx), while still being peaked around σm. This is fully confirmed by the numerically
evaluated probability (see Fig. 6) as obtained by direct simulation of the stochastic
differential Eq. (50).

6 Conclusions

The local equilibrium hypothesis constitutes the basis of classical nonequilibrium ther-
modynamics. In the present work this hypothesis has been extended to incorporate
the effect of the fluctuations. We developed on this basis a stochastic thermodynam-
ics extending the classical theory, in which entropy becomes a random functional
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Fig. 6. Probability distribution of the time-averaged entropy production for the nonlinear
model (48). The histograms were obtained from 10,000 realizations of the stochastic differ-
ential Eq. (50), with σ being computed from Eq. (54). The parameters were chosen to be
k1 = k−1 = k2 = k−2 = 1, a = 2, b = 0.01, Ω = 100 and a total time t = 5, the time step
being again 1.0× 10−5.

related to the fluctuating state variables by the same relation as in thermodynamic
equilibrium. We derived a balance equation for this quantity from which a stochastic
entropy flux and a stochastic entropy production were identified. Explicit expressions
for these quantities in terms of generalized fluxes and forces were obtained for sys-
tems possessing a unique stable steady state and illustrated on representative cases
involving mass diffusion, heat conduction and chemical reactions.

As it turned out, in linear systems the contribution of the fluctuations in the av-
erage entropy flux and average entropy production vanishes. This is no longer so in
nonlinear systems, for which fluctuation-induced corrections to classical irreversible
thermodynamics become thus necessary. Finer statistical properties such as proba-
bility densities were analyzed using the mean entropy produced over a time interval
t rather than the instantaneous entropy production, bringing out the important role
of the distance from equilibrium. Away from equilibrium the probability densities are
nearly Gaussian around their most probable values (with a slight asymmetry in the
presence of nonlinear kinetics). In contrast, in the state of equilibrium the contribu-
tions to the fluctuating entropy production linear in the fluctuations vanish and the
probability density becomes markedly non-Gaussian. In both cases there is a non-zero
probability of having negative values of the entropy produced, owing to the fact that
the part of the generalized fluxes associated to the noise sources introduced in the
evolution equations to account for the fluctuations need not be aligned to the asso-
ciated generalized forces. This probability satisfies, however, a large-deviation type
property [16–18], becoming exponentially small as the time interval t and the system
size are increased.

By construction, our approach reduces in a most natural way to classical thermo-
dynamics in the mean-field limit, gives access to local information in space and time,
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and allows one to follow the contribution of the elementary processes going on in the
system on the behavior of the principal observables of interest. It also leads to generic
results, such as the non-Gaussian distribution of entropy production at equilibrium,
which could in principle be verified experimentally. In this respect, it constitutes an
alternative to the formalism of stochastic thermodynamics developed in recent years
[5–11] in which thermodynamic quantities are defined in terms of probabilities. A
detailed comparison of the two approaches for both equilibrium and nonequilibrium
cases would thus be desirable.
A central part of the formalism developed in this work was the introduction of

random forces in the evolution equations of the state variables, whose variances were
generally left unspecified except for their dependence in the inverse of the system
size Ω, see Eq. (19) and reference [15]. A finer information can be obtained under
conditions guaranteeing the validity of the fluctuation-dissipation theorem [13–15,
19], such as being close to equilibrium. The variances become then related to the
parameters appearing in the systematic part of the evolution equations. It would be
interesting to carry out such evaluations for the systems considered in this work.
Throughout our analysis systems fluctuating around a simple, stable steady state

were considered. Our results show that under these conditions fluctuations do not
substantially affect stability, their main role being to induce in the presence of nonlin-
ear kinetics deviations from the mean-field values and asymmetries in the probability
densities. A challenging, largely open problem would be to extend the formalism devel-
oped here to systems undergoing bifurcation to new (possibly time-dependent) states
and/or systems possessing multiple steady states. The evolution of such systems be-
comes now fluctuation-driven and thus raises the question of possible thermodynamic
signatures of the bifurcations, of the different states available and of the transitions
between them.
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