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Quantum vs. classical (=local realist)theory:
QM vs.LR

EPR: Einstein, Podolsky, Rosen (1935):
QM is incomplete, if true(assuming LR)

Bell (1964):
LR is false, if QM true

Same, but now with proposedexperiment:
CHSH: Clauser, Horne, Shimony, Holt (1969)
GHZ: Greenberger, Horne, Zeilinger (1989)
Hardy: Hardy (1993)

Bell: Bell (1964)
Mermin: Mermin (1985)
Acı́n: Acı́n, Durt, Gisin, Latorre (2002)
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Setting
A = 1 or 2

Outcome
X = ±1

Outcome
Y = ±1

Setting
B = 1 or 2

CHSH specifiesψ . . . :
Qψ...

ab {X = ±1} = Qψ...

ab {Y = ±1} =
1
2

Qψ...

12 {X = Y} =
1
2(1 + 1/

√
2) = 0.85

Qψ...

ab {X = Y} =
1
2(1 − 1/

√
2) = 0.15 (ab) 6= (12)

Weihs choseσ uniform:
σ : A ⊥ B, A, B ∼ Bernoulli(1

2)



CHSH 5.2. Verletzungder Bell-Ungleichungin einzelnenMessungen

Bob
1 , +         1 , –  2 , +           2 , –

Zählungen    104122    100144        93348  90841
1 , +  77988           313  1728 1636 179
1 , –           74935         1978            351             294         1143
2 , –            75892            418         1683 269 1100A

lic
e

2 , –            73456 1578           361            1386            156
Koinzidenzen

Zeitverschiebung 3,8 ns Quantentheoretische Vorhersage
Koinzidenzfenster 4,0 ns
Koinzidenzen gesamt 14573 ideal bei 94% -97% Kontrast
ρ(1,1) -0,70 ± 0,01 -0,71 0,68 ± 0,02
ρ(2,1) -0,61 ± 0,01 -0,71 0,68 ± 0,02
ρ(1,2) 0,71 ± 0,01 0,71 0,68 ± 0,02
ρ(2,2) -0,71 ± 0,01 -0,71 0,68 ± 0,02
S 2,73 ± 0,02 2,82 2,72 ± 0,04
Verletzung 29,8 stddev

Tabelle 5.3. : Auswertungvonlongdist35, aufgenommen am22.4.1998. Zus®atzlichsindnochdiequantentheo-
retischenVorhersagenf®ur dieWertederK orrelationsfunktionenangegeben,einmalf®ur einidealesE xperimenteinmal
reduziertum denerzieltenK ontrast (s. Tabelle5.2) . Weil dieserK ontrast nichtf®ur alle Winkelstellungengleichist,
ergebensich gewisseFehler. AuflerdemmuflbeimVergleichderDatenmitdenVorhersagenber®ucksichtigtwerden,
dafl dieim E xperimentrealisiertenAnalysatorwinkelnichtexakt denidealenWinkelnentsprechen.

Beobachter-Stationen die A nalysatorstellungen durcheine zus®atzliche G leichspannungumeinenkon-
stantenWinkelvon�� �� � rotiert. Wenn dieseR otationbei Bob angewandtwird,dannentsprechendie
verschiedenenModulatorstellungendenfolgendenWinkeln:

Ali ce
Polarisatorkanal/ Modulatorstellung � 	 � 	 � 	 � 	
®Aquivalenter Analysatorwinkel � �� � � � �� �

Bob
Polarisatorkanal/ Modulatorstellung � 	 � 	 � 	 � 	
®Aquivalenter Analysatorwinkel �� �� � �� �� � � �� � �� �� �

Dies sindbekanntermaflenjeneWinkel,welchenachderQ uantenphysikgeradediemaximaleVer-
letzungder CHSH Ungleichungergebensollten. U nsereDatens®atze liefern f®ur denB ell-Parameter ,
dessenB etragnach lokal realistischen Modellen kleinerals � seinm®uflte, Wertevon � �	 
� � ��� (long-
dist35) bzw. � ��	 � � ��� (�rstlong3). Die beidenMessungendauertenjeweils s. Die Verletzung
der CHSH-Unglei chungbetr®agt im ersten Fall �� �� im zweiten �� �� , gemessenin Standardabwei-
chungendesBell-Parameters . Die angegebenenFehlerwurdenreinaus denberechnetenFehlern der
Z ®ahlratenermittelt, wie in A bschnitt 5.1 beschrieben,unterder Annahme,dafl es sich umpoissonsche
Z ®ahlprozessehandelt.

Die wahrenFehlerder Meflgr®ofle sindin unseremFalle schwierigzu ermitteln, denndie wahr-
scheinlich gr®oflten Fehlerquellensind die Drift der Modulatorenundunkorrelierte Winkelfehlerdurch

113

Tabelle 5.3:Auswertung von longdist35, aufgenommen am 22.4.1998

Richard Gill
1636 179

Richard Gill
1636 179

Richard Gill
r(1,2) 0,71 ± 0,01 0,71 0,68 ± 0,02
r ± ±



Local Realism

∃ X1, X2,Y1,Y2 : X ≡ XA, Y ≡ YB

(A, B) ⊥ (X1, X2,Y1,Y2) ∼ π

Pπ
ab: probability distribution of(X,Y) given A = a, B = b

Pπ
ab(x, y) = Pπ

ab{X = x,Y = y}

σ : probability distribution of(A, B)
σ (a,b) = σ {A = a, B = b}

Pσπ : probability distribution of(A, B, X,Y)
Pσπ(a,b, x, y) = σ(a,b)Pπ

ab(x, y)



Local Realism

∃ X1, X2,Y1,Y2 : X ≡ XA, Y ≡ YB

(A, B) ⊥ (X1, X2,Y1,Y2) ∼ π

Pπ
ab: probability distribution of(X,Y) given A = a, B = b

π : probability distribution of(X1, X2,Y1,Y2), marginsπab

Pπ
ab(x, y) = Pπ

ab{X = x,Y = y}

= π{Xa = x,Yb = y} = πab(x, y)

=

∑
x1,x2,y1,y2 : xa=x,yb=y

π(x1, x2, y1, y2)



Bell’s Theorem

Fix σ , define
Πσ = {Pσπ

: π arbitrary}, Θσ = {Qσψ
: ψ . . . arbitrary}.

Πσ andΘσ are compact and convex,Πσ ⊆ Θσ

Θσ \Πσ 6= ∅

CHSH proof: specific choice ofQψ

ab(x, y)

Hardy proof: specific choice ofQψ

ab(x, y)

GHZ proof: three parties, specific choice ofQψ

abc(x, y, z)

In experimentmust also chooseσ(a,b), or σ(a,b, c):
fair or biased coins, uncorrelated or correlated



Bell’s Theorem

CHSH:

π{X1 = Y2} − π{X1 = Y1} − π{X2 = Y1} − π{X2 = Y2}

≤ 0

hence
Pπ

12{X = Y} − Pπ
11{X = Y} − Pπ

21{X = Y} − Pπ
22{X = Y}

≤ 0

but under QM we can have
Qψ

12{X = Y} − Qψ

11{X = Y} − Qψ

21{X = Y} − Qψ

22{X = Y}

=
√

2 − 1> 0



Bell’s Theorem

Hardy:

π11(−−) = 0 andπ12(+−) = 0 andπ21(−+) = 0 implies
π22(−−) = 0

hence
Pπ

11(−−) = 0 andPπ
12(+−) = 0 andPπ

21(−+) = 0 implies
Pπ

22(−−) = 0

but under QM we can have
Qψ

11(−−) = 0 andQψ

12(−+) = 0 andQψ

21(+−) = 0 and
Qψ

22(−−) = 0.09



Bell’s Theorem

GHZ:

π{X2Y1Z1 = +} = π{X1Y2Z1 = +} = π{X1Y1Z2 = +} = 1
impliesπ{X2Y2Z2 = +} = 1

hence
Pπ

211{XY Z = +} = Pπ
121{XY Z = +} = Pπ

112{XY Z = +} = 1
implies Pπ

222{XY Z = +} = 1

but under QM we can have
Qψ

211{XY Z = +} = Qψ

121{XY Z = +} = Qψ

112{XY Z = +} = 1
and Qψ222{XY Z = +} = 0



Quantum Mechanics(von Neumann)

ρ, X̂ operators on Hilbert spaceΗ, ψ ∈ Η; f : R → R:

ρ is astateif ρ ≥ 0, trace(ρ) = 1
ρ =

∫
5[ψ]P(dψ) (mixture of pure states)

X̂ is anobservableif X̂∗
= X̂

f (X̂) too is an observable
(replace eigenvalues byf of eigenvalues) e.g.1A{X̂}

Experiment:measureobservablêX on system in stateρ
Outcomeis random, call itX

Qρ,X̂
{X ∈ A} = trace(ρ1A(X̂))

EQ( f (X)) = trace(ρ f (X̂))



Quantum Mechanics

Commuting observables can be measured simultaneously
Qρ,X̂

{X ∈ A,Y ∈ B} = trace(ρ1A(X̂)1B(Ŷ))

Product spaceΗ⊗Κ

Joint stateρ onΗ⊗Κ

ObservableŝX onΗ, Ŷ onΚ define commuting observables
X̂ ⊗ 1, 1⊗ Ŷ onΗ⊗Κ

Joint measurement of̂X onΗ with Ŷ onΚ:
Qρ,X̂,Ŷ

{X ∈ A,Y ∈ B} = trace(ρ1A(X̂)⊗ 1B(Ŷ))



CHSH

Η = Κ = C2

|©〉, |§〉 orthonormal basis ofC2

ψ = |©〉 ⊗ |©〉 + |§〉 ⊗ |§〉

ρ = 5[ψ]

X̂α: eigenvalues±1,
eigenvectors cosα |©〉 + sinα |§〉 , sinα |©〉 − cosα |§〉

Ŷβ: . . .

Qρ,X̂α,Ŷβ{X = ±1} =
1
2 = Qρ,X̂α,Ŷβ{Y = ±1}

Qρ,X̂α,Ŷβ{X = Y} = cos2
(
α − β

)



CHSH
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α2 = π/4

α1 = 0
β2 = −π/8

β1 = −π/8 − π/4

α1 − β2 = π/8

αa − βb = π/2 ± π/8 for ab 6= 12

cos2(α1 − β2) = 0.85

cos2(αa − βb) = 0.15 forab 6= 12



Given experiment, whichσ is best? Which experiment is best?

Fix experiment:Qψ

ab(x, y)
Experimenter choosesσ
RepeatN times (large), collect data∼ Qσψ

Local realist must explain withπ

Bayesiandata analyst:
− log(Pr{Πσ |data})/N ≈ infπ D(Qσψ

: Pσπ)

Frequentistdata analyst:
p-value of best test statistic of H0 : Πσ vs. H1 : Θσ

− log(p(data))/N ≈ infπ D(Qσψ
: Pσπ)

Computer scientist: Increased description length for data∼ Qσψ

when using best coding forΠσ



D(Q : P) ≥ 0 relative entropy(Kullback-Leibler divergence)
of P relative to (from)Q

D(Q : P) = EQ log
dQ

dP

=

∑
abxy

Q(a,b, x, y) log
Q(a,b, x, y)

P(a,b, x, y)

=

∑
ab

σ(a,b)D(Qψ

ab: Pπ
ab)

Problem: how to compute

sup
σ

inf
π

∑
ab

σ(a,b)D(Qψ

ab: Pπ
ab)



Missing Data

Fix σ , ψ , . . .

Computation of

inf
π

EQ log
dQ

dPπ

is computation of themaximum likelihood estimator ofπ given
observations on(A, B, X,Y) with cell frequencies equal to their
expectations underQσψ

The problem is anonparametric missing data problem:
observe(A, B, X,Y)

function of(A, B) and(X1, X2,Y1,Y2)

(A, B) ⊥ (X1, X2,Y1,Y2)

(X1, X2,Y1,Y2) ∼ π completely unknown

Use VD-IQM; EM too slow.



Game Theory(von Neumann)

DefineD(σ, π) = D(Qσψ
: Pσπ)

=
∑

abσ(a,b)D(Q
ψ

ab: Pπ
ab) =

∑
abσ(a,b)Dab(π)

sup
σ

inf
π

D(σ, π) ≤ inf
π

sup
σ

D(σ, π)

Thegame has a valuewhen equality holds
Thegame has a saddlepointwhen∃ σ ∗, π∗ such that

σ ∗
= ! max

σ
D(σ, π∗)

π∗
= ! min

π
D(σ ∗, π)



Game Theory

Proposition: Game has saddle point implies game has value

Typically no value, no saddle point

Von Neumann: typically,randomized gamehas saddle point



Game Theory

D(σ, π) is linear inσ , convex inπ
(nonparametric missing data problem)

If σ is arbitrary, randomizing overσ doesn’t change the game!
Game randomized inπ has saddle point

By convexity inπ , saddle point̃π∗ is non-randomizedπ∗

By linearity inσ , saddle pointπ∗ is an equalizer forDab(π)

If σ is arbitrary, we need just search forσ ∗, π∗ such that
Dab(π

∗) is constant in(a,b)
π∗ is npmle forπ based onQσ ∗ψ(a,b, x, y)



Results

CHSH:0.0463“bits per trial”; σ uniform is optimal

Hardy: 0.0280(uncorrelated 0.0279, uniform 0.0278)

GHZ: 0.407(uniform 0.203)

Mermin: 0.021 (uniform 0.016)
Bell: 0.016 (uncorrelated 0.015, uniform 0.013)

Acı́n trinary-outcome:0.058(maximally entangled),
0.072(maximally resistant).

Gill trinary outcome:0.0768, Popescu recursive0.031

Conjecture: CHSH is best two-party binary-outcome experiment
GHZ best three-party binary-outcome



Numerical experiments: R aka GNU S + VD-IQM
Vertex direction iterative quadratic minimization

hidden variables in AIDS epidemiology

Detection loophole, memory loophole, random arival times:
martingale methods from clinical cancer trials

Time, Finite Statistics and Bell’s Fifth Position
quant-ph/0301059


