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Abstract. We propcse and evaluate new agorithms to suppat the attomata
based approach to model-cheding: algorithms to solve the universality and lan-
guage inclusion problems for nondeterministic Buchi automata. To oktain those
new algorithms, we establish the existence of pre-orders that can be exploited to
efficiently evaluate fixed pants onthe automata defined during the complemen-
tation step (that we keep implicit in our approadh). We evaluate the performance
of our new algorithm to chedk for universality of Buchi automata experimentally
using the random automaton model recently proposed by Tabakov and Vardi.
We show that on the difficult i nstances of this probabili stic model, our agorithm
outperforms the standard ones by several orders of magnitude. This work is an
extension to the infinite words case of new algorithms for the finite words case
that we and co-authors have presented in arecent paper [DDHRO6].

1 Introduction

In the automata-based approach to model-chedking[VW86,VW94], programsand prop-
ertiesare modeled byfinite automata. Let A be afinite automatonthat modelsaprogram
andlet B be afinite automaton that models a spedficaion that the program shoud sat-
isfy: al the traces of the program (exeautions) shoud be traces of the spedficaion,
that is £(A) C £(B). To solve theinclusion problem, the dassca automata-theoretic
solution consists in complementing the language of the automaton B and then to chedk
that £(A) N L¢(B) isempty (thelater intersedion being computed as a product).

In the finite case, the program and the spedfication are finite automata over finite
words (NFA) and the construction for the complementation is conceptually simple: it
is achieved by a dasdcd subset construction. In the case of infinite words, the pro-
gram and (or at least) the spedfication are nondeterministic Buchi automata (NBW).
The NBW are dso complementable; this was first proved by Biichi in the late six-
ties [BL69]. However, the result is much harder to oltain than in the case of NFA. The
orginal construction of Biichi hasaO(22") worst case complexity (wheren isthe sizeof
the automatonto complement) which isnot optimal. Inthelate @ghties Safrain [Saf8§],
and later Kupferman and Vardi in [KV97], have given optima complementation pro-
cedures that have O(271°8 ™) complexity (see[Mic88] for the lower bound. While for
finite words, the dasdcd algorithm has been implemented and shown pradicdly us-
able, for infinite words, the theoreticdly optimal solution is difficult to implement and
very poa results are known abou their pradica behavior. The adual attempsto imple-
ment them have shown very limited in the size of the spedficaionsthat can be handed:



automata with more than aroundten states are intradable [ TabO6GKSV03]. Such sizes
are dealy not sufficient in pratcice Asa mnsequence, toalslike Spin [RHO4] that im-
plement the automata-theoretic goproach to model-chedkingask either that the comple-
ment of the spedficaionis explicitly given or they limit the spedficaionto properties
that are expressblein LTL.

In this paper, we propase anew approach to chedk £(A) C £(B) that can handle
much larger Buchi automata. In arecent paper, we have shown that the dassca subset
construction can be avoided and kept implicit for cheding language inclusion and lan-
guage universality for NFA andtheir alternating extensions[DDHROE€]. Here, we adapt
and extend that technique to the more intricate automata on infinite words.

To present the intuition behind ou new techniques, let us consider a simpler setting
of the problem. Assume that we ae given a NBW B and we want to ched if X« C
L(B), that is to ched if £(B) is universal. First, remember that £(B) is universal
when £¢(B) is empty. The dasscd agorithm first complements B and then chedks
for emptiness The language of a NBW is nonempty if there exists an infinite run of
the automaton that visits accepting locaions infinitely often. The existence of such
arun can be established in pdynomial time by computing the following fixed pant
F = vy - px - (Pre(z) U (Pre(y) N o)) where Pre is the predecessor operator of the
automaton (given a set L of locationsit returnsthe set of locations that can read L in
one step) and « is the set of acceting locdions of the automaton. The automaton is
nonempty if and only if itsinitial locaionis amember of thefixed pant 7. Thiswell-
known algorithmis quadraticin the sizeof the automaton. Unfortunately, the automaton
that accepts the languege £°(B) is usaly huge and the evaluation o the fixed pant is
unfeasable for al but the smallest spedficaions B. To overcome this difficulty, we
make the following observation: if < isasimulation pre-order on the locaions of B¢
(¢, < I means ¢, can simulate ¢5) which is compatible with the acceting condtion (if
{1 =l and ¥y € athen {1 € ), then the sets that are computed during the evaluation
of F are dl <-closed (if an element ¢ isin the set then all ¢/ < ¢ are dso in the set).
Then <-closed sets can be represented by their <-maximal elements and if operations
on such sets can be computed diredly on their representation, we have the ingredients
to evaluate thefixed pant in amore dficient way. For an automaton 3 over finite words,
set inclusonwould be atypicd example of asimulationrelationfor B¢ [DDHRO6].

We show that the dasdcd constructions for Buchi automata that are used in the
automata-theoretic goproach to model-chedkingare dl equipped with asimulation pre-
order that exists by construction and dces not need to be computed. On that basis we
propcse new algorithms to chedk universality of NBW, language inclusion for NBW,
and emptinessof alternating Buchi automata (ABW).

We evaluate an implementation of our new algorithm for the universality problem
of NBW and ona randamized model recently proposed by Tabakov and Vardi. We
show that the performanceof the new agorithm onthisrandomized model outperforms
by several order of magnitude the eisting implementations of the Kupferman-Vardi
algorithm [Tab06GKSV03]. When the dasdcd solutionis limited to automata of size
8 for some parameter values of the randamized model, we ae ale to hande aitomata
with morethan ore hunded locationsfor the same parameter values. We have identified
the hardest instances of the randamized model for our algorithms and show that we can
till handle problems with several dozens of locations for those instances.



Structure of the paper In Sedion 2, we recdl the Vardi-Kupferman and Miyano-
Hayashi constructions that are used for complementation o NBW. In Sedion 3 we
recdl the notion of ssimulation pre-order for a Blichi automaton and prove that the fixed
point neaded to establish emptinessof nondeterministic Biichi automata handles only
closed sets for such pre-orders. We use this observation in Sedion 4to define anew
algorithm to dedde emptinessof ABW. In Sedion 5 we aapt the technique for the
universality problem of NBW. In Sedion 6, we report on the performances of the new
algorithmfor universality. In Sedion 7, we extendthoseideasto oltain anew algorithm
for languageinclusion of NBW. Sedion 8concludes the paper.

2 Buchi Automata and Classcal Algorithms
An alternating Buchi automaton (ABW) isatuple A = (Loc, ¢, X, 0, o) where:

— Loc isafinite set of states (or locaions). Thesize of A is|A| = |Loc];

— 1 € Locistheinitial state;

— Yisafinite alphalet;

— 8 : Loc x ¥ — BT (Loc) is the transition function where B+ (Loc) is the set of
positive bodean formulas over Loc, i.e. formulas built from elements in Loc U
{true, false} usingthe bodean conredives A and V;

— a C Loc isthe accgtance ondtion.

We say that aset X C Loc satisfies aformulay € Bt (Loc) (noted X | ¢) iff
the truth assgnment that assgns true to the members of X and assgns false to the
members of Loc\ X satisfies .

A runof Aonaninfinitewordw = o - 01 ... isabAG Ty, = (V,v,, —) where:

— V = Loc x Nisthe set of nodes. A noce (¢, 1) represents the state ¢ after thefirst ;
letters of the word w have been read by .A. Nodes of the form (¢, ) with ¢ € o are
cdled a-nocks;

- v, = (¢,0) istheroat of the DAG;

—and— C V x Visachthat (3)if (¢,i) — (¢,7) theni’ =i+ 1 and (i7) for every
(¢,i) e V,theset {¢' | (¢,1) — (¢,i+ 1)} satisfiestheformulad(¢, o;).

We say that (¢',i + 1) isasuccessor of (¢,4) if (¢,7) — (¢',i+ 1), andwe say that
(¢',i") isreachaefrom (¢,4) if (¢,7) —* (¢',4").

ArunTy, = (V,v,,—) of A onaninfiniteword w is acceptingiff al it sinfinite paths
m rooted at v, (thus 7 € Loc®) visit a-nodesinfinitely often. Aninfiniteword w € X«
is accepted by A iff there exists an accepting run onit. We denote by £(A) the set
of infinite words accepted by A, and by £¢(.A) the set of infinite words that are not
acceted by A.

A nondeterministic Buichi automaton (NBW) is an ABW whaose transition func-
tionisrestricted to digunctions over Loc. Runs of NBW reduceto (linea) traces. The
transition function of NBW is often seen as a function [Q x ¥ — 29] and we write
5(6,0) = {l1,...,0,} instead of 6(¢,0) = €,V la V- - -V £,. We nateby Pre* (L) the
set of predecesrsby o of the set L: Pref([Q ={leloc|3 €L :V cilo)}.
Let Pre(L) = {¢ € Loc | 3o € X' : £ € Prel'(L)}.



Problems The emptinessproblem for NBW is to dedde, given an NBW A, whether
L(A) = 0. This problem is lvable in pdynomial time. The symbdlic goproach
throughfixed pant computationis quadratic in the sizeof A.

The universality problemfor NBW isto dedde, given an NBW A over the dphabet
X whether £(A) = X* where X isthe set of dl i nfinite words on X. This problem
is PSpAcE-complete. The dasdcd algorithm to dedde universdlity is to first comple-
ment the NBW and then to chedk emptinessof the complement. The difficult step is
the complementationas it may cause an exporential blow-upin the size of the automa-
ton. There exists two types of construction, one is based on a determinizaion o the
automaton [Saf88] and the other uses ABW as an intermediate step [KV 97]. We review
the second construction below.

The languag inclusion problem for NBW isto dedde, given two NBW A and B,
whether £(A) C L(B). This problem is central in model-chedkingand it is PSPACE-
complete. The dasscd solution consists in checking the emptinessof £(.A) N £¢(B),
which again requires the expensive complementation o 5.

Theemptinessproblemfor ABW isto dedde, givenan ABW A, whether £(A) = 0.
This problem is also PSPACE-complete and it can be solved using a trandation from
ABW to NBW that preserves the language of the automaton [MH84]. Again, this con-
struction involves an exporential blow-up that makes graight implementations feasi-
ble only for automata limited to aroundten states. However, the enptinessproblem for
ABW isvery importantin pradicefor LTL model-chedingasthere exist efficient poly-
nomial trandations from LTL formulasto ABW [GOO01]. The dasscd constructionis
presented below.

Kupferman-Vardi construction Complementation o ABW is draightforward by du
alizing the trangition function (by swapping A and Vv, and swapping true and false in
ead formulas) and interpreting the acceting condtion « as a @-Buchi condtion, i.e.
arunT, isacceted if al it sinfinite paths have asuffix that contains no a-nodes.

The result is an alternating co-Biichi automaton (ACW). The runs of ACW have a
layered structure that has been studied in [KV 97], where the notion of ranksis defined.
The rank is a positive number associated to ead nock of arun T, of an ACW on a
word w. Let Gy = T,. Nodes of rank 0 are those nodes from which only finitely many
nodes are readablein Gy. Let G; betherunT,, from which all nodes of rank 0 have
been removed. Then, nodes of rank 1 are those nodes of G; from which noa-nodeis
readable in G;. For i > 1, let G; be the the run T, from which all nodes of rank
0,...,7 — 1 have been removed. Then, nodes of rank 2i are those nodes of Go; from
which only finitely many nodes arereatablein G»;, and nodes of rank 2i + 1 are those
nodes of Go;41 fromwhich noa-nodeisreahablein G 1. Intuitively, the rank of a
node (¢, ¢) hintshow difficult it i sto provethat al the paths of 7., that start in (¢, 7) visit
a-nodes only finitely many times. It can be shown that every node has a rank between
0 and2(|Loc| — |«|), and al a-nodeshave an even rank [GKSV03].

The layered structure of the runs of ACW induces a aonstruction to complement
ABW [KV97]. We present this construction dredly for NBW. Given a NBW A =
{Loc, ¢, X, 6, ) and an even number k € N, let KV(A, k) = (Loc’,/, X, 6, a') be an
ABW such that:



— Loc’ = Loc x [k] where [k] = {0, 1,...,k}. Intuitively, the automaton KV (A, k) is
in state (¢, n) after thefirst i letters of the input word w have been rea if it guesses
that the rank of thenode (¢,4) inarun o A onw isat most n;

-V= ([‘7k)!

— 8'((4,4),0) = falseif £ € w andiisodd and aherwised’((¢,4),0) =\, ;(¢1,3)A
Virci(la, )N ANy o, (bn, @) iE8(0,0) = 1V Ly V -+ V £y,; For example, if
5l o) =1 Veathend ((¢,2),0) = ((£1,2)V (€1, 1)V (€1, 0))A((£2,2)V (€2, 1)V
(£2,0)).

— o = Loc x [k]°% where [k]°?? isthe set of odd numbersin [k].

The ABW that the Kupferman-Vardi construction spedfies accepts the complement
language and its dzeis quadratic in the size of the original automaton.

Theorem 1 ([KV97]) For all NBW A = (Loc,t, X, §, «), for all 0 < k' < k, we have
L(KV(AK)) C L(KV(A, k)) andfor k = 2(|Loc| — |a]), we have L(KV (A, k)) =
Le(A).

Miyano-Hayashi construction Classcdly, to ched emptinessof ABW, a variant of
the subset constructionis appli ed that transformsthe ABW into aNBW that acceptsthe
same language [MH84]. Intuitively, the NBW maintains a set s of states of the ABW
that corresponds to a whole level of a guessed run DAG of the ABW. In addition, the
NBW maintains a set o of states that “owe” avisit to an accepting state. Whenever the
set o gets empty, meaning that every path of the guessed run hes visited at least one
acceting state, the set o isinitiated with the aurrent level of the guessed run. It is asked
that o gets empty infinitely often in order to ensurethat every path of therun DAG visits
acceting states infinitely often. The constructionis as foll ows.

GivenanABW A = (Loc, t, ¥, 6, ), let MH(A) = (2L°cx2toc ({1}, 0), X, &, o)
be aNBW where o/ = 2'°¢ x {()} and ¢’ is defined, for all (s,0) € 2-°¢ x 2L°¢ and
o € X, asfollows:

—If o # 0, then §'((s,0),0) = {(s,0' \ @) | o' C 5,5 = Ny, 0, 0)and
O Neeo 0(6:0) 1
—Ifo=0,thend’({s,0),0) = {(s',s"\) | ' |F N\, 0(¢,0)}.

The size of the Miyano-Hayashi constructionis exporential in the size of the origi-
nal automaton.

Theorem 2 ((MH84]) For all ABW A, we have L(MH(A)) = L(A).

The size of the automaton oltained after the Kupferman-Vardi and the Miyano-
Hayashi construction is an obstade to the straight implementation of the method In
Sedion 3 we propaose anew approad that circumventsthis problem.

Direct complementation In our solution, we implicitly use the two constructions to
complement Biichi automata but, as we will see we do na construct the automata. For
the sake of clarity, we give below the spedficaion d the automaton that would result
from the compasition o the two constructions. In the definition o the state space we
omit the states (¢,7) for ¢ € « and i odd as those states have no successor in the
Kupferman-Vardi construction.



Definition 3 Given a NBW A = (Loc,t, X, d,«) and an even number k£ € N, let
KVMH(A, k) = (Qk X Qk,q., X, 6, ') be aNBW such that:

— Qp = 2(Locx FD\(@xN""") \yhere Nodd s the set of odd retural numbers;
- a.=({(Fk)}0);
— Letodd = Loc x [k]°??; §" isdefined for al s,0 € Q) ando € X, asfollows:
o If 0 #£ (), then §’({s, 0), o) istheset of pairs (s’, o’ \ odd) such that:
(i) o C s
(13) Y(l,n) € s-VU' € §(4,0) -3, n') s’ :n' <m;
(tit) V(l,n) € 0V € 6(,0)-3(W',n') €0 :n' <n.
e If o =), thend’((s, o), o) istheset of pairs (s’, s \ odd) such that:
V(l,n) s -V €dl,o) I ,n)es :n <n.
— o = gLocx[k] w {@},

We write (s,0) T4 (s, 0') to denote (s, 0') € §'({s,0),0).

Theorem 4 ([KV97,MH84]) For all NBW A = (Loc,¢, X, 4§, ), for all 0 < k' < k,
we have L(KVMH(A, k")) € L(KVMH(A, k)) andfor k = 2(|Loc| — |a|), we have
L(KVMH(A, k)) = L¢(A).

3 Simulation Pre-Orders and Fixed Points

Let A = (Loc,t, X, 4, ) be aNBW. Let (2-°¢, C, U, N, (), Loc) be the powerset lattice
of locations. Thefixed pant F 4 = vy - ua - (Pre™ () U (Pre™ (y) N ) can be used to
ched emptinessof A aswe have L(A) # 0 iff L € F 4.

Let <C Loc x Loc be apre-order andlet ¢1 < ¢ iff /1 <l andly A /5.

Definition 5 A pre-order < isasimulatior® for A iff the following properties hald:

— foradl ¢, 45,05 € Loc, foral o € X, if ¢35 < ¢; and /¢y € 6(¢1, o) then there exists
¢y € Locsuchthat ¢4 < {3 and ¥y € 6(¢5,0);
— foral £ € o, foral ¢ € Loc,if ¢/ < /then? € a.

A set L C Locis =<-closed iff for all /1,¢5 € Loc, if {1 < /5 and ¢y € L then
¢y € L. The <-closureof L, istheset |L = {{ € Loc | 3¢’ € L : £ < I'}. We
denote by Max(L) the set of <-maximal elementsof L: Max(L) = {¢{ € L | }¢' € L :
¢ < {'}. When the montext is ambiguous, we sometimes write | < and Max< with the
intended pre-order in subscript. For any <-closed set L C Loc, we have L =|Max(L).
Furthermore, if < isa partial order, then Max(L) is an antichain of elementsanditis
a cawonicd representation o L. The following lemma states interesting properties of
=<-closed sets of locdtions.

Lemma 6 For all NBW A = (Loc,, X, §, ), for all smulations < for A, the foll ow-
ing properties hald:

1. for all <-closed set L C Loc, for all o € %, PreZ(L) is <-closed;

3 Severa nations of simulation pre-orders have been defined for Biichi automata, see[EWS05]
for asurvey.



2. for all <-closedsets L, Lo C Loc, L1 U Ly and L1 N Ly are <-closed;
3. theset ar is <-closed.

We can take advantage of Lemma 6 to compute the fixed pant F 4 more dficiently
in terms of space @nsumptionand exeautiontime. First, we represent <-closed sets by
their maximal elements. Thisway, the size of the setsisusually drasticaly reduced. As
wewill seelater, thiscan paentially save an exporential fador. Second, theunion of <-
closed sets can be computed efficiently using this representation as we have Max(L; U
Ly) = Max(Max(L1) U Max(Lz)). Third, we will seethat the NBW that we have
to analyzein the automata-based approach to model-cheding are dl equipped with a
simulation pre-order that can be exploited to compute dficiently the intersedion and
the predecessors of <-closed sets of locations.

Intuitively, when computing the sequence of approximations for F 4, we can corn-
centrate on maximal elements for a smulation pre-order as those locations are such
that if they have an accepting runin A, then al the locaions that are smaller for the
pre-order also have an acceptingrunin A.

4 Emptinessof ABW

We now show how to apply Lemma 6 to chedk more dficiently the enptinessof ABW.
Let A4y = (Locy,t1,X,01,1) be aa ABW for which we want to dedde whether
L(A;) = 0. We know that the (exporential) Miyano-Hayashi construction gves a
NBW A; = MH(A;) such that £(A2) = L(A1). We show that the emptinessof A,
(or equivaently of A5) can be dedded more dficiently by computing the fixed pant
F 4, andwithou constructing explicitly A5. To doso, we show that there existsasim-
ulationfor A, for which we can compute U, N and Pre by manipulating orly maximal
elements of closed sets of locaions.

Let MH(A;) = (Loca, 12, X, d2, aa). Remember that Loc, = 28t x 2L°¢1, De-
fine the pre-order <,:C Loce x Locy such that for al (s,0),(s’,0') € Locg, we
have (s,0) <.k (s',0") iff (i) s C &, (ii) o C o, and (iii) o = 0 iff o' = 0.
Note that this pre-order is a partial order. As a consequence, given a set of pairs L =
{(s1,01),{s2,02),...,(sn,0n)}, theset Max(L) isan antichain and identifies L.

Lemma 7 For all ABW A,, the partial order <, isasimulationfor MH(A;).

Proof. Let .Al = <|_OC1,1,1, 2,51,(,“) and MH(Al) = <L0C27L2,2,(527C¥2>. First, let
o € X and <81701>, <SQ,02>, <83,03> € Locy be such that <83703> =alt <81,01> and
(51,01) Zo5, (s2,00). Weshow that there exists (s4, 04) € Locy suchthat (s3, 03) 2,
(s4,04) @A (s4,04) =<ai (s3,03). First, let us consider the cae where o; = . In this
case, we have o3 = ) by definition of <, and §2((s1,01),0) = {(s/,s' \ 1) | ' E
Nies, 01(1,0)}, this st being contained in d2((s3,03),0) = {(s';s' \ 1) | s’ |=
/\1633 01(l,0)} as s3 puts lessconstraints than s; since sz C s1. A similar reasoning
holdsif o; 75 ?. Second, let <81, 01> € ao andlet <$2, 02> =alt <817 01>. By definition of
ag, weknow that oo = ), and by definition of <, wehaveo, = ) andso (s, 02) € as.

| |



Algorithm 1: Algorithm for Prey(-).

Data :AnABW A; = (Locy, 1, X,61,a1), 0 € X and (s, 0') € 2Lt x 2ltoct
suchthat o’ C s'.

Result : The <.-antichain Pre2®((s’, o')).

begin
1 LPre — @,
2 o—{le€locy|dU(sNa1) E&(,o)};
3 if o' Z a1 Vo =0 then
4 L Lee = {(0,0)};

if o £ 0 then

L s —{l€loci|s [Fdi(lo)};
Lpre — Lpre U {{s,0)};

return Lpye;

o ~N o O

end

So, weknow acrdingto Lemmas that all the setsthat we computeto evaluate F 4,
are <,;-closed. So, we explain now how to computeintersedionsand pre-operationshby
manipulating maximal elements only. Given (s1, 01), (s2,02), We cax compute (s, o)
such that | (s,0) =] (s1,01)N | (s2,02) as follows. If 0; N o # B then (s,0) =
(s1 N 83,01 Nog), andif o1 = 0y = O then (s,0) = (s1 N sq,0); otherwise the
intersedion is empty. Algorithm 1 computes the predecesors of a <,.-closed set by
just manipulatingits maximal elements. It runsin time O(|Locy| - ||61]|) where ||d1]| is
the sizeof thetransitionrelation, defined as the maximal number of bodean conredives
inaformulad; (¢, o).

Theorem 8 Given anABWA1 = <LOC1,L1,Z §1,01), 0 € ¥ and(s',0) € 2tocr x
gloct guch that o’ C ¢, the set Lp,e = Pre?®((s,0)) computed by Algorithm 1 is an
< w-antichain such that | Lpre — Prez2(1{(s/, o')}) where As — MH(A, ).

Proof. Let Ay = MH(A;) = (Locy, 1o, %, 52,a2 WeshONthat( ) Lpre C Preft2(|
{(s,0")}) and (2) forall (s1,01) € Pre2(1{(s', 0’ }2 there e<|sts (5,0) € Lpye SUch
that (s1,01) =<ak (s, 0). Th|sentajlsthat lere = Pre, 2 ([{(s',0")

To prove (1), we first show that (s, 0) T4, (s’,0') where <s, o) isadded to Lp,. at
line 7 of Algorithm 1. By the test of line 5, we have o # (). According to the definition
of MH(-) (see Sedion 2), we have to ched that there exists a set o’ C s’ such that
o' =0"\ a1 (wetakeo” = o' U (s’ N ay)), and the foll owing condtions hald:

(i) 8" Npes 01(¢,0) sincewe have s’ |= 61 (¢,0) foral £ € s byline6 of Alg. 1.
(i1) 0" | Nyeo01(¢,0) sincewe haveo” |= 61(¢, o) foral £ € o byline 2 of Alg. 1.

Sewnd, we show that (o, 0) 5, (s”,0”) for some (s”,0") <. (s',0') where
(0,0 isadded to Lp,. at line 4 of Algorithm 1.

Wetakes” =o' U (s'Nay) ando” = s” \ a;. Sinceo’ C s’,wehave(a)
and we have (b) 0" = o' \ a1 C o'. Let usestablish that (c) o’ = 0 iff o”

Q :
o = 0 theno” = P sinceo” C o.If o' # () then by the test of line 3, we hav



o' ¢ ay andthus o” # . Hence we have (s”,0") <. (s’,0’), and byline 2 of the
agorithm, wehave s” |= 6, (¢, o) foral £ € o, andthuss” = A, 91 (¢, o). Therefore
(0,0) T, (5", "),

To prove (2), assume that there exist (s1,01) and (s, o)) such that (s1,01) 5,
(s}, 0h) and (s}, 0}) =<ar (', 0'). We have to show that there exists (s, 0) € Lpre Such
that (s1,01) <ait (s,0).

First, assuimethat o, # (). Since (sy, 01) —s, (s},0}), we have:

(¢) foral ¢ € s1, 8] = 0(f,0) andsinces; C s dso s’ = §1(¢,0). Let s bethe
set defined at line 6 of Algorithm 1. For all ¢ € Loc, if s’ |= 61(¢,0) then ¢ € s.
Hence, s1 C s.

(i¢) foral ¢ € o1, 0f = 61(¢,0) for some o] C s suchthat o) = of \ a;. Hence
necessarily of C of U(siNaq) C o' U(s' Neay)andthusforal £ € 01,0’ U(s'N
a1) | 61(¢, o). Let o bethe set defined at line 2 of Algorithm 1. For al ¢ € Loc, if
o' U (s Naq) =614, 0) then? € 0. Hence o; C oando # (0.

Hemce (s, o) whichisadded to Lp,. by Alg. 1 at line 7 satisfies (s1, 01) =i (s, 0).
Sewnd assumethat o, = ). Since (s1,01) L4 (s}, 0}) ando; = ), we know that
foral ¢ € s1,s] = 01(¢,0) and o} = s] \ aq. Let s” = o' U (s’ Nay) S0 we have
(a) fNa; Cs'Na; Cs”and () s]\ar =0) Co Cs” Hence s) C s” and
thusforal ¢ € s1, s” = 61(¢, o). Let o be the set defined at line 2 of Algorithm 1. For
al £ € Loc, if s” = 6,(¢,0) then £ € o. Hence, s; C o and {s1,0) <. (o0, 0) where
(0, 0) isadded to Lp, by Algorithm 1 at line 4. Noticethat the test at line 3 is stisfied
becaise o] = s} \ a1 impliesthat o} € ay vV of = 0 andsince (s}, 0}) <ai (s',0"), we
haveo’ € a1 Vo' = 0. [ ]

5 Universality of NBW

Given the NBW A = (Loc,t, X, 6, o), we define the pre-order <,ni,C (2% x
gLoexi) 5 (gLoex Ny glocxNy asfollows: for s, s”, 0,0’ C Locx N, let (s,0) <univ (s',0')
iff the following condtionshald:

— foradl (¢,n) € s, there eists (¢, n') € s’ suchthat n’ < n;
— foral (¢,n) € o, there ists (¢, n') € o’ suchthat n’ < n;
—o=10iff o’ = 0.

Thisrelationformalizestheintuitionthat it iseasier to accept awordin KVMH( A, k)
from a given locaion with a high rank than with alow rank. This is becaise the rank
is always deaeaing alongevery path of therunsof KV(A4, k), and so arankis always
simulated by a greaer rank. Hence esentially the minimal rank of s and o is relevant
to define the pre-order <. Thethird condtionrequiresthat accepting states are sim-
ulated by accepting states.

The relation =<,y IS @ simulation for the NBW KVMH(A, k) (with state space
Qr x Q) defined in Sedion 2

Lemma 9 For all NBW A, for all even numbers & € N, the restriction of <y t0
(Qr x Q) X (Qr x Q) isasimulationfor the NBW KVMH(A, k) of Definition 3



The proof of Lemma 9 is given in the gppendix.

According to Lemma 6, al the intermediate sets that are computed by the fixed
point F 4. to chedk emptinessof A¢ = KVMH(A, k) for k = 2(|Loc| — |a|) (and thus
universality of A) are <,,;,-closed.

Before computingU, N and Pre for <,,;,-closed sets, we make the foll owing useful
observation. Givenaset s € Qy, defineits characteristic function f, : Loc — NU{co}
suchthat f;(¢) = inf{n | (¢,n) € s} with theusual conventionthat inf ) = cc.

Lemma 10 For all sets s, s',0,0" € Q, if fo = fo and f, = for, then (s,0) <univ
(s',0")y and(s’, 0') Zuniv (s, 0).

Let f,g, f', ¢ be charaderigtic functions. We write f < f’iff for al ¢ € Loc,
f0) < f'(¢) andwewrite (f,g) < (f',¢")iff f < fandg < ¢'. Let max(f, f') be
thefunction f” suchthat " (¢) = max{f(¢), f’(¢)} forall £ € Loc. Wewrite f, for the
functionsuch that fj(¢) = oo for al ¢ € Loc. Given an even number k € N, definethe
set[f1i={s € Qi | f. = f} andtheset [(f.9)]s= {(s.0) | s € [f]x N0 € [gl o C
s}. Observethat f < f/iff [f']x<[f]x. We extend the operator [-]i to sets of pairs
of charaderigtic functions as expeded. Accordingto Lemma 10, the set [{f, ¢)]x isan
equivalence dassfor the equivalencerelationinduced by <y, and a < -closed set
(aswell asits <,niv-maximal elements) is aunion o equivalence dasss, so it can be
equivalently seen asa union o pairs of charaderistic functions.

Now, we show how to compute dficiently U, N and Pre for <,,i,-closed sets that
are represented by charaderistic functions. Let Lq, Lo be two sets of pairs of char-
aderistic functions, let L, be the set of <-minimal elements of L; U Lo, and let
L = {(max(fs, fo), max(fo, for)) | (fss fo) € LiN(fs's for) € LaAmax(fo, for) #
foy U{{max(fs, fsr), fo) | (fs: fo) € L1 A {fs, fo) € La2}. Then, we have [Ly]r=
Max(}[L1]x U [[L2]r) and [La]x= Max({[L1]x N [ L2]k)-

To compute Pre(-) of a singe pair of charaderistic functions, we propcse Algo-
rithm 2 whose correanessis established by Theorem 11. Computing the predecesors
of aset of charaderistic functionsis then straightforward using the dgorithm for union
of sets of pairs of charaderistic functions snce

PreKVMH(.A,k)(L) — U U PregVMH(A,k)(g)
ceX el

Theorem 11 GivenaNBW A = (Loc, ¢, X, §, ), 0 € X, aneven number k, and a par

of characteristicfunctions(f,, f.-) suchthat fss < fo/,theset Lpe = Prep™ ((fs/, for))
computed by Algorithm 2 is uch that | [Lp.]x= Pre"YMAAR (| (1., f,)]x) and

v(fsafo> € Lpe : fs < fo.

The proof of Theorem 11 is given in the gpendix. In Algorithm 2, we represent
oo by any number strictly greaer than &, and we adapt the definition o < as follows:
f < friffforal ¢ € Loc, either f(¢) < f'(¢) or f'(¢) > k. Inthe dgorithm, we use
the notations [n]°49 for the least odd number n’ such that n’ > n, and [n]ee" for the
least even number n’ such that n’ > n.



Algorithm 2: Algorithm for Pre™(.).
Data :ANBW A = (lLoc,¢, X,0,a), 0 € X, an even number k£ and a pair
(fs, for) Of charaderistic functions.
Result :Theset Pre™ ((fy, for)).
begin
foreach ¢ € Loc do
fo(l) <0
foreach ¢/ € §(¢, o) do
if ¢/ € athen f,(¢) «— max{fo(£), for (¢)};
L else fo(€) «— max{fo(£), min{for (€'), [ for (€)1°*}};
| if £ € athen fo(0) — [fo(O)]*" ;
Lpre — {(fo, fo)}
if 30: fo(£) < k(i.e 0 # () then
foreach ¢ € Loc do
L fs() — max{fs (') | £ € 6(£,0)};
if £ € athen fi(£) «— [fs(£)1%";
| Lpre — Lee U{(fs, fo)};
return Lpe;
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end

The structure of Algorithm 2 is dmilar to Algorithm 1, but the computations are
expressd in terms of charaderistic functions, thus in terms of ranks. For example,
lines 4-5 compute the equivalent of line 2 in Algorithm 1, where «; corresponds here
to the set of oddranked locations, and thus contains no a-nodes. Details are given
in the proof of Theorem 11 Algorithm 2 runs in time O(|Loc|?), which is no more
computationall y expensivethan the dasscd Pre. However, thereis often an exporential
fador between the number of elements in the agument of Pre in the two approaches.
For example, the set o/ = 2-°°*[* x {()} with an exporential number of elements is
represented by the unique pair (fs, fy) where f(¢) = 0 for al ¢ € Loc, which makes
the new approach much more dficient in pradice

6 Implementation and Practical Evaluation

The randomized model To evaluate our new algorithm for universality of NBW
and compare with the existing implementations of the Kupferman-Vardi and Miyano-
Hayashi constructions, we use arandom model to generate NBW. This model was
first proposed by Tabakov and Vardi to compare the dficiency of some dgorithms
for automata in the context of finite words automata [TVO05 and more recantly in
the cntext of infinite words automata [Tab0§. In the model, the input aphabet is
fixedto X' = {0,1}, and for ead letter o € X, anumber &, of different state pairs
(¢,¢") € Loc x Loc are chasen uniformly at random before the correspondng transi-
tions (¢, o, ¢') are alded to the automaton. Theratio r, = Ifgcl is cdled the transition

density for o. This ratio represents the average outdegree of ead state for . In all




Table 1. Automata size for which the median exeaution time for cheding uriversality is less
than 20secnds. The symbad oc means more than 1500

f "M 02|04|06|08|10|12|14|16|18|20[22]| 24 |26]|28(30
01| o< | o< | o |550/200{120| 60| 40| 30| 40| 50| 50 | 70 | 90 (100
03| o | o< | o< |500|200|{100| 40 | 30 | 40 | 70 |100| 120 | 160| 180|200
05| o« | o« | o< |500|200|120| 60 | 60 | 90 | 120|120| 120 | 140| 260|500
0.7 || o< | o< | o« |500(/200|{120| 70 | 80 | 100|200|440[1000| < | o |
09 || ox | @« | o [500]|180|100| 80 [200|600| o | s x | x|

experiments, we chocse ry = rp, and dencte the transition density by r. The model
contains asecond parameter: the density f of accepting states. Thereisonly oneinitial
state, and the number m of accepting states is linea in the total number of states, as
determined by f = ﬁ The acceting states themselves are chosen uniformly at ran-
dom. Observethat sincethe transition relationis not always total, automatawith f = 1
arenot necessarily universal.

Tabakov and Vardi have studied the spaceof parameter values for this model and
argue that “interesting” automata ae generated by the model as the two parameters r
and f vary. They also study the density of universal automatain [Tab0g.

Performance mmparison We haveimplemented our algorithm to chedk the universal-
ity of randamly generated NBW. The aodeiswritten in Cwith an expli cit representation
for charaderistic functions, as arrays of integers. All the experiments are condicted on
abiprocesor Linux station (two 3.06Ghz Intel Xeons with 4GB of RAM).

Fig. 1 shows as a function o r (transition density) and f (density of accepting
states) the median exeaution times for testing uriversality of 100 randam automata
with |Loc| = 30. It shows that the universality test was the most difficult for » = 1.8
and f = 0.1 with amedian time of 11 seconds. Thetimesforr < 1 andr > 2.8 are
not plotted becaise they were dways lessthan 250ms. A similar shape and maximal
median timeis reported by Tabakov for automata of size6, that is for automata that are
five times smaller [Tab0g. Ancther previous work reports prohibitive exeaution times
for complementingNBW of size6, showingthat explicitly constructingthe complement
isnot areasonable gproach [GKSV03].

To evauate the scdability of our algorithm, we have ran the foll owing experiment.
For a set of parameter values, we have evaluated the maximal size of automata (mea
sured in term of number of locaions) for which our algorithm could analyze 50 over
100 instances in lessthan 20 seands. We have tried automata sizes from 10 to 1500,
with afine granularity for small sizes (from 10 to 100 with an increment of 10, from
100 to 200 with an increment of 20, and from 200 to 500 with an increment of 30) and
a rougher granularity for large sizes (from 500 to 1000 with an increment of 50, and
from 1000 to 1500 with an increment of 100).

The results are shown in Fig. 2, and the correspondng values are given in Table 1.
The verticd scde islogarithmic. For example, for r = 2 and f = 0.5, our algorithm
was ableto handle & least 50 automata of size 120 in lessthan 20secnds and was not
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able to doso for automata of size 140. In comparison, Tabakov and Vardi have studied
the behavior of Kupferman-Vardi and Miyano-Hayashi constructions for different im-
plementation schemes. We compare with the performances of their symbalic goproach
which is the most efficient. For the same parameter values (r = 2 and f = 0.5), they
report that their implementation can handle NBW with at most 8 states in less than
20 seonds [Tab0g. For the eaier instances r = 2.5 and f = 0.9, they can analyze
automata of size & most 200 while we go ower 1500 states.

In Fig. 3, we show the median exeaution time to chedk universality for relatively
difficult instances (r = 2 and f vary from 0.3 t0 0.7). The verticd scdeislogarithmic,
s0 the behavior isrougHy exporential in the size of the automata. Similar analyzes are
reported in [Tab0§ but for sizes below 10.

Finally, we give in Fig. 4 the distribution o exeaution times for 100 automata of
size50 with» = 2.2 and f = 0.5, so that rougHy half of the instances are universal.
Eadch pant represents one aitomaton, and ore point li es outside the figure with an exe-
cutiontime of 675sfor anon uriversal automaton. The existenceof very few instances
that are very hard was often encountered in the experiments, and thisis why we use the
median for the exeautiontimes. If we except this hard instance, Fig. 4 shows that uni-
versal automata (average time 350ms) are slightly easier to analyze than nonruniversal
automata (average time 490ms). This probably comes from the fad that we stop the
computation o the (gredest) fixed pant whenever theinitial stateisnomore <, -less
than the successve goproximations. Indeed, in such case, sincethe gproximationsare
<univ-deaeasing, we know that the initial state would also nat liein the fixed pant. Of
course, thisoptimizaion applies only for nonuniversal automata.

7 Language Inclusion for Blichi automata

Let.A; = (Locy, 1, X, 01, 1) and. Ay betwo NBW defined onthe same dphabet X for
which we want to chedk language inclusion: £(A;) C* £(Az). To solve this problem,
we chedk emptinessof £(A;) N L£¢(Az). Aswe have seen, we can use the Kupferman-

1200
800



Scdability analysis f=2.2,r=05

H T i : T
w0 Kok e NotUnvast D
2 L -
£ .. e - e 0.0
g 10 T & g
g % 8 5}
5] 1 ]
% X & : o S
s 01 {" i
0.01 :
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 0.01 01 1
Automatasize Exeautiontime (s)
Fig.3. Median time to chedk univer- Fig. 4. Exeattiontimeto chedk univer-
sdlity (of 100 automatafor eat sality of 100 automata, 57 o
sample paint). which were universal.

Vardi and Miyano-Hayashi construction to spedfy aNBW A5 = (Loca, 12, X, 02, a2)
that accepts the complement of the language of As.

Using the dasdcd product construction, let B be afinite automaton with set of
locaions Locg = Locy X Locy, initia state tg = (1, t2), and tranition function dz
such that 6g((¢1,42),0) = 01(¢1,0) X d2(¥2,0). We ejuip B with the generalized
Buchi condtion {1, f2} = {a1 X Locg,Loc; X aq}, thus asking for arun o B to
be acceting that it visits 5, and 3, infinitely often. It is routine to show that we have
L(B) = L(A1) N L(AS). Thefollowingfixed pant

Flh=uvy- (;m  [PreB(a1) U (Pre® (y) N 31)] N s - [Pre® (2) U (Pre® (y) N ﬂg)])

can be used to chedk emptinessof B as we have £(B) # 0 iff . € Fj. We now
define the pre-order <;,. over the locaions of B: for all (¢1,43), (¢}, ¢5) € Locg, let
(£17£2) jinc (£/17£/2) iff El = 6/1 and€2 juniv £,2

Lemma 12 Therelation <;,. isa simulation for 5.

As a mnsequence of the last lemma, we know that al the sets that we have to
manipulate to solve the language inclusion problem using the fixed pant 7 are <inc-
closed. The operators U, N and Pre can be thus computed efficiently, using the same
agorithms and data structures as for universality. In particular, let Pre}<(¢7,¢5) =
PreZt (£,) x Pre"™(£}) where Pre“"" is computed by Algorithm 2 (with input As,). It
is easy to show asa coroll ary of Theorem 11 that |Prel™(¢/, ¢4) = PreB (1{(¢},04)}).

8 Conclusion

We have shown that the expensive complementation constructionsfor nondeterministic
Biichi automata can be avoided for solving classca problemslike universality and lan-
guage inclusion. Our approad is based onfixed pants computation and the existence
of simulation relations for the (exporential) constructions used in complementation o
Biuichi automata. Those simulations are used to dramaticadly reducethe anourt of com-
putations needed to dedde dasdcd problems. Their definitionreli es on the structure of
the original automatonand do na require expli cit complementation.



Theresultingalgorithms eval uate afixed pant formula and avoid redundant compu-
tations by maintaining sets of maximal elements acarding to the simulation relation.
In pradice the computation o the predecesor operator, which is the key of the g-
proadh, is efficient because it is done on antichain of elements only. Eventhoughthe
classcd approaches (as well as ours) have the same worst case complexity, our proto-
type implementation ouperformsthose gproacheswhere complementationis explicit.
The huge gap of performances holds on the entire parameter spaceof the randomized
model proposed by Tabakov and Vardi.

Applicaions of this paper go beyond universality and languageinclusion for NBW,
aswe have shown that the methoddogyappli esto aternating Blichi automatafor which
efficient trandations from LTL formula ae known [GOO01]. The hope rises then that
significant improvements can be brougkt to the model-cheding problem of LTL.
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9 Appendix

Proof of Lemma 9. Let A = (Loc,t, X, §, a) andKVMH( A, k) = (Qr X Qk, q., X, 0, o).
First, we show that for all <81,01>, <82,02>, <$3,03> € Qr X Qp, fordl o € X if
<$1,01> Lg/ <$2,02> and <83,03> =< <81,01> then <S3,03> L(sl <82,02>. Notice that
we havetrivially (s2, 02) <univ {s2,02). We givethe proof for o; # 0. The cae o1 = 0)
is proven similarly. According to Definition 3, since (s1, 01) 25 (s2,02) We have (i)
V(l,ny) € s1-V0 € 6(,0)-3(l',ng) € s3:n2 < nq and(ii) V(¢,nq) € 01 -V €
5(€,0) - A(',n2) € 03 : ma < my. Since (s3,03) =< (s1,01), wehave oz # 0 and (i)
V(f, ng) € S3-3(£,n1) € s1:n1 <ngand (ZZI) V(f, TL3) € 03'3(5, nl) €01 :n1 < n3.

Combining (i) and (') yieldsV(¢, n3) € s3 - V' € §(¢,0) - I(¢',n2) € s2 : na <
ny < ng, andcombining (z7) and (i) yieldsV(¢,n3) € o3 - V¢’ € §(¢,0) - (¢, ng) €
02 :no < ny < ns. Sinceos # (), thisimpliesthat (s3, 03) L5 (s2,02).

Seownd for dl (s,0) € o/ wehaveo = ), andthusforal (s’,0’) C Loc x [k], if
(s',0") < (s,0) then o’ = () sothat (s’,0’) € .

Hence <,niv isasimulationfor KVMH(A, k). [ ]

Proof of Theorem11. Let A° = KVMH(A, k) = (Qk X Qk,q., X, ,a').

Weshow that (1) [Lpre]xC Pre (1[(fsr, fo)]x) and (2) foral (s1,01) € Pre2 (|
[{fs, for)]k), there exists (s, 0) €[Lpre]r such that (s1,01) <univ (s, 0). Thisentails
that |[Lere]k= Pres (1[(fsr, for)lk)-

We make the following preliminary remarks: if (s,0) L5 (s',0'), then for all
(51,01) €[{fss fo)]r, there exists (s}, 0}) €[(fsr, for)]x SUChthat (s1,01) Zo5 (s, 0}),
which we write (fs, fo) Zos (fs, for). Similarly, if (s,0) <umv (s,0'), then for
al (s1,0}) €l{fs, fo)]x We have (s,0) <unv (s],0]), which we write (s,0) =<univ
<fs’7 fo’)-

To prove (1), wefirst show that (fs, f.) Zs5 (fs, for) fOr every pair (fs, f,) added
to Lp. at line 12. Moreover, we show that fs < f,. By the test of line 8, we have
[folu {0}. Let (s',0) €[(fur, for)li (5,0 existsbecasse o < f.s). Accordingto
the definition o KVMH(A, k) (seeSedion 2), we have to chedk that there exists a set
o' C s suchthat o' = 0"\ odd (wetake o = o' U (s’ N odd)), and the following
condtionshadfor al (s,0) €[{fs, fo)lx:

(1) Y(t,n) € s- V' €6(,0)-In' <n:(l',n)es.
Observe that for al ¢ € Loc, for dl ¢ € §(¢,0), we have fo(¢) < f(0)
(lines 10,11 o Algorithm 2). Since f,(¢) < n, wetaken’ = f. (¢') and we have
n' < fs(0) < nwith (¢,n') € §'.

(13) Y(l,n)€o-V' €6(f,0)-In' <n: (' n)ed.
Sinceo” = o' U (s’ Nodd), we have f,»(¢') = f,(¢') for ¢’ € aand f,n(¢') =
min{ fo (¢'), [ fs (¢)]°9} for £ ¢ a. Now, for all ¢ € Loc, fordl ¢ € §(¢,0),
we have dther ¢/ € a andthen f,(¢) > n’ forn’ = f,(¢'), or ¢’ ¢ o andthen
fo(0) > n/ for n' = min{ for (¢'), [ £« (€')]°%} (lines 4-6 of Algorithm 2). In bath
cases, for (¢,n) € owehave for (0') <n' < fo(¢) <nand(¢',n') € 0.

Moreover, we prove that:



(i) f, < for
Since fo < fo, we havefor al ¢ € Loc either f,,(¢) > kor for(£) > fo(£).
By lines 4-6 of Algorithm 2, we have for al ¢ € Loc, for all ¢ € §(¢,0) either
foll) = for(€) or fo(€) = [fo(€')]°%, and thus either f,(¢) > k or f,(() >
fs(¢'). Hence, we havefor all £ € Loc either f,(¢) > k or f,(¢) > max{fs(¢) |
¢ € 0(¢,0)}. Therefore, by lines 10-11 of Algorithm 2, if £ & «, then f,(¢) > k
or fo(£) > fs(¢),andif £ € «, then f,(¢) iseven (line 6) and thuseither f,(¢) > k
or fo(¢) > [max{fs(£') | ¢ € 6(¢,0)}]" = fs(¢). Indl cases, fs < fo.

(iv) VL € a: fs(€) and f,(¢) are even.
Thisisenforced byline 11 andline 6 of the dgorithm.

Seand, weshow that for every pair {f,, #) addedto Lp, a line 7, wehave (f,, 0) T4
(s",0") for some (s”,0") Zuniv (s',0") with (s',0") €[{fs', for)]r ({8, 0) exists be-
cause fs < fo). Wetakes” = o' U (s’ Nodd) and o” = s” \ odd. Sinceo’ C ¢,
we have (a) s” C s’, andwe have (b) 0" = o’ \ odd C o’. Moreover, if o' # 0, then
(£,k) € o for some/ € Loc, andsincek iseven, (¢,k) € o” andthuso” # (. Since
o’ C o, wehave (c) o # D iff o # 0. Hence (s”,0"”) <univ (s',0'). The fad that
(fo,0) L5 (s",0") isproven similarly to (i7).

To prove (2), assume that there exist (s1,0;) and (s}, 0}) such that (s1,01) S5
(sh,01) and (s}, 0}) €L[{fs, for)]k- We have to show that there exists (fs, fo) € Lpre
such that <517 01> =univ <fs> fo>-

First, assimethat o; # (). Noticethat since (s}, 01) <univ {fs, for), wehavefor all
¢ € Loceither f, (£) > kor fo (£) > fs(£), andeither f,; (£) > kor for (£) > for (€).
Since (s1,01) 24 (s}, 0}), we have:

(¢) fordl (¢,n1) € s1, foral ¢’ € 6(¢,0), n1 > f5,(£) > fo (¢') and thus ei-
ther ny > k orny > fo(¢). Hence for al ¢ € Loc ether f,(¢) > k or
fs:(0) = max{fs (') | ¢ € 6(£,0)} = fs(¢) (where f, iscomputed byline 10 of
Algorithm 2). Thus, fs < fs,.

(ii) foral (¢,n2) € oy, foral ' € 5(¢,0), n2 2> f,,(£) > for (¢') for some set
o such that of C s} and o} \ odd = o). Hence necessarily of C o} U (si N
odd) C o' U (s"Nodd) andthus f,r > foru(srnoad)- HENCe for al £ € Loc either
Jor(0) > Kkor fo,(€) > fo(¢) (where f, is computed at lines 1-6 of Algorithm 2).

Thus, f, < fo,.

Hence, (fs, f,) added to Lp. by Algorithm 2 at line 12 satisfies (s1,01) =univ
(fs: fo)-

Sewnd, assumethat o; = (. Let s” = o' U (s’ Nodd). Since(s1,01) —5 (s},0)
ando; = (), wehaveo| = s \ odd. Since(s!, 0]} Suniv (fs', for), wehave (a) s§ C s
andthus s} Nodd C s'Nodd C s” and (b) 0] = s} \ odd C o' C s”. Hences| C s”
which is equivalent to say that for al ¢ € Loc either fy, (¢) > kor fo (€) > fsr(£).
Now, by the fad that (s1,0,) T4 (s}, 0}), we know that for al (¢,n,) € s, for
dl ¢/ € 0(¢,0), n1 > fy (¢') and thus either ny > k or ny > fe(¢'). Notice that
foll) = max{fen(¢') | £ € §(¢,0)} where f, iscomputed at lines 1-6 of Algorithm 2.
Thus, either ny > korny > f,(¢) foral ¢ € Loc and therefore f, < f,, so that
(51,0) =univ (fo, D) where (f,, ) isadded to Lp by Algorithm 2 at line 12. u



