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1 Introduction

For more than twenty years, temporal logics [14, 6] and automata theory play a central role in the foundations
for the formal verification of reactive systems. Reactive systems often have to meet real-time constraints. As
a consequence, in the early nineties, temporal logics and automata theory have been extended to explicitly
refer to real-time. Timed automata [2], an extension of usual automata with clocks, have been proposed as a
natural model for systems that must respect real-time constraints. Temporal logics have also been extended
to express quantitative real-time properties [1, 3, 11].

The model-checking problem, given a timed automaton A and a real-time logic formula ¢, consists in
answering by YES or No if the executions of A verify the property expressed by ¢. So the model-checking
problem tries to answer the question A =7 ¢. If the answer is NO then the model-checking algorithm is able
to exhibit an example of execution where the property is falsified.

Response property is a typical example of a real-time property: “if every request reaches the server within
two time units, then every request must be accepted or rejected within four time units”. This property is
easily expressed in TCTL as follows:

VO(send = VQ<orequest) — VO(send — VQ<sgranted V rejected)

The main drawback with this formulation of the response property is that it refers to fixed constants. In the
context of real-time systems, it is often more natural to use parameters instead of constants to expressed the
delays involved in the model. In particular, we would like to formalize the above property in a more abstract
way like “if every request reaches the server within « time units, then there should exist a bound of time
within which every request must be accepted or rejected, that bound should be less than 2«”. In this way,
the property is less dependent on the particular model on which it is checked. This is particularly important
when the model is not completely known a priori. The parametric property above can be formalized using
an extension of TCTL with parameters and quantification over parameters as follows:

Vady - v < 2a A [VO(send = VO< request) — VO(send = VO<,granted V rejected)]

The use of parameters can also be very usefull to learn about a model. For example, parameters in
conjonction with temporal logics can be used to express questions that are not expressible in usual temporal
logics. As an example, consider the following question: “Is there a bound on the delay to reach a o state
from an initial state ?”. This property is easily expressed using the TCTL syntax extended with parameters:
Jdo - V0<q0. The answer to the question is YES if the formula is true. We can even be more ambitious and
ask to characterize the set of parameter valuations for which a formula is true on a given timed model. As
an example, consider the following TCTL formula with parameter v: Y0<,0. If there is no bound on the
time needed to reach a ¢ state from an initial state, then the answer to the parameter valuation problem
would be “empty”, while it would be all the valuations v such that v(a) > c if all paths starting from an
initial state reach a o state within ¢ time units.

We show in this paper that the problems outlined above are decidable for discrete- and dense-timed
automata (if parameters range over natural numbers). When those results were partially known, see [15, 16,
10], the main contributions of this paper are as follows. First, we show that the natural and intuitive notion
of path duration (between regions of a timed automaton) is central and sufficient to answer the parametric
TCTL verification problem. Second, we show that Presburger arithmetic (or the additive theory of reals)
and classical automata are elegant tools to formalize the notion of path durations between regions of a
timed automaton. Finally, using those simple and clean concepts from logic and automata theory, we are
able to prove the decidability of the model-checking problem for a parametric version of TCTL that strictly
subsumes, to the best of our knowledge, all the parametric extensions of TCTL proposed so far. Furthermore,
the technique to establish the decidability results is very similar if the time domain is discrete or dense.

Structure of the paper. The paper is organized as follows. In Section 2, we review some basic notions
about timed automata. We consider both discrete and dense time domains. In Section 3, we introduce
the Parametric Timed CTL logic, PTCTL for short. In Section 4, we details known results about the finite
region graphs underlying any timed automaton. In Section 5, we define the notion of paths duration between



two regions and show that the set of possible path durations between two regions is effectively Presburger
definable when considering a discrete time domain, and effectively definable in the additive theory of reals
when considering a dense time domain. In Section 6, we show that the model-checking problem for PTCTL
can be solved using the notion of path duration and its effective formalization into Presburger arithmetic (or
in the additive theory of reals). In Section 7, we study in details the complexity of our method. In Section
8, we compare our work with existing related works.

2 Timed Automata

In this section, we recall the classical notion of timed automaton [2].

Notations. Throughout the paper, we denote by X = {z1,...,2,} a set of n clocks. We use the same
notation = (x1,...,%,) for the variables and for an assignment of values to these variables. Depending
on whether the timed automata are dense-timed or discrete-timed, the values of the variables are taken
in domain T equal to the set Rt of nonnegative reals or to the set N of natural numbers. Given a clock
assignment z and 7 € T, x + 7 is the clock assignment (21 +7,...,2,+7). A simple guard is an expression of
the form z; ~ ¢ where z; is a clock, ¢ € N is an integer constant, and ~ is one of the symbols {<, <,=,>,>}.
A guard is any finite conjunction of simple guards. We denote by G the set of guards. Let g be a guard and
z be a clock assignment, notation x |= g means that x satisfies g. A reset function r indicates which clocks
are reset to 0. Thus either r(z); = 0 or r(z); = z;. The set of reset functions is denoted by R. We use
notation X for the set of atomic propositions.

Definition 1 A timed automaton is a quadruple A = (L, X, E,I) with the following components: (i) L
is a finite set of locations together with a labeling function £ : L — 2%, (ii) X is a set of clocks, (iii)
ECLxGxRxLis a finite set of edges, (iv) I : L — G assigns an invariant to each location.

Definition 2 A timed automaton A = (L, X, E,I) generates a transition system T4 = (Q,—) with a set
of states Q equal to {(I,z) | | € L,z € T",z = I(1)} and a transition relation - = |J, oy — defined as

follows:
(l,z) 5 (I',2)

e if 7>0,then ! =1"and ' = x + 7 (elapse of time at location 1)
o if 7 =0, then (I,9,7,0') € E, z = g and r(z) = 2’ (instantaneous switch)

The states (I, z) of T4 are shortly denoted by ¢q. Given ¢ = (I,z) € @ and 7 € T, we denote by g+ 7 the state
(I,z + 7). Note that if A is a discrete-timed automaton, the elapse of time is discrete with 7 =1,2,3,---. If
A is a dense-timed automaton, then 7 is any positive real number. Note also that given a transition ¢ — ¢’
of Ty, it is easy to compute the unique 7 such that ¢ = ¢'.

Definition 3 Given a transition system T4, a run p = (g;)i>o is an infinite path in T4
P=0 B a D@ g g

such that ¥;>7; = 00. A finite run p = (¢;)o<i<; is any finite path in T4. A position in p is a state ¢; + 7,
where ¢ > 0, 7 € T and either 7 = 0, or 0 < 7 < 7;. The duration t = D(q) at position ¢ = ¢; + 7 is equal to
t =T+ Yo<i<iTi -

So, if A is a discrete-timed automaton, then D is a function which assigns a natural number to any position
of the run. If A is a dense-timed automaton, the assignment is in RT. As we allow several consecutive
instantaneous switches in the definition of a run, different positions ¢ can have the same duration D(q). The
set of positions in a run p can be totally ordered as follows. Let ¢ = ¢; + 7 and ¢’ = ¢;» + 7' be two positions
of p. Then ¢ < ¢' iff either i <4’ or i =4’ and 7 < 7'.



First type formulae:

gE=y 0 it oeL(l)

qFy iff g

gEy VY ff gFoporqE,y

g, 30 iff  there exists a transition ¢ — ¢’ in T4 such that ¢’ =, ¢

g Fv pIUsqtp iff  there exists a run p = (g;)i>0 in T4 with ¢ = qo, there exists a position p in p
such that D(p) ~v(a), plEy ¥ and p' =y p for all p' < p
g FEv ¢VUt iff  for any run p = (g;)i>0 in T4 with g = o, there exists a position p in p such that

D(p) ~v(a),pEy ¢ and p' =y p for all p' <p
Second type formulae:

qE.0~pB M v(8) ~v(B)

q ':v -f iff ¢ bév f

gEv fVg Hf gl forglEuyg

ql=, 30f iff there exists ¢ € N such that ¢ =, f where v is defined on Py by v’ = v on P55 and
v'(0) =¢

Table 1: Semantics of PTCTL

3 Parametric Timed CTL Logic

Let P = {61,...,0m} be a fixed set of parameters. A parameter valuation for P is a function v : P - N
which assigns a natural number to each parameter 8 € P. In the sequel, @ means any element of P UN and
[ means any linear term ¥;cr¢;6; + ¢, with ¢;,c € Nand I C {1,...m}. A parameter valuation v is naturally
extended to linear terms by defining v(c) = ¢ for any ¢ € N.

The syntax of Parametric Timed CTL logic, PTCTL logic for short, is defined in two steps: we first
define formulae of first type, and then formulae of second type. We propose two logics, the discrete PTCTL
logic and the dense PTCTL logic. The first one is dedicated to discrete-timed automata whereas the second
one is dedicated to dense-timed automata. Notation ¢ means any atomic proposition o € X.

Definition 4 Discrete PTCTL formulae ¢ of first type are given by the following grammar

pu=0|=p|eVe |30 ¢ | pIUiap | P¥Uap

and formulae f of second type by

fo=@l0~B[f[fVf|T0f
Dense PTCTL formulae are defined in the same way, except that operator 30 is forbidden.

In this definition, in second type formula 30 f, it is assumed that 6 is a free parameter of formula f. The
set of free parameters of f is denoted by P;. Note that usual operators U and VU are obtained as U
and YU>o. We now give the semantics of PTCTL logic.

Definition 5 Let T4 be the transition graph of a discrete-timed automaton A and ¢ = (I,z) be a state
of T4. Let f be a discrete PTCTL formula and v be a parameter valuation on P;. Then the satisfaction
relation ¢ |=, f is defined inductively as indicated in Table 1.

If A is a dense-timed automaton and f is a dense PTCTL formula, then the satisfaction relation is defined
in the same way, except that ¢ =, 30 ¢ does not exist.

Problem 6 The model-checking problem is the following. Given a timed automaton A and a state g of T4,
given a PTCTL formula f, is there a parameter valuation v on Py such that ¢ =, f ? The model-checking
problem is called discrete if A is a discrete-timed automaton and f a discrete PTCTL formula. It is called
dense if A is a dense-timed automaton and f a dense PTCTL formula.



4 Region Graphs

In this section we recall the definition of region graph [2]. It is usually given for dense-timed automata.
It can also be applied to discrete-timed automata. Thus in the sequel A = (L, X, E,I) is a discrete- or a
dense-timed automaton.

We first recall the usual equivalence on clock assignements and its extension to states of the transition
system T4 generated by A. For clock z;, let ¢; be the largest constant that x; is compared with in any guard
g of E. For 7 € T, fract(7) denotes its fractional part and |7| denotes its integral part.

Definition 7 Two clock assignements x and z' are equivalent, x ~ 2, iff the following conditions hold
e For any i, 1 < i < n, either |z;] = |2}] or z;,z} > ¢;.
e For any i # j, 1 <i,j < n such that z; <¢; and z; < ¢y,

1. fract(z;) < fract(z;) iff fract(z}) < fract(z}),
2. fract(z;) = 0 iff fract(z}) = 0.

The equivalence relation = is extended to the states of T4 as follows:
g=0,z) =~ ¢ =",2") iff I=0'andz~z

We use [z] (resp. [¢]) to denote the equivalence class to which z (resp. g) belongs. A region is an
equivalence class [g]. The set of all regions is denoted by R. A region [¢] is called boundary if ¢ + 7 % ¢
for any 7 > 0. It is called unbounded if it satisfies ¢ = (I, z) with z; > ¢; for all 4. It is well-known [2] that
~ is back-stable on Q: if ¢ = ¢' and p — ¢, then Jp' = p such that p' — ¢'. It is proved in [1] that states
belonging to the same region satisfy the same set of TCTL formulae. The proof is easily adapted to PTCTL
formulae.

Proposition 8 Let q,q' be two states of T4 such that ¢ =~ ¢'. Let f be a PTCTL formula and v be a
parameter valuation. Then g =, f iff ¢ =, f.

Problem 6 can be thus restated as follows. The interest is obviously the finite number of regions.

Problem 9 Given a timed automaton A and a region r of R, given a PTCTL formula f, is there a parameter
valuation v on Py such that r |=, f 7

We proceed with the definition of region graph. Given two regions r = [¢], ' = [¢'] such that r # ', we
say that r' is a successor of r, r' = succ(r),if Ir € T, q+7€r,and V7' <71, q¢+ 7 €rur.

Definition 10 Let .4 be a timed automaton. The region graph R4 = (R, F) is a finite graph with R as
vertex set and its edge set F' defined as follows. Given two regions 7,7’ € R, the edge (r,r') belongs to F:
(i) if ¢ 5 ¢' in T,x, with 7 =0, r = [¢] and r' = [¢'], or (ii) if r' = succ(r), or (i) if r = ' is an unbounded
region.

We recall that the size |R4| of the region automaton R 4 is in O(2141) [2].

There is a simple correspondence between runs of 74 and paths in R 4. More precisely, let p = (¢;)i>0 be
arun. Consider ¢; =5 g;y1. If 7; = 0 or if [¢;] = [gi+1] is an unbounded region, then ([g;], [¢i11]) is an edge of
R 4. Otherwise, there is a path (r; x)i1<k<n; in R4 such that r;1 = [g;], 7in; = [gi+1] and r; g1 = suce(ri k)
for all k, 1 < k < m;. This path can be empty (when [¢;] = [gi+1])- In this way, an infinite path denoted
7(p) of R4 corresponds to the run p of T4. We say that w(p) is the path associated to p. Such paths are
called progressive since time progresses without bound along p (see Definition 3). On the other hand, for
any progressive path of R4, we can find a corresponding run of T4 [2]. This run is not unique. Let us look
at the region graph R4 when A is discrete-timed. In Definition 7, only the first condition is usefull. Thus
given a clock z;, the possible values in an equivalence class are 1, 2, ..., ¢; and c;” ={ceN|c>¢}. Ifrr
are two regions such that 7' = succ(r), then any clock assignment has been increased by 1.



5 Durations

To solve the model-checking problem (see Problems 6 and 9), we want an algorithm that, given a timed
automaton A4 and a region r of R4, given a PTCTL formula f, tests whether there exists a parameter
valuation v on Py such that r |=, f.

Our approach is the following. Let Py = {61,...,605}. In the case of the discrete model-checking problem,
we are going to construct a formula A(f,r) of Presburger arithmetic with free variables 61, . ..,6,, such that
r |=y f for some valuation v iff the sentence 36, ---30,, A(f,r) is true. Our algorithm follows because
Presburger arithmetic has a decidable theory.

The main tool of our approach is a description, given two regions s, s’ of R4, of all the possible values
of duration D(g;) for any finite run from go to g; in T4 such that [go] = s, [¢;] = s’ (see Definition 11
below). The description is given by a Presburger arithmetic formula. The construction of A(f,r) is then
easily performed by induction on the formula f.

The approach is exactly the same for the dense model-checking problem but with a real arithmetic instead
of Presburger arithmetic.

Definition 11 Let A4 be a timed automaton and R4 = (R, F)) be its region graph. Let s,s' € Rand S C R.
Then AJ , is the set of ¢ € T such that

e there exists a finite run p = (g;)o<i<; in T4 with duration ¢ = D(g;),

e let m(p) = (r1)o<i<k be the path in R4 associated with p, then s = ry, s’ = r and r; € S for any [,
0<I<k.

In this definition, s belongs to S and s’ may not belong to S.

This section is devoted to the study of set Ai o+ In the next section, we solve the model-checking problem.

5.1 Discrete Time

We recall that Presburger arithmetic, PA for short, is the set of first-order formulae of (N, +, <, 0,1). Terms
are built from variables, the constants 0, 1, and the symbol +. Atomic formulae are either equations t; = t2
or inequations t; < ty between terms t;, ta. Formulae are built from atomic formulae using first-order
quantifiers and the usual connectives. Formulae are interpreted over the natural numbers, with the usual
interpretation of +, <, 0 and 1. Presburger theory is the set of all the sentences of Presburger arithmetic
i.e., formulae without free variables. It is well-known that Presburger theory is decidable with a complexity
in 3EXPTIME in the size of the sentence [13]. A set X C N is definable by a PA formula ¢(z) if X is exactly
the set of assignments of variable z making formula ¢ true.

Proposition 12 Let A = (L, X, E,I) be a discrete-timed automaton and R4 = (R, F) be its region graph.
Let s,s' € R and S C R. Then set )\is, is definable by a PA formula. The construction of the formula is
effective.

Proof As A is a discrete-timed automaton, its region graph satisfies the following property. Consider the
edge (r,r') € F. Either it corresponds to an instantaneous switch, which takes no time. Either 7' = succ(r)
and any clock has been increased by 1 from r to . Or ' = r is an unbounded region for which we can
suppose that any clock is increased by 1 along (r,7').

Let a be a fixed symbol meaning an increment by 1 of the clocks. We define a classical [12] automaton C,
as a particular subgraph of R4. It has S U {s'} as set of states and FFNS x (SU{s'}) as set of transitions.
Any of its transitions (r,r') is labeled by € (the empty word) if it corresponds to an instantaneous switch,
and by a otherwise. It has a unique initial state equal to s and a unique final state equal to s’. The
standard subset construction is then applied to C to get a deterministic automaton without e-transitions.
The resulting automaton C' has the special structure of “frying pan” automaton since the only symbol
labeling the transitions is a (see Figure 1). Denote its states by {oo,--- ,0%,--- ,01}, with o¢ the initial
state. Note that C' can have no cycle.
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Figure 1: Frying pan automaton

It is not difficult to check that ¢ belongs to /\i o iff t is the length of a path in C’ starting at oo and
ending at some final state o,,. Hence if m < k, then t = m and if ¥ < m <, then 3z € N,t = m + cz where
¢ =1—k+1 is the length of the cycle. Therefore )\f, o is definable by a PA formula given by a disjunction
of terms like ¢ = m or Iz t = m + ¢z where m, ¢ are constants. a

5.2 Dense Time

To deal with the dense time, we work with the Real arithmetic, RA, instead of Presburger arithmetic. It is
the set of first-order formulae of (R, +,<,N,0,1) where N is a unary predicate. Formulae are interpreted
over the reals numbers. The interpretation of N is defined such that N(z) holds iff z is a natural number.
As for Presburger arithmetic, the Real arithmetic has a decidable theory with a complexity in 3EXPTIME
in the size of the sentence [17]. Note that any PA formula is a RA formula thanks to predicate N(z).

Proposition 13 Suppose that A is a dense-timed automaton. Then set )\f, o s definable by a RA formula.
The construction of the formula is effective.

The proof of Proposition 13 is in the same vein as the proof of Proposition 12, however with some fitting
due to dense time.

The region graph R 4 only deals with clock assignments. In a way to also include the total time elapsed,
we are going to add a new clock zy which is reset to 0 each time it reaches value 1. The new automaton
denoted by A?, is obtained from A = (L, X, E, I) in the following way. First, for each location I, a new term
zo < 1is added to I(l). Second, let (I,g,r,1") € E be any edge of .A. We replace it by two edges (I,91,71,1')
and (I, g2,72,1") such that

e gq is the guard g A (zg < 1), r1 acts as r and lets zy unchanged,
e go is the guard g A (zg = 1), 72 acts as r and resets zg to 0.

Third, for every location ! € L, a new edge (I,g,7,1) is added such that g is the guard zo = 1, r lets all
clocks unchanged except o which is reset to 0, i.e. 7((zo,Z1,-..,Zn)) = (0,21,...,%y).

To any (finite) run p of T4 corresponds in a natural way a run of T 40 such that zo = 0 at its first state.
We denote this run by p°. Conversely to any (finite) run of T 40 corresponds a run of T4 by erasing clock
zo. Note that the run p° may be longer than p as clock z is reset to 0 each time it reaches value 1.

The following property is immediate.

Lemma 14 Let p = (g;)o<i<; and p° = (¢{)o<i<jo. Suppose that duration D(q;) equals t. Then fraci(t) is
equal to the value of o at state q;.)o and [t] is equal to the number of times xq is reset to 0 along p°.

Note that o is reset to 0 along transition ¢ — ¢?,, iff its value is different from 0 at state ¢? and equal to
0 at state g2, ;.

The next lemma is the first step to Proposition 13. We index the equivalence relation ~ by A or A° to
emphasize on the automaton that is used. Clearly if ¢° = 40 ¢'°, then ¢ ~4 ¢'.

Lemma 15 Lett € /\f,s,. If t €]c,c+ 1] for some ¢ € N, then ]c,c + 1[C )\f’s,.



Proof Let t € )\5 &+ By hypothesis, t = ¢+y with 0 <y < 1. Let ¢’ = ¢+ y' such that 0 < 3’ < 1. We have
to prove that t' € AJ

By Definition 11, there exists a finite run p = (g;)o<i<; in T4 with duration ¢ = D(g;) such that the
associated path 7(p) = (rg)o<i<k in R4 satisfies the following properties: s = rg, s’ = r; and r; € S for any
l, 0 S l < k Consider pO = (q’?)OSlSJO in T_AO and 71'(p0) = (’r‘g)OSlSkO in R_AO.

Suppose that q;.’o = (I,z). By Lemma 14, zo = fract(t) = y. We then define q}% = (I,z") such that
2~ Ao z and zj = y' (such an 2’ exists). As relation & 40 is back stable, it follows that there exists a finite
run p" = (¢/°)p<i<jo in T 40 such that ¢{° x40 ¢, for any 4, 0 < i < jO.

Hence m(p°) = 7(p'°). If we forget the additional clock, we get a finite run p’ = (¢})o<i<; in T4 such that
m(p) = m(p").

By construction, the number of times clock xo is reset to 0 along p'® and p° is identical. By Lemma 14,
this number is equal to [¢| = ¢ and D(q}) = ¢+ y'. This shows that ¢' € /\S o O

Proof of Proposition 13. Let R 40 = (Ry, Fy) be the region graph of A°. If r is a region of R 40, we denote
by 7 the region of R4 obtained by erasing clock z.

As in the proof of Proposition 12, we construct a classical automaton C as a particular subgraph of
R 40. Here symbol a means that clock zp has been reset to 0. Formally, the set of states of C is equal to
{r € Ry |7 € SU{s'}} and its set of transitions is equal to {(r,r') € Fy |7 € S,7 € SU{s'}}. Any transition
(r,r") is labeled by a if 2o has a non null value at region r and a null value at region r'. Otherwise it is
labeled by e. The unique initial state is the region r such that ¥ = s and xo has value 0. The final states
are regions r such that 7 = s’. Let C’' be the frying pan automaton obtained when the subset construction
is applied to C. We denote its states by {09, -+ ,0%,- -+ ,01}, with o as initial state (see Figure 1).

Let t=|t] +y € /\is, with y € [0,1[. By definition of )\S o, there exists a run p = (gi)o<i<; in T4 such
that ¢ = D(g;) and the path 7(p) = (r1)o<i<r in R4 satisfies s =rg, s’ =r; and r; € Sforany [, 0 <1< k.
By construction of C, the related path 7(p°) in R 40 can be view as a path of C starting at the initial state
and ending at some final state that we denote by ry.

Now, in C’, the latter path leads to a path 7' starting at oy and ending at some final state o,,, the length
of which is equal to [t] (by Lemma 14). Moreover if the value of z is different from 0 at state r¢, then for
any y' € 10,1, t' = |t] +y' € )\is, with the same path 7’ in C' (see Lemma 15).

Therefore set )\f, o is definable by a RA formula given by a disjunction of terms like t = m, 32 N(z) At =
m + cz where m, ¢ are constants in N (as in the proof of Proposition 12) and terms like m < t < m + 1,
Jz N(z) Am+cz <t <m+cz+1 (due to the above observation). O

5.3 Additional Sets

To solve the model-checking problem, we need two auxiliary sets that we present now. We begin with the
definition of set Xf, s Which is very close to the definition of )\i o

Definition 16 Let A be a timed automaton and R4 = (R, F) be its region graph. Let s,s' € Rand S C R.
Then Xf, s is the set of ¢ € N such that

e there exists a finite run p = (g;)o<i<; in T4 with duration ¢ = D(g;),

o let 7(p) = (r1)o<i<k be the path in R4 associated with p, then s = ry, s’ = r; and r; € S for any [,
0<I<k,

e any position p < g; satisfies D(p) < t.

The differences with A, are the following. The duration ¢ is necessarily a natural number. A third condition
has been added which means that g; is the first position in p with duration equal to ¢ (remember that several
positions can have the same duration in a run).

Proposition 17 Set xi o s definable by a PA formula. The construction of the formula is effective.

The proof of this proposition is given in the appendix. We end this subsection with the definition of set Prg.



Definition 18 Let A be a timed automaton and R4 = (R, F') be its region graph. Let S C R and s € S.
Then s € Prg iff there exists is a progressive path in R4 with all its vertices in S and its first vertex equal
to s.

Proposition 19 It is decidable whether s € Prg.

Proof Suppose that A is discrete-timed. The proof is again close to the proof of Proposition 12. Here C has
S as set of states and F'N S x S as set of transitions. It has a unique initial state equal to s. Then s € Prg
iff the frying pan automaton C' has a cycle. The proof is similar if A is dense-timed. O

6 Model-Checking

In this section, we solve the model-checking problem. Complexity issues are discussed in Section 7.

6.1 Discrete Model-Checking

Theorem 20 Let A be a discrete-timed automaton and r be a region of R4 = (R, F). Let f be a PTCTL
formula with Py = {01, ...,0,}. Then there exists a PA formula A(f,r) such thatr |=, f for some valuation
v iff the sentence 361 - -- 0, A(f,r) is true. The construction of A(f,r) is effective.

Corollary 21 The discrete model-checking problem is decidable.

Proof of Theorem 20. Let ¢ = (I,z) be a state of T4 and r = [g] be the region containing q. We use both
notations ¢q =, f and r =, f thanks to Proposition 8. The construction of A(f,r) is done by induction on
the formula f. The set of free variables of A(f,r) is equal to Py.

We consider formulae f = ¢ of first type only, since the construction is then immediate for formulae f
of second type. For formulae of first type, it is not difficult to check that we can work with the grammar

pu=0o |- |eVe|I0¢ | pUsap | Waap
The semantics of the new operator is defined as follows

q vy 300y iff  there exists a run p = (g;)i>0 in T4 with ¢ = go such that p =, ¢ for any position
p in p with duration D(p) ~ v(a)

The construction of A(yp,r) is easy in the next four cases.

p=0 Ap,r) = true iff o € L(1)
=" A((,D,’f‘) = ﬁA(Qpa )

p=9 V¢ A((p,’f‘) ( )VA(¢,T)
Y= EIO ¢ A((p,’f‘) V(r rEF (¢,7")

Let us study the case ¢ = )3U.,¢. Suppose that g |=, ¢. By Definition 5, there exists a run p = (g;)i>o0
in T4 with ¢ = o, there exists a position p in p with D(p) ~ a such that p |=, ¢ and p' |=, ¢ for all p’ < p.

If p = g, then ¢ |=, ¢. Otherwise let ¢t = D(p) and consider the path 7(p) = (7x)r>0 in R4. We have
ro =1 and r; = [p] for some [ > 0. Denote by r' the region r; and by S the set {r; | 0 < k < I}. We thus
observe that t € /\T +, T [Ev ¢ and s |=, ¢ for all s € S. Moreover, r' is the first vertex of the progressive
path (rx)k>1, i.e. r' € Prg (see Definition 18). We get for A(yp,r) the next formula

AU nd,r) = (A(@,7) APrr(r) A0~ @) v
VierVscr (3t ~a )‘f,r’ () A A, ) A Nyes A%, 5) A Prg(r'))

In this formula, )\T ~(t) denotes the PA formula defining set )\f, ~ (see Proposition 12) and Prg(r) is true or
false according to r belongs to set Prg or not (Proposition 19). The application of valuation v to the set P,
of free variables of A(p,r) leads to a sentence which is true in Presburger arithmetic.



@ A(p,7)

YAV ad | (A(d,7) APTR(T) AD ~ @) \Y

Vier Vscr (3t~ a X3 (1) AA(g,7") A Nyes A, 8) APrgr(r') A (-B(r') = A, 1))
A0>a% | Vyer Vscr (Xﬁr’ (@) AN ,es A, 5) APrs(r'))

0« | Voer Vscr (X m (@) ANyes AW, 8) APrgr(r") A (=B(r') = A, 1))

A0<atp ngR Vies Vr”,(r’,r”)€F> (/\f,w (@) A Nyes A, 8) A PI"R(T’"))

A05.9 ngR Vr’ER Vr'/,(r',r'l)eF> ()\fw (@) A /\SES Ay, 8) ANPrs(r") A (=B(r') = A(y, T')))
HDZO/LP VSCR Vr’,’r‘”ES Vr”’,(’r”,’r‘”’)EF> (Xﬁr’ ((1) A )‘f’,r” (0) A /\sES A(d)’ S) A PI’R(’I'I”))

N T e

Table 2: formulae A(p,r) for dense time

On the converse, it is easy to verify that if 36y - - - 30, A(¢)AU o P, 7) is true, then there exists a paramater
valuation v such that r =, . The main argument is Proposition 8.

We now turn to the case ¢ = 30.,%. Since time is discrete, we can restrict the study to ~€ {<,>,=}.

Suppose that ¢ = I0<41. Then ¢ =, 049 iff there exists a run p = (g;)i>0 with ¢ = go such that
D =y ¢ for any position p in p with duration D(p) < v(a). Consider the first position p' in p such that
D(p') = v(). Define r' = [p'l and S = {s € R | s = [p], p < p'}. Tt follows that D(p') € x5, (see
Definition 16). Moreover, for any s € S, s |=, 9 and 7’ is the first vertex of a progressive path. Hence

A(3D<aw7 T) = V’I"ER VSQR (Xf,r’ (a) A /\SES A(wa 5) A PrR(TI))
Similarly for ¢ = 3054, we have
A(HDZawa 7’) = Vr’eR VSQR (Xﬁr’ (a) A /\seS A(¢; S) A PrS(TI))

For ¢ = 30_,%, remember that there may exist several positions p in p such that D(p) = v(a). In the
next formula, 7'’ is the region [p"] such that p" is the first position in p with D(p") = v(a) + 1.

A@D=at,r) = VpmerVscr (0 (@) AXG 0 (1) A N jes A, 8) APrg(r'))
d

The previous proof is simple. It is an easy translation to PA of PTCTL semantics, as soon as definability
in PA of sets /\f’ » and Xf’ » is established. The same situation repeats for dense model-checking in the next
subsection.

6.2 Dense Model-Checking

Theorem 22 Let A be a dense-timed automaton and r be a region of R4 = (R,F). Let f be a PTCTL
formula with Py = {61,...,0,}. Then there exists a RA formula A(f,r) such that r |=, f for some valuation
v iff the sentence 301 - -- 0, A(f, ) is true. The construction of A(f,r) is effective.

Proof The approach is the same as in the proof of Theorem 20. It is an induction on the first type formulae
given by the modified grammar (except that 30 ¢ does not exist).

We focus on operators JU., and 30, only. The related formulae A(p,r) are very similar to the
formulae for discrete time. They are given in Table 2. Some comments are given hereafter about the little
modifications due to dense time.

Concerning U4, formula A(p,r) is identical to the discrete case, except an additional subformula
-B(r') = A(y,r"). Given a region ', B(r') is true iff ' is a boundary region. This new subformula is
necessary because if 7' is not boundary, then ' |=, 4.

Since time is dense, we can no longer restrict the study of 304 to ~€ {<,>,=}. Formula A(yp,r) for
¢ = IO, is the same as for discrete time. If ¢ = 3041, an additional subformula ~B(r') = A(%,r') is
again necessary.

Let us discuss the new case ¢ = 30<,1. We need to express that 7' is the region [p'] such that p’ is
the last position in p with D(p') = v(a). This is equivalent to say that there is a region 7" = [p"] with p”



some position in p, there is an edge (r',r") in R4 such that p' = p” and 7 is strictly positive. We denote by
F~ the set of edges (r',r") € F with 7 > 0. Thus, compared with A(A0,4,r), two new things appear in
A(30<qa1p,r): first VT,,’(T,’T,,)€F> as just discussed, second \/, g instead of \/, . to express that 7' |=, 1.

The case ¢ = I0s 41 is solved similarly. For the last case ¢ = 30,2, subformula Xf,,r,,(l) in discrete
time has to be replaced by VT,,,’(T,,,T,,,)€F>, A5 ,(0) and " € S in dense time. O

P! ,T.II

Corollary 23 The dense model-checking problem is decidable.

7 Complexity

In this section, we study the complexity of the algorithm that we proposed in the previous section for the
model-checking problem. We first establish complexity results for discrete time. We then show that these
results remain valid for dense time.

Throughout this section, A is a timed automaton and R4 = (R, F) its region automaton. We suppose
that f is a PTCTL formula constructed by induction on the modified grammar. We also suppose that S is
a subset of R and r,r' are two regions of R.

7.1 Discrete Time

To compute the complexity of the algorithm given in Theorem 20, we first study the length of formulae
)\f’ ~(t) and A(f,7) and the time to construct them (Propositions 24 and 25).

Proposition 24 The PA formulae /\;2 ~(t) and Xf, ~ (t) have a size, and can be constructed in time, bounded
by O(2%1Ral),

The proof of this proposition is given in the appendix.

Proposition 25 The PA formula A(f,r) has a size, and can be constructed in time, bounded by O(281#AII71),

The proof of this proposition is given in the appendix.

Corollary 26 The discrete model-checking problem is in AEXPTIME in the product of the sizes of R4 and
f, and in SEXPTIME in the product of the sizes of A and f.

Proof By Theorem 20, the model-checking problem reduces to checking the satisfiability of the PA formula
A(f,r). We recall that the size of R4 is in O(2/4) and that PA has a decidable theory with complexity
3EXPTIME in the size of the formula. The thesis follows by Proposition 25. O

We now turn to the fragment of PTCTL logic, denoted by IPTCTL, where the universal quantification
over parameters is prohibited. More precisely, any IPTCTL formula is of the form 36; - --36,, g where g is
a PTCTL formula without quantifiers. For this fragment, we have a lower complexity.

Proposition 27 Let f be a formula of APTCTL and let r € R. Then the model-checking problem for f and
r can be solved in 3EXPTIME in the product of the sizes of A and f.

The proof of this proposition is given in the appendix.

7.2 Dense Time

We now show that we obtain identical complexities for dense time. The proofs are only sketched since they
are similar.

Theorem 28 The dense model-checking problem for a PTCTL is in AEXPTIME in the sizes of R4 and f,
and in SEXPTIME in the product of the sizes of A and f.

10



Proof First, the RA formulae Aﬁ ~(t) and Xf, ~(t) have a size, and can be constructed in time, bounded by
O(2%1E4l). Second, we can prove by induction on f that |A(f,r)| is bounded by O(23 Eallfl.|R 4|4 /1.
Thus A(f,r) has a size, and can be constructed in time, bounded by O(27#A4I'I71), Third, RA has a decidable
theory with complexity 3EXPTIME in the size of the formula. The announced result follows. d

In the next proposition, we consider a formula f of IPTCTL logic. Note that the proof will transform
the formula A(f,r) not only into a formula of the existential fragment of RA but also of PA.

Proposition 29 Let f be a APTCTL formula and let r € R. Then the model-checking problem for f and r
can be solved in 3EXPTIME in the product of the sizes of A and f.

The proof of this proposition is given in the appendix.

Corollary 30 Let f be a APTCTL formula and let r € R. Then A(f,r) can be constructed as a formula of
the existential fragment of PA.

Concerning lower bounds, there is a gap which needs more research effort. Model-checking for IPTCTL
logic is at least PSPACE-HARD since the model-checking problem defined in [1] is a particular case of our prob-
lem. Model-checking problem for PTCTL logic is at least 3EXPTIME-HARD since full Presburger arithmetic
is already present.

8 Related Works

The work by Wang et al in [15, 16] is closely related to our work. The logic they consider is a strict subset of
the logic considered in this paper: in their works the parameters are all implicitely quantified existentially, so
their logic corresponds to our fragment IPTCTL. The technique they use to establish the decidability result
while ingenious is more complex than the technique that we propose in this paper. So the main contribution
with regard to their work is, we feel, a simpler proof of decidability of a generalization of their logic. For
JdPTCTL logic, we obtain a similar bound on the complexity of the model-checking problem.

Emerson et al have also studied an extension of TCTL with parameters in [10]. They make strong
asumptions on the timed models used (their timed models are a very limited class of discrete timed automata).
They also impose strong restrictions on the use of parameters in the way they constrain the scope of the
temporal operators: parameters can only be used to express upper bounds. The main interest of their work
is to have identified a fragment of parametric TCTL that have a polynomial time model-checking problem
for the restricted class of timed models that they consider.

Alur et al [5] have also studied the extension of real-time logics with parameters but in the context of linear
time. In linear time, where the satisfiability problem can be reduced to the model-checking problem, things
are harder. In particular, they show that, in linear time context, the use of equality leads to undecidability
of the model-checking problem.

Alur et al [4] have studied the introduction of parameters in timed automata. They show that if only one
clock is constrained by a parameter then the emptiness problem for the new class of automata is decidable,
but when three clocks are used, the problem becomes undecidable. To solve the problem, they also rely on
the use of Presburger arithmetic.

Other researchers have also proposed the use of Presburger arithmetic (or Real arithmetic) in the context
of timed automata. In particular, Comon et al [7] have studied the use of the arithmetic of the reals to express
the reachability relation of timed automata. Their work is more ambitious, since they do not only consider
durations between regions but also durations between individual clock valuation. Nevertheless they do not
consider properties expressible in temporal logics. Along the same line, [9] have shown that it was possible to
extend the results of Comon et al to analyse the binary reachability relation of discrete pushdown automata.

Finally, we can show that our notion of durations and its formalization using Presburger arithmetics
(or Real arithmetic) is sufficient to answer the minimal/maximal delay problems solved in [8]. In fact, the
minimal delay between two regions r and 7' is characterized by the following PA formula with ¢ as free
variable:

AR () AV < t:-AE(t)

11
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A Appendix

Proposition 17 Set xi o 15 definable by a PA formula. The construction of the formula is effective.
Proof We begin with the case of a discrete-timed automaton .A. The proof is similar to the proof of
Proposition 12 with a construction of automaton C slightly different. We add to R4 = (R, F') a new region
sl as a copy of s'. We also add a new edge (r,s’.) as a copy of (r,s') for any r € R such that clocks have
been increased by 1 from r to s'. Then C is constructed with SU{s.} as set of states and FFNS x (SU{s’})
as set of transitions. The rest of the proof is identical.

We now treat the dense case. The proof is similar to the proof of Proposition 13. The construction of
automaton C is modified as above with copy of edges along which clock zy has been reset to 0. Ast € Nin
the definition of xi o, the situation of Lemma 15 does not occur. We thus obtain a PA formula. d

Proposition 24 The PA formulae )\f’ ~ (1) and xf, ~(t) have a size, and can be constructed in time, bounded
by O(2%1Faly,

Proof To construct the formula /\;g -

(t), as explained in the proof of Proposition 12, we apply the subset
construction to some subgraph of R 4. The resulting automaton C' has at most O(2!F4!) states. We construct
for each final state of C' a formula of the form ¢ = m or 3z t = m + cz. So the number of these formulae
is bounded by |C’|. Furthermore, the size of constants ¢ and m are also bounded by |C'|. As a consequence

the size of formula A3 ,(t), and the time needed to construct it, is bounded by O(|C'|?) = O(2*1%4l). The

T,r!

proof is similar for formula x; . (t). O

Proposition 25 The PA formula A(f,r) has a size, and can be constructed in time, bounded by O(28 1 FAII11)

Proof The PA formula A(f,r) is constructed by induction on the structure of f (see the proof of Theo-
rem 20). We prove here by induction on f that |A(f,r)| is bounded by O(2%E4l"lfI.|R4|317). The thesis
will follow.

For the base case, f is either an atomic proposition o or of the form § ~ 3. Formula A(f,r) has the
expected length.

For the induction case, we only treat the case where f is of the form JI00_,% or ¥»IU.,¢ as the other
cases are simpler or similar. We recall the definition of A(f,r)

A@EO=at,r) = V,,merVscr (X (@) AXS (1) A N5 AW, 8) A Prp(r"))
A(¢3U~a¢7 'f') ( (¢7 ) A PrR( ) AQ ~ Oé) \
VT”ER VSQR (Ht ~a )‘f,r’ (t) A A(¢7 'rl) A /\seS A(¢> 8) A PI‘R('F'))

Using the induction hypothesis and Proposition 24, the size of the above formulae are bounded as follows
(with n = |R4)

|A(BO=at,7)| O (n?2" - (2°™ + 22" + n|A(y, 5) + 1))
O (n 0. (2" + A, 5)]))

O (n®2" - (2°™ - |A(¢, 5)))

O (n 3(\w\+1) 93n-([6]+1)

O (n141. 23 11) |

ININININIA

|A%)IU s, 7)| O (|A(¢,7)| + 1+ 1+n2" - (1+ 22" + [A(g,7")| + n|A(, 5)| + 1))
O (n?27- (22" + |A(g,7")| + [A(¢, 9)]))

O (n327- (22 - |A(g, ") - |A(4, 5)]))

O (316l +vI+1) _ gsn-(I6l+v]+1)

O

11 g3nsly

ININININIA

O

Proposition 27 Let f be a formula of APTCTL and let r € R. Then the model-checking problem for f and
r can be solved in 3EXPTIME in the product of the sizes of A and f.
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Proof We are going to show that the PA formula A(f,r) constructed in the proof of Theorem 20 can be
transformed into a formula of the existential fragment of PA. The size of this formula will be again bounded
by O(26'1Ballfl). The thesis will follow since the existential fragment of PA is known to have a decidable
theory in NP [13].

The only problematic case is the existential formula 3t ~ « /\f’ ~(t) appearing in A(3U ¢, r). Indeed
a negation applied to it transforms 3¢ into V¢.

Recall that formula )\f,r, (t) is a disjunction of formulae of the form ¢ = m or 3z t = m + cz where
m and ¢ are integer constants. So It ~ « Aﬁr, (t) is a disjunction of formulae 3t t ~ aa At = m or
IHIzt~aAt=m+cz.

In every case except one, existential quantifiers can be eliminated as follows.

FHt~aAt=m = m~a
dIzt>(>)a At=m+cz = true
Rt<(KaAt=m+cz = m< (<)«

It remains to study the negation of formula 3t 32 t = a At = m + cz equivalent to 3z a = m + cz. We
consider two cases. Suppose first that m < c. Then —(3z a = m + cz) is equivalent to \/ ./ o iz @ =
m' mod ¢ which is expressed in the existential fragment of PA as \/, , <eomigm IF A= m' + cz. Suppose now
that m > ¢. If we consider mg = m mod ¢, then 3z o = m + ¢z is equivalent to 3z a = mg + cz Aa > m.
The latter formula can be treated as explained just before.

As the constants ¢ and m are bounded by |R 4| when they are written in binary, we can show that the
modified formula A(f,r) has a size still bounded by O(26 [Eall/]), a

Proposition 29 Let f be a APTCTL formula and let r € R. Then the model-checking problem for f and r
can be solved in 3EXPTIME in the product of the sizes of A and f.
Proof The proof follows the same schema as for Proposition 27. The main difference is that formula
3t ~ o AS ., (t) is a disjunction of RA (instead of PA) formulae of the form
3t t~aAt=m,
3z t~aANEz)At=m+cz,
3t t~aAm<t<m+1,
Iz t~aANz)Am+tcz<t<m+cz+1

where m and ¢ are constants in N.
The first two formulae are treated as for Proposition 27. For the third formula, existential quantifiers

can be eliminated as follows.
t=a« : false

t<(L)a : m+1<a
t>(>)a : a<m

For the last formula, the elimination is done in the following way.
t=a : false

t<(L)a : m+1<a
t>(>)a : true

So, in any case, we obtain a PA (instead of RA) formula. Looking at the proof of Theorem 22, we see
that the transformed formula A(f,r) is formula of the existentiel fragment of Presburger arithmetic. This
completes the proof. O
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