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We introduce a Bayesian method
for learning causal graphs for
multivariate time series. The
method generalizes previous
learning procedures for causal
graphs by allowing non-
decomposabllity of the graphs and
breakpoints in the underlying
process.
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Introduction

In the recent years, graphical modelling framework has become
a standard tool for many statisticians as well as computer

Fig. 3: a) Estimated causal graph for air pollution data. b) Comparison of graphs estimated by our method (left) and Corader
& Villani, (2006) (right). The directed edges were the same in both the graphs. Thus, only the undirected parts of the graphs
are shown. Notice that the left graph has a chordless four-cycle (NO, O; NO,, CO) and is therefore non-decomposable.

p(1,2,3,4,5)=p(1,2,3,4)p(1,2,5)/p(1,2)

Fig. 1. The conditional joint probability
factorizes according to maximal prime
components of the undirected part of

the graph.

scientists. As reviewed by Jordan (2004), applications in fields
such as bioinformatics or speech processing, involving a large
number of interacting variables, can be seen as special cases of
the general graphical model formalism. Graphical models
provide both an intuitive interface by which humans can model
Interacting sets of variables, as well as a data structure that can
be utilized in the development of efficient algorithms for
statistical inference.

Causal graphs

In graphical models, the joint probability distribution of a set of
variables is described by a graph. The nodes in the graph are
identified as random variables, while the edges between the
nodes describe relationships and independencies between the
variables. Grager causality graphs, or simply causal graphs, are
graphical models describing the dynamics of a time series. They
have both directed and undirected edges, which are defined by
the following two conditions:
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The two conditions specify, respectively:

1) ais non-causal for b if knowing the history of a does not affect
our predictions about b, when we know the history of all other
variables.

1) a and b are contemporaneously partially uncorrelated.
(see, Fig. 2)
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Fig. 2. A simple vector autoregressive process with the corresponding causality
graph. Non-zero elements in the coefficient matrices determine the directed edges,
while zeros in the inverse covariance matrix determine the missing undirected edges.
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Decomposition

Let A, B, and C be subsets of nodes in an undirected graph. A
triple (A,B,C) defines a decomposition of G if A,B,C are
disjoint, AUBUC=V, C separates A from B, and C is a
complete subset of V. Decompositions can be used
consecutively to divide the graph into maximal prime
components. This is very useful, since the joint probability of
the variables, conditional on the complete history, can be
factorized according to the prime components (Fig. 1).

Learning strategy

We utilize a newly introduced Bayesian information theoretic
criterion, BEC (Corander & Marttinen, 2006), which measures
the utility of a model in terms of its predictive entropy. An
algorithm using deepest descend can be used to find the
optimal model. Interpretation in probabilities can be obtained
through the relative expected utilities of the models.

Results

The performance of our method has been tested with several
simulated data sets. The simulations show that the method
does well in inferring the underlying graph structure and lag-
length. Also, when breakpoints were added to the time series,
the locations of the breakpoints were inferred accurately.
Figure 3 shows results from an analysis of real air pollution
data that has been previously investigated by Dahlhaus
(2000), and Corander & Villani (2006).
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