The Asymmetric Leader Election Algorithm with
swedish stopping: A probabilistic analysis

Guy Louchard* Helmut Prodingerf

April 21, 2011

Dedicated to the memory of Philippe Flajolet.

Abstract

We study a leader election protocol that we call the Swedish leader election protocol. This
name comes from a protocol presented by L. Bondesson, T. Nilsson, and G. Wikstrand in [1]. The
goal is to select one among n > 0 players, by proceeding through a number of rounds. If there
is only one player remaining, the protocol stops and the player is declared the leader. Otherwise,
all remaining players flip a biased coin; with probability ¢ the player survives to the next round,
with probability p = 1 — ¢ the player loses (is killed) and plays no further ...unless all players lose
in a given round (null round), so all of them play again. In the classical leader election protocol,
any number of null rounds may take place, and with probability 1 some player will ultimately be
elected. In the Swedish leader election protocol there is a maximum number 7 of consecutive null
rounds, and if the threshold is attained the protocol fails without declaring a leader.

In this paper, several parameters are asymptotically analyzed, among them: Success Probability,
Number of rounds K,,, Number of null rounds T;,.

This paper is a companion paper to [7] where De-Poissonization was used, together with the
Mellin transform. While this works fine as far as it goes, there are limitations, in particular
of a computational nature. The approach chosen here is similar to earlier efforts of the same
authors [8, 9, 10]. Identifying some underlying distributions as Gumbel (type) distributions, one
can start with approximations at a very early stage and compute (at least in principle) all moments
asymptotically. This is in contrast to [7] where only expected values were considered. In an
appendix, it is shown that, whereever results are given in both papers, they coincide, although they
are presented in different ways.

1 Introduction

We present a probabilistic analysis, based on an urn model, of a leader election protocol that we call
the Swedish leader election protocol. This name comes from a protocol presented by L. Bondesson,
T. Nilsson, and G. Wikstrand in [1]. The goal is to select one among n > 0 players, by proceeding
through a number of rounds. If there is only one player remaining, the protocol stops and the player is
declared the leader. Otherwise, all remaining players flip a biased coin; with probability ¢ the player
survives to the next round, with probability p = 1 — ¢ the player loses (is killed) and plays no further
...unless all players lose in a given round (null round), so all of them play again. In the classical
leader election protocol, any number of null rounds may take place, and with probability 1 some
player will ultimately be elected. In the Swedish leader election protocol there is a maximum number
7 of consecutive null rounds, and if the threshold is attained the protocol fails without declaring a
leader.
In this paper, several parameters are asymptotically analyzed, starting with n players (n large):

1. Success Probability.
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2. Number of rounds K,,.

3. Number of null rounds 7},. We say that a round is null if every active player tosses tails (all
killed).

4. Number W,,, in case of failure, of players that were active at the last non-null round, the so-called
left-overs.

5. Total number C), of coins flipped.

2 Urn model

We will proceed as in [10], with urns numbered 1,2, .. ..
Let us consider the model as a sequence of n geometric iid random variables (RVs), with distribution
pg*~t. Each RV corresponds to a ball thrown into urn i. We have the following properties:

e We have asymptotic independence of urns, for all events related to urn j containing O(1) balls.
This is proved, by Poissonization-DePoissonization, in [9], [11] and [4] (in this paper for p = 1/2,
but the proof is easily adapted). The error term is O(n~¢) where C is a positive constant.

e We obtain asymptotic distributions of the interesting RVs. The number of balls in each urn is
now Poisson-distributed with parameter n(p/q)¢’ in urn j containing O(1) balls. The asymptotic
distibutions are related to Gumbel distributions functions or convergent series of such. The error
term is O(n~1).

e Some summations now go to oo. This is justified, for example, in [9].

e We have uniform integrability for the moments of our RVs. To show that the limiting moments
are equivalent to the moments of the limiting distributions, we need a suitable rate of conver-
gence. This is related to a uniform integrability condition (see Loeve [6, Section 11.4]). For the
kind of limiting distributions we consider here, the rate of convergence is analyzed in detail in
[8] and [11]. The error term is O(n~%).

e Asymptotic expressions for the moments are obtained by Mellin transforms. The error term is

O(n=9).
e I'(s) decreases exponentially in the direction ioco:
ID(0 + it)| ~ V2r|t]7 /2 7IH/2,

Also, we have a “slow increase property” for all other functions we encounter. So inverting the
Mellin transforms is easily justified.

If we compare the approach in this paper with other ones that appeared previously, then we can notice
the following. Traditionally, one would stay with exact enumerations as long as possible, and only
at a late stage move to asymptotics. Doing this, one would, in terms of asymptotics, carry many
unimportant contributions around, which makes the computations quite heavy, especially when it
comes to higher moments. Here, however, approximations are carried out as early as possible, and
this allows for streamlined (and often automatic) computations of asymptotic distributions and higher
moments.

The paper is organized as follows: Section 3 presents our main notations, Section 4 is devoted to
the success probability, Section 5 to 11 give the asymptotic distribution and first two moments of the
RVs of interest (all moments can be derived by the same technique): we compute the dominant and
periodic part, both in the success and failure case. Section 12 contains some matrix expressions and
Section 13 briefly presents the second model where we fail if we have 7 null records, consecutive or not.
Appendix A summarizes some definitions and identities. In [7], was presented an analytic treatment



of the Swedish leader election protocol. In particular, the success probability and the dominant part
of the mean of the following RV was computed: total number of rounds, total number of null rounds,
number of left-overs. We prove, in Appendices B to E, the equivalence with the results given in this
paper.

3 Notations

We will use several abbreviations for probabilities and moments in order to derive more compact
expressions.

n := number of initial players,n large,

n* = ng,
q
Q:=1/q,
log := logg,
n:=j—logn",
L:=1InQ,
{z} := fractional part of z,
a:=a/L,
M :=logp,
2w
Xl = I
K; := total number of rounds, starting with 4 players,
T; := total number of null rounds, starting with ¢ players,
W; := total number of leftovers, starting with ¢ players,
C; := total number coins flipped, starting with ¢ players,
R, = E(K,),
I, :=E(T,),
L, :=E(W,),
F, =E(C,),
I := number of balls in the maximal non-empty urn,
J := either the position of the maximal non-empty urn, if it contains I > 1 balls,

or the position of the last non-empty urn before the maximal non-empty urn,
if the latter contains I = 1 ball,
Py(i, k) := Probability that, starting with i players, we end after k rounds,
Py (i, k) := Probability that, starting with ¢ players, we end after k rounds,
given that the ¢ players were obtained in a null round, not preceded by another null round,
this tilde notation will always have the same meaning in the sequel,

:= Probability that, starting with ¢ players, we succeed after k£ rounds,

e
>
2

Py (i, k,S) := Probability that, starting with ¢ players, we succeed after k rounds,
given that the ¢ players were obtained in a null round, not preceded by another null round,
S; = P5(i,S) := Probability that, starting with ¢ players, we succeed,
Py(i,S) := Probability that, starting with ¢ players, we succeed,

given that the ¢ players were obtained in a null round,



Ps(i,r, F') :== Probability that, starting with i players, we fail,
with r players remaining at the end (leftovers),
]53(1', r, F') := Probability that, starting with i players, we fail,
with r players remaining at the end (leftovers),
given that the ¢ players were obtained in a null round,
Py(r, F) := Probability that, starting with n players, we fail,
with r players remaining at the end (leftovers),
:= success probability, starting with n players,
:= failure probability, starting with n players = 1 — P5(5),
:= Probability that, starting with ¢ players, we succeed with ¢ null rounds,
:= Probability that, starting with ¢ players, we succeed with ¢ null rounds,
given that the ¢ players were obtained in a null round,
Ps(i, k, F') := Probability that, starting with ¢ players, we fail after k& rounds,
Ps(i, k, F) := Probability that, starting with i players, we fail after & rounds,
given that the ¢ players were obtained in a null round,
Pyo(i, F') := Probability that, starting with ¢ players, we fail =1 — P,(i,.5),
]510(z', F) := Probability that, starting with ¢ players, we fail =1 — ]52(1', S),

given that the ¢ players were obtained in a null round,

P11(t,S) := Probability that, starting with n players, we succeed with ¢ null rounds,
Pi5(t, F) := Probability that, starting with n players, we fail with ¢ null rounds,
Py3(i,t) := Probability that, starting with ¢ players, we end with ¢ null rounds,
]513(2', t) := Probability that, starting with i players, we end with ¢ null rounds,
given that the ¢ players were obtained in a null round,
R; s :== mean number of rounds, starting with ¢ players, with success at the end,
Ri,g := mean number of rounds, starting with 7 players, with success at the end,
given that the i players were obtained in a null round,
R; r := mean number of rounds, starting with ¢ players, with failure at the end,
Ri, F := mean number of rounds, starting with ¢ players, with failure at the end,
given that the i players were obtained in a null round,
I; s := mean number of null rounds, starting with 4 players, with success at the end,
115 := mean number of null rounds, starting with ¢ players, with success at the end,
given that the ¢ players were obtained in a null round,
I; p :== mean number of null rounds, starting with 7 players, with failure at the end,
fi, F := mean number of null rounds, starting with ¢ players, with failure at the end,
given that the ¢ players were obtained in a null round,
L; r := mean number of leftovers, starting with ¢ players, with failure at the end,
l?i, F := mean number of leftovers, starting with ¢ players, with failure at the end,
given that the i players were obtained in a null round,
F; s := mean number of coins flipped, starting with ¢ players, with success at the end,
Fi,g := mean number of coins flipped, starting with ¢ players, with success at the end,
given that the i players were obtained in a null round,
F; p := mean number of coins flipped, starting with 7 players, with failure at the end,



F@ F := mean number of coins flipped, starting with ¢ players, with failure at the end,

given that the ¢ players were obtained in a null round,

T—1

Yi(i,71) = Z(pi)” =

v=0

1—pt
N~ _ Tl -7+
22(177_) = Z(p ) (U + 1) - (1 _pi>2 ’
v=0
TZ_I(pi)v(v +1)2= pT(pt 4+ 1 —27p" + 27 + 72p% — 272p  + 72) —pi + 1
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v=0
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; (1—p')?

P (pt + 27p! + 72p% — 272p¢ + 72 4 p¥ — 27p%) — p¥ 4 pi

Y51, 7) = Z(Pi)vv2 = 1—pi)p

Model 1 = M1 = we fail if we have 7 consecutive null records,

Model 2 = M2 = we fail if we have 7 null records, consecutive or not.

For any of the four RVs, we will denote by 51(2), ¢ €{R,I,L, F} the expectation of the square of the
corresponding RVs.

Note that the maximal non-empty urn, if it contains ¢ > 2 balls, corresponds to a null round. If
the maximal non-empty urn contains ¢ = 1 ball, the process is successful.
4 Success probability, M1.

We have the following recurrences:

Py(1,8) =1, P(1,5)=1,

Py(i, S) = Ti(pi)szi: @ D Py(0, S) = (i, 7) 11 <l) L py(0,S), i > 2,

l
s=0 /=1
T—2 % . i
Py(i, ) =Y (1)) (2) tPy(¢, 8) = < > i=(py(¢, S)
s=0 /=1 E:l
El(i,’r — 1) B
= """ >

Ezplanation: we can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors. Note
that ¢ =i in the right-hand side leads to Py(3, S).
We also have from [10], (here and in the sequel ~ always denotes ~p_,0),

efLm'

iz2, (1)

1
P(J=j41=1)~ exp(—fe_L"> S
P i!

P(J =j,1>2,8)~ fi(n),
00 1 Ly e ; .
frg —_— P
;:2 exp( pe ) A »(1, 5),

P(J =j,1=1)~ fa(n),




Faln) = exp (=T e7) e (1= exp (7)) (2)

FExplanation:

P(J = j, I =i)~ P(ge_L", 0)79 (e L4), i>2,

p

P(J = j, T =1)~P(Lertr1) 1 =P (27,0)]

p
Note that the case i > 2 does not necessary lead to a success: urn J corresponds to the first null
round, hence the multiplication by P»(i,S). On the other side, the case i = 1 does lead to a success:
urn J corresponds to a round with one single player alive, which is immediately declared as the leader
(there are no null rounds before).

This gives
00 N o 1 P —ita ) -
o) = [~ ey =Y G - ). s)
oo i=2 )

So the corresponding dominant part of S, := P5(S) is given by
P ST 1)

= ————P .

a0 = 7 o) 2

-
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The corresponding periodic part is given by

—2lrilogn*
w15 = g @1,5()(1)6 &,

10
with
e15(x) = ¢1(a)|a:,Lxl'
We obtain -
PTG+ x) Za(i T = 1)
= P (i,5).
Also,
s = [ eniman=1|(4) e (2) | ra-a)
2 — 2 = — — — —_ — .
o L|\p D
Hence
$2(0) = % = Probability that the maximal non-empty urn contains one ball (3)
was = Y pas(x)e 2R
140
1 q) -Xi (1 ) —-Xi plH
wo5(xt) =+ || = —q| - F'l+x) = I'(T+ xi)-
() =1 [(p HINECESY (14x)

And finally, with notations provided in the appendix we have the following result.

Theorem 4.1 Related to success probability and the model M1, we have

. ad pl 21(7;, T — 1) . p —2lwilogn* —2lrilogn*
50 =Po(8) ~ LT D pi g 2 S pste + 3 pnstae

= Li %a(i7) 10 140
= Vi 4+ 203 s a)e 2B 13 o 5 (e 2mi s,
I#0 1#0



Of course, Ps(F) =1 — P5(S). Note also that as 7 — 0o, the dominant part gives

7

h‘%
b(\“d

as expected. For further use, we denote

II; .= % (one ball in the maximal non-empty urn),

i

. p
IIy(7) := I

Pd(S)=Vi + % (dominant part).

5 Asymptotic distribution and moments of K,, —logn*, success case,
M1.

In case of success, the moments of K,, —logn™ are computed as in [10], and expressed with some R@s,
]?52;, instead of x; g, 335252 used in [10]. They are computed as described in the sequel. Here and in the
sequel, we give the first two moments. All moments could be computed, only with more (algebraic
and Maple) efforts.

We use fi(n) as given by (4) of [10], with Py (i, k, S) instead of P(i, k), i.e

0 o0 o—LmigLki
_ oLk —Ln N7
= ZZexp( ) il Pl(Z,]{,S).
k=1 1=2
f2(n) is given by (2).
We have the following recurrences:
Pi(1,0,8) =1, P(1,0,5) =1,
Pi(1,>1,8)=0, P(1,>1,5)=0,
T—1 7 .
. i 1 i— .
P S) =0 @qu Pl k158, i>2
s=0 /=1
T—2 A i
D (; _ i\ S £, i—0
Plik$) = S0 3 (3)olr Pk -1 9.8), i

Ezplanation: we can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors. This
takes s + 1 rounds already.
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. L /i i ) ~
=% (i,7—1) <€> *Ros + Xo(i,7 — 1)Py(i,8)/%1(i,7), Ris =0,
/=1

T—1 7 .
RY =Pk =3 <Z>qepi‘€P1(&k —1-s8)k—1-s+s+17
k k
—1 7

T—1 A . .
= Z(pi)s Z (2) ¢P R YN s+ 1)y <2> PPk —1—5,5)
k
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=1 (=1
REQS)—ZPwkS Z )e () PPk —1—s,8)k—1—s+s+172
s=0
—Z Z() - fR<2)+Z )*(s + 1) Z(;)qui‘gPl(Z,k—l—s,S)
/=1 k s=0 /=1
T—2 ' 7 i '
£ 0+ DY () )a Rus
s=0 =1
=%y (i,7 — 1) z> ¢V RYY+ Sa(i T — 1) Pa(i, S) /51 (i, 7)
/=1

. i\ o -
+ 280, m— 1)y (5) ¢'p‘Rys, Ry =0.
/=1

=

Note that, in previous expressions, we could replace
> (g) ¢'vRes by [Ris — Sa(i7)Pa(i, §)/1(i, 7))/ (i, 7).

/=1

(2)

To obtain the moments of K,, —logn*, we plug, mutatis mutandis, Rns, R,"g into the moments given

n [10]. Note that to each value I =i > 2 corresponds Py(i,S) as explained in Section 4. Also Ro(x;)
is no more null here and P5(1,S5) = 1 by convention. This leads, with the quantities defined in the
appendix, to

Theorem 5.1 Asymptotic distribution and moments of K, —logn™, success case, model M1.

P(K, =j) ~ fi(n) + f2(n),
Voo pyv 1+pM

Rns —logn” = E(Ky —logn®) ~ Ui = MVi = = + 75 = —F
Rl(Xl) F(l + Xl) —2Irilogn
+ Z [TI(Xl) — MRo(xi) — A e ,
10
.
E(K, —logn*)? ~ Uy — 2MU; — 2UL + M?S1 + zM‘z2 + V?’; 4
p(72/6 +~?) _ 2y(pM +1) +pM2 +2M +1
L3 L2 L
T R Ro(xi) + R
2 {T2(Xl) —2MTi(x1) - 2 3(LXZ) + M*Ro(x1) + 2M 12“) - Q(XI)LQ 300)

140



+— 42

1/}1+Xl 1 M —2lrilogn
-wa+m)2(ﬂz) T2 | g,

Note that the periodic component contains logn in the exponent (and not logn*).
To obtain the moments of K, — logn*, given success, we simply divide the moments given in the

theorem by Ps5(S5).

6 Asymptotic distribution and moments of 7, (null rounds), with
success, M1.

We have the following recurrences:

P;(1,0,8) =1, P;(1,0,5) =1,
Pr(1,>1,8)=0, P;(1,>1,5)=0,

T—1 [ .
Prit,8) =Y (0)* ) (2) 4P Pt —5,8), 1> 2,

s=0 /=1
T—2 [ .

D (s iys v i—

Prlit,8) = 3 ) Z@q@p Prlt—1-5,5), i>2
s=0 /=1

Ezplanation: we can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors. This
leads to s or s 4+ 1 null rounds already.

7'—1 7 .
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s=0 =1
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T—2 7 .
12 =3 A9 =3 S o) (g) PP 1~ 5, 8)t -1~ s+ 5 4 1],
t

—2 7

T—2 A . .
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Again, in previous expressions, we could replace

Z (Z) qépz'J]g,S by [Lis — Xa(i,7)P(3,8)/X1(¢,7)]/21(4, 7).

/=1

Next, with (1),
P(J =35,Ta=1) ~ f1(n,1),

= 1 _ e~tm _
t)z%exp(—pe L”) F Pr(i,t, S).

Hence
00 o0 1/]9 z+a .
br(c,t) :/ e )y = S VP0G - ) Prlit, ).
oo pat 7

Note that there are no null rounds if the maximal non-empty urn contains only 1 ball.
The dominant component of Py (t,.5) is given by

Z p P7 (i,t,5) = Z% i,t,5),
i=2 ! i=2

and the periodic component by
wiz(t) =Y @r(x,t)e 2mioen,
1£0
with
()07(le t) - (Z)7(Oé, t) |04:_LXI :
We obtain

X _|_
7(xt, 1) Zp ( Xl) Pr(i,t,S).

Hence we have the following theorem.

Theorem 6.1 The asymptotic distribution of the number T}, of null rounds, with success, M1, is given
by

.
_ _ g —2Imi{logn*}
Pu(t, §) = P(T, = 1) E_;L zt,5>+;w(><l,t>e ritiosn),

10



The moments are given by

(e e

X i X (4 ~
p p (i + x1) —2lri{logn*}
s~ plis+3 3 lise :
=2 1#0 =2
oo

P 52) PN (i 4 X1) 72) —2tmiflogn®
ns ™D pilis ¥ 20 T s TR
i=2 140 =2 '

Note that T,, = O(1).

7 Asymptotic distribution and moments of W, (leftovers), with fail-
ure, M1.

We have the following recurrences:

P3(r,r, F) = (p")" + Z1(r, 7)q" P3(r, r, F), hence
Pl —p")

1 _pr _qr_|_qrpr7"

Py(r,r, F) = ()" + S1(r,7 = 1)¢" Ps(r, 7, F).

Ps(r,r, F) =

Ezplanation: we have r players alive at start or r players alive before the starting null round.

T—1 i . [

, ivs ( i— . { i . .
P3(7’7T7F) = Z(p) Z <€>q€p KPS(&T:F) = 21(177—)2 <E>qep £P3(€7T7F)7 L>T, Z 27

s=0 {=r l=r

T—2 % . % .
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s=0 l=r l=r
=%1(i, 7 —1)/E1(4,7)P3(i,7, F), @ > 1, 1 > 2.

Ezplanation: we can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors.
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Lir = lz(l(z' 7) IS Byir Py + [0 4 Salior - Ve P, F)]
’ r=0

and similar equations for Lflt)77 I~/§2)

7F'
Next, with (1),
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|
2!
=2

=

11



Hence
00 o 1/p 1+a

outar) = [ emitnryin =3 T - @) P ),

Note that there are no leftovers if the maximal non-empty urn contains only 1 ball.
The dominant component of Py(r, F') is given by

S 1/p Oopi
Z 3 (1,7, F) Z Psy(i,r, F),
: i=2

=2

S \

and the periodic component by

§ : —2lrilogn*
(4)13 ()03 X, T 8 )

140
with
w3(xi,r) = ¢3(0‘)‘a:—sz‘
We obtain .
Z“I‘XZF ) _.l_ Xl
pax1,7) = ) i ),
i=2 ’
Hence

Theorem 7.1 The asymptotic distribution of the number W, of leftovers, with failure, in the model
M1, is given by

g

P4('f', F) W, = T % 2(] )P (27 T, F) + Z 903(Xl7 T.)efQZﬂ'i{logn*}.
i= LT 10

The moments are given by

© +xzr 2+ : *
Lnp ~ Z LzF +Zzp XZ)L o~ 2lmi{logn }’

1#0 =2
° 2+xzr . .
Lg) Z p' (2) Z Z D (i + XZ)L( ) ,—2Imiflogn*}
1#0 =2

Note that W,, = O(1).

8 Asymptotic distribution and moments of K,, — logn*, failure case,
M1.

In case of failure, the moments of K,, —logn* are computed as in [10], with some RZ F, RZ(Q];, computed
as follows. First we have

7—1 7 .
Puo(i, F) = 1- Py(i,8) = () + S0 3 (g) 0 Puo(t,F)
s=0 /=1

1

= (") +21(i,7) (€> PP, F), i > 2, Po(1,F)=0.
/=1

Next the recurrences:

P8(1>O>F):O7 pg(l,O,F):O,

12



PS(LZLF):O? ﬁg(l,Zl,F):O

s=0

T—1 i
Py(i,k, F) = (') [k = 7]+ > _(0")° @ Rk —1-5,F), i>2,
(=1 ‘

T

-2
Py(i,k, F) = () k=7—-1]+ ) (»)* <€> Pl k—1—s,F), i>2
s=0 /=1

Ezplanation: we can have 7 or 7 — 1 null rounds (all killed) at start, leading to failure.

Rip=(p")7+%1(i,7) ) @ ¢'D 'Ry p + So(i, 7)[Pro(i, F) — (p)7]/S1(i,7), Ryp =0,
/=1

e . A
Rip=@) '(r=1)+%1(i,7=1)) (g) 4P ‘Rip

(=1
+ EQ(i,T - 1)[P10(’i,F) — (pi)T]/El(i,T), RLF = 0,

and similar equations for RZQ}, REQ} To obtain the moments of K,, —logn™*, we plug Rl Jak REQ} into the
moments given in [10], based only on fi(n) as given by (4) of [10], with Ps(i, k, F) instead of P(i, k),

i.e.,
Lui ,Lki

ZZexp( elk _L’7> 7“6 Py(i, k, F).

k=1 1=2

Indeed, a maximal non-empty urn with only 1 ball leads to a success. Note that to each value I =i > 2
corresponds Pyg(i, F'). Also Rp(x;) is no more null here and Pio(1, F') = 0 by convention. This gives

Theorem 8.1 Asymptotic distribution and moments of K, —logn™, failure case, model M1.

R, p —logn* =E(K, —logn*) ~U; — MV} — %
R —2lrilogn
Y [mel)—MRo(xl)—lf“) o~ 2irilogn,
10

U 2 V2 ‘/3_‘_‘/21

E(K, —logn*)? ~ Uy = 2MUy — 274 + M2V + 2M 2 + 2

T:

+y {T2(Xl) — 207y () — 220 a2y )

1£0
+2M

Ri(x1) n Ra(xt) + B3(xa) | —airitogn

L L2 ’
To obtain the moments of K, — logn*, given failure, we simply divide the moments given in the
theorem by Pg(F).

9 Asymptotic distribution and moments of 7,, (null rounds), with
failure, M1.

We have the recurrences:

Py(1,0,F) =0, Py(1,0,F) =0,
Py(1,>1,F) =0, Py(1,>1,F) =0,



Pt F) = (7T =71+ 07 (é) PRt - 5. ),
s=0 =1

T—2 %
Py(i,t, F) = (p') 't =7+ D _(0')° () Py (0t —1— s, F).
s=0 =1

Ezxplanation: we can have 7 or 7 — 1 null rounds (all killed) at start, leading to failure.

T—1 7 .
Lip = Z Py(i,t, F)t = (p")7 + Z Z(pi)s Z <Z> ¢ Pyl t — 5, F)[t — s+ 5

t s=0 /=1
7—1 7 . —1
. . /I/ . ,L
=)'+ Z(Pl)s (£> ¢‘'p I + Z Z( Z < > ‘Py(l,t — s, F)
s=0 /=1 t s=0
. , 0N 4o , , . ‘
=)'+ 31(4,7) <€>qu I p + X4(i, 7)[Pro(i, F) — (0°)7]/21(i, 7), I1p =0,
=1
T—2 7 i
T D (7 _ oiyT—1 i\ 0 i—2
P = Zt: o(i,t, F)t = (p') r+zt:§(p) 2 <€>q PPy (lt—1— s, F)t—1—s+s+1]
: A AN = LN
=) T+ ) (1) <€) ¢P L+ Y ) s+ 1) (z) (P Pyt —1— 5, F)
s=0 /=1 t s=0 /=1

=) -1y @ ¢‘p I p + Sa(i, 7 — 1)[Po(i, F) — (p°)7)/10i,7), L1.p = 0.

Next, with (1),
P(J =5, T =1t) ~ fo(n, 1),

. 4
1
t) = E exp(—zf)e_L”> ¢ p Py(i,t, F).
i=2 )

Hence
o

o0 i+a ~
qﬁg(a,t):/_OO e™ fo(n,t Z 1/pLZ, — &) Py(i,t, F).

=

Note that there are no null rounds if the maximal non-empty urn contains only 1 ball.
The dominant component of Pja(t, F') is given by

i

(i,t, F),

.“\“@

and the periodic component by

—2lril *
CU19 Z‘PQ le rhiogn )

1£0
with
po(xi,t) = dola,t)|(__p -
We obtain .
PNT(+
o) = S I iy,
1=2 )
Hence

14



Theorem 9.1 The asymptotic distribution of the number T, of null rounds, with failure, in the model
M1, is given by

o
Po(t, F) = ~3 % (it F) + Y o, t)e2mlosn),
i=2 1£0

The moments are given by

Z Li Lp+ Zi p +XT © + Xl)[ ¢—2mif{logn*}.

1#0 1=2
> pitxa
(2 @ p (i +x1) @) —2imi{logn*}
I, ~ZLZ Pt D T Lo
1#0 1=2

Note that T,, = O(1).

10 Asymptotic distribution and moments of C,, (coins flipped), with
success, M1.

10.1 Case I =1.

Note that, as explained in Section 4, this case entails a success. We will only deal here with the
non-periodic part of our expressions. The maximal non-empty urn contains 1 ball and the position of
the last non-empty urn before this maximal non-empty urn is denoted by J. Let us also denote by K
the number of balls in urn J.

P(J =j,K=k)~ fi(n,k), k=1,

—Lnk
9 _n\49 —-L
fa(n, k) exp(—;e ”) e 77exp( e ”) T
1 qe Ln(k+1)
=exp(= e ) 1
FExplanation:
— 94 —Ly —Ln
P(J = j, k) P(pe I)P(e k)
We have
sutank) = [~ emputn k= 24 <1>d_kr<1—d+k>
) - ’ Lk p )
Iy (k) = 64(0,k) = 7p
Note that

Zy = Z (k) = % = II; (one ball in the maximal non-empty urn)

which conforms to (3).
Let us denote by A the difference between the maximal non-empty urn (containing 1 ball) and J.
We have

P(J =j,I=1A4=0)~ fs(n,9),
) o) o ),



which shows that A is asymptotically independent of .J.

FExplanation:
P(J=j1=1A=6)~P (e*L(”“), 0> P (e’L("“), 0) .
P (eTHD) 1) P (T o) L1 P (7,0
We have
on(.8) = [ e pi(n.d)an
= exp(—Lé)ﬁ <q)d —q <1>d I'(1-a)
Lg | \p p ’
2 2
— _ LsP 5D
II5(0) := ¢5(0,0) = e Iq 7
Note that .
p
D s5(0) =7 =1L
6=1 L
which again conforms to (3). We have
1
E(A) = —
(a)=1,
1+g¢
2y
E(A%) = 7

However, note carefully that the player corresponding to I = 1 is actually related to a flipped coin in
urn J. So we must use a new RV G = K 4+ 1, G > 2, with distribution

q o
e(g) = Epg Lg>2

and
q e_Lng

Toln.6) = eXp(_zl)eLn>p (g— DV

We will also need -
p(l+q
2 ~B(6) = Y thlg)g = 220,
g=2

Later on, we will use the following variants:

e " fs(n, ),
e M fs(n, 9),
nfe(n,9),
e "M fs(n, 9),
e I fe(n, g).
These variants lead respectively to ¢ (0, g):
Pag
7
ap’g(g +1)
i )

16



e[l - DIn(p) + (9 - V(g —1) + 1
L*(g—1) ’

— [@?2(g = 1) + (9= 1)’ In(p) + (9 — 1)*¢(g — 1) + (g — 1) In(p)

+(g = Dy((g — 1) + 1) /[L*(g = 1)),
Q15(g) is too long to be displayed here.

This leads to Z7, Zs, Z11, Z12, Z10, Z13, Z15: We simply sum on g > 2. Indeed, the case I = 1 immedi-

ately leads to a success.

Now we will separate the contribution of urn J (containing G balls) from that of urns < J.

Let us denote by SF(], i) the sum of (n — ) iid RV I'(j), and I'(j) is a truncated geometric RV
< j. As Xy := Z] =1—¢’~1, we have (we give only the terms needed in the sequel)

j—1
1 . . .
fﬂﬁZZHRFU»==§:p¢*”/20~i;+¢’1—jffl—jf“’”—%O@fU*“)
1

7—1

; ; - l+q  j41+q .2q ;
E(Q)(]) = E(F(J)z)zzpql 112/20"’74‘61] 17— > j—1
1

J J 1—1—(’)( 2 2(5— 1))

Note that, with j = n + logn*,
—Lni

J —
¢ =e

This leads, by carefully taking into account the correlation between J and I (we expand the mean
up to the logn*/n* term and the square mean up to the logn* term) to

Cn,l ~ SF<J7 G) + JGv (4>
E(Cn’l) ~ E(SF(J, G) + JG),
1 neln pn—_Geln

~E[n—Gq)s 4+ 2C log n*
(-G +2E 2P EE Dtognt 4y
—2Ln
ne
— —5——5 logn” + (logn* —i—’n)G]
> n*?
Z Z 17
N—Z1—7Z5+ﬁf:—ﬁ—:1 +f—flogn*
p p qn an qn

nZyp n Z11
qn*  q*n*?

(5)
E(Cq 1) ~E((Sr(J,G) + JG)?)
~ E[RE®(J) + (n — G)(n — G — 1)(E(J))?
+ 2E[(n — G)E(J)JG] + E[(logn* + 1)*G?].
(6)

10.2 Case [ > 1.

First of all, we must compute the moments of C; s and CN'i,S. This gives

T—1 ]
Fus =2 ()" <g> o'pfsi+i+ Frs, Fis =0,

s=0 (=1

17



FR =Y (,)o'n Bl(Gs + i+ Cus)?
=2 ()q%’”[((s +1))2 + 2(s + 1)iFys + F4),
s=0 /=1

o . = = (2
and similar expressions for F; g, FZ(7 S) .
Next, with (1),

P(J =j,1=1d)~ f5(n,1),
. 1 _ e
f5(n,i) == exp<—56 Ln)
P(J = j) ~ fio(n),
= S L) L) )1
=2 p ’L' P s

ostani) = [ e iyin = U2 TG ),

e Lil

]

TIy(i) == ¢5(0, 1) = %,

Py:=) (i) =1-p/L.
2

Later on, we will use the following variants:

e f5(n, ),

e 2 f5(n, 0),
nfs(n,4),

e Fnfs(n, i),
e f5(n, ).

These variants lead respectively to ¢ (0,4):

p'p
L )
p?(i+1)

)

i

L
~ plln(p) + ¥(0)]
L2 ’
_ p'pliln(p) + (i) + 1]
L2 ’
_ P[P In(p) + (i) + 2i + iln(p) + ip(i) + 1]
L2 '

Multiplying by P (i, S) and summing on i > 2, this leads to Vi, Vi, Vs, Vi1, Via, Vio, Vis, Vis. Indeed,
the case I > 1 does not immediately lead to a success. Again we expand the mean up to the logn*/n*
term and the square mean up to the logn* term. We have
Cn’z ~ SFS(J, I)+JI+C~'[’5, (7)
E(Cp2) ~ E(Sp(J, 1) + JI + F 5)
~E(Sp(J,I)+ JI)+ U

18



1 nefn p—_TeIn

~El(n—-I)—-4+ ———— —(logn™ +n)
p qgn q n
n€72Lr]
—?Tlogn*%—(logn*—i—n)l +U;
1 % Vi
~ V- S Q—I—E—I 0 n*—l—f—ilogn*
D qn n qn

E(C72) ~ E((Sr(J,1) + JI)?) + 2E[(Sr(J, 1) + JI)Crs]

n ne L

~ E((Sr(J, 1) + JI)?) + 2B “p -z

logn™ + I'log n*] Fzs]

~E(Sr(J, 1)+ JI)%) +2 [ZUl — ng logn™ + Us logn*}
~ERE®@ (J) + (n—I)(n— I —1)(E(J))? + 2E[(n — 1) E(J)JI]

U.
+ E[(logn* +1)%I?] + 2 [nUl - E—f logn* + Us logn*} .
p qgn

10.3 General case.

The total mean is given by (we provide here only two terms)
E(Cn) ~ E(Cmﬂ —+ E(Cn,g)

Nn(§+V1>]1)+<—i7+Z5—?%—Vg;)logn*.

But the first term amounts to the mean of a sum of n GEOM pg'~' RVs. Indeed, the GEOM pg'~?

RV has mean %, second moment % and variance 1%' This is easy to explain: from (4) and (7), the

correction C’LS is asymptotically O(1) and the correction —A is also asymptotically O(1). Similarly
E(C2) ~ E(Cg,l) + E(Cg,z)

2 (P 1 %7 —pZs)  2(Vi—pVs) N
n <L+V1)p2+n< e e logn

and the variance is finally given by (we must adequately condition on the dominant success probability

Pd(S) =2+ W)
E(CR) (E(Cn)>2
pacs) — \Pas)

q

V(Cy) ~ Pd(S)

So we obtain

Theorem 10.1 The moments of C,, in case of success, in the model M1, are given by (with Maple,
more terms could be provided, in particular the log? n* and logn* terms of the variance)

P 1 Z7 Vz .
]E(C’n)wn(z—i-‘ﬁ)];—k(—?+Z5—?+V5>logn ,
V(C,) ~ Pd(S)n}%.
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Note again that the dominant term of the variance corresponds to a sum of n iid GEOM pg~" RVs.
Intuitively, the asymptotic distribution should be Gaussian: again from (4) and (7), the correction
é]’s is asymptotically O(1), but not independent of the dominant term and the correction —A is also
asymptotically O(1), but independent of the dominant term. Actually we have the following theorem.

Theorem 10.2 Conditioned on a success,

Cn, —E(Cp)
W <z njo)o P(x),

where ¢(x) denotes the Gaussian distribution function.

Proof. )
Cns = [I =1][Sr1(J,G) + JG] + [I > 1][Sr2(J, 1) + JI + Cr g].

Here, Sr1,m are related to the case I = 1 and St 2,72 are related to the case I > 1. In the sequel,
with some abuse of notation, Oy (1) will denote a RV, asymptotically independent of n, with finite
moments.

Cn,S:Z <P[J_.77]_1HSF,1(.77G>+.7G +ZP _.77[_2] [SFQ(]7 )+]Z] (Z S)J’_CzS})

j i>2

We have, conditioned on a success, (we use the dominant success probability Pd(.S))

C,, 11 PlJ=j1=1 . )
= 12[ I =6 .6 + 0

Pd(S) ~ Pd(S) I,
N P;/(ls) ZJ: ; P[] = j,IV:1 i|Pa(i, S) (S0, 8) + ]
* P:zf(ls) ZJ: ; W@,s
P D 6) 6l
b s DY =L 55 4 i+ ov),

Again we will separate the contribution of urn J from that of urns < J. So, conditioning on J = j
and I'y(j) denoting a sequence of iid truncated geometric RV < j,

Sra(j, G) + 3G = Sr.1(4,0) Zrk )+ G

= St.1(J, )+Ov(1) (logn* 4+ m)G
= SI‘,l( ,0) + Ov(l) + logn*OV(l),

and similarly for St (j,4) + ji. So

Ch.s I, 3 P[J =j, I =1]

Pd(S) ~ Pd(S) 7 5r.1(7,0)

J=4,1= Z]PQ(Z S)

Sr2(4,0) + Ov (1) +logn™ - Oy (1).
1>2
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Now we must show that Sr(7,0) is asymptotically Gaussian. We could simply use Feller [2, example
IX,1,a on triangular arrays|, but we want an error estimation. We will provide the first terms of our
expansions, but Maple “knows” more. The standard deviation of I'(j) will be denoted by o(j). We
have

—Ln
Sp=1-
np
1 e
E(j) ~ - — ——7,
P np

Vi et - 1)?
P 2nq

Now the probability generating function (PGF) of I'(j) is given by

i—1 _ Pz _ e*anj
Ia N 2]1 pql IZl _ 1l-gz n(l—qz)
(=) = >0 B %o ’

and the PGF of Sp(j,0) is given by [F(z)]". We will now use the Saddle point method (for a good
introduction to this method, see Flajolet and Sedgewick [3, chapter VIII]). By Cauchy’s theorem,

: L [[EE" L [ ne
P(Sr(j,0) =k) = 27”/Q o dz:%/ﬂe #)dz,

where € is inside the domain of analyticity of the integrand and encircles the origin and

pz e Lnyi

H(z)=n [m [1 iy qz)} - 1n[20]] — (k+1)In(2).

Set )
: d'H
HO .= .
dz"
First we must find the solution of
HY(z) =0 (9)

with smallest modulus.
Set Z := z* — ¢, where z* = lim,,_, 2. Here, it is easy to check that z* = 1. Set k = nE(j) +
Vvno(j)z, z fixed. We will soon see that e = (’)(ﬁ), so we can expand 2’ in F(z) as

iG=1)

2
25+

2=1—je+

Also j =logn* +n. This leads, to first order (keeping only the & term in (9)), to

€= \_/]% +O<lognn*).

This shows that, asymptotically, ¢ is given by a series of powers of n~/2, where each coefficient is
given by a series of powers of logn*. To obtain more precision, we set again k = nE(j) + /no(j)z,
expand in powers of n~Y2, and equate each coefficient to 0. We have, with % := z* —e =1 — ¢,

P(Sr(5,0) = k) = Qil/exp [H(2)+H( )(2)(z — 2)?/ 2!+ZH” )(z — 2) /l'}
Q 1=3

Note that the linear term vanishes. Set z = Z + i7. This gives
o

P(Sp(j,O):k)N%exp[H(é)] / exp [H (2)(ir) /2'+ZH (ir /zv] (10)

—00
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Let us first analyze H(Z). We obtain
H(Z) = —2%/2 + O(\/lﬁ)
Also,
HO() =5+ O(/n),
HW(z) = O(n).
We can now compute (10), for instance by using the classical trick of setting

S@(z)(ir) /2'—1—25” (i) 1 = —u? /2.

Computing 7 as a truncated series in u, this gives, by inversion,

Setting dr = %du, and integrating on —oo < u < o0, this gives

o [0

Finally (10) leads to

P(Sp(5,0) = k) ~ N ——— [1 + (9(

Nemire 7))

Now we consider
Cns _ E(Cns)
P(Pd(s) /P;l(S) < :U)
Vnq/p
o Py X IS0 G.0) — nEAD)] + pilsy B Siza T S0, 0) — 0 ()
v/ p?

Oy (1) +1logn*Oy (1) - a:)

v/ 1q/p?

N P<P£{as) 5, = Sr.01,0) = nEi())]

fm()

Py Sy Sy ARSI (G, (7,0) — nEs(j)] ; i)

Vnoa(j)
as .
o(j) — 1.
\Vq/p? e

Now

V&)

Pd(S)ng/p? n—ec
which concludes the proof [ |

See also Kalpathy et al. [5], for a leader election scheme which stops if I > 1. C,, is shown to be
asymptotically Gaussian.
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11 Distribution of C,, (number coins flipped), with failure, M1.
Only the case I > 1 matters here. Proceeding as before (we omit the details), we finally derive
Theorem 11.1 The moments of Cy, in case of failure, M1, are given by
1 %
E(Ca) ~nVi— + (==L + V3 ) logn*,
p p
V(C,) ~ Vln]%.

Again, the distribution should be asymptotically Gaussian, but we did not check the details.

12 Matrix expressions, M1.

We will give a few explicit matrix expressions for several quantities computed before. We will not use
these expressions, but we only wanted to show that some compact relations can be written down in
some cases.

12.1 Success probability
Let

and

Then we have the expression
(e.)
Py(,8) =Y TFpy =[I -1 1.
k=0

Note that, to get some precision in P5(.S), only finite matrices are necessary.

12.2 Number of rounds

Let
(pg(i) = Eg(i,T)PQ(i,S)/El(i,T), ) Z 2.

Then we have the expression
R g=Mxz g+ ¢ =[I—TI 1.
12.3 Number of null rounds

Let
903(2) = ‘Q(Z’?T)PQ(LS)/EI(Z-?T% 1> 2.

Then we have the expression
Ig=[I—T ;.
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12.4 Number of leftovers
Fix r. Let .
I i, ] += $1(i.7) ()qp husr,
u
and

i) = 106.7) () P ).

Then we have the expression
Py(.yr, F) = [I = TI] " 3.

13 Model 2

We will only briefly mention the modifications related to the main expressions. A supplementary last
index will indicate how many null rounds are allowed before failure. Only the mean in the success
case will be given, all other cases are similarly computed.

T—1 A

Po(i,$,7) = S0 S (g) D P ST~ s), i > 2,
s=0 /=1

3 =2 L .

Py(i, S, 1) =Y (p)° ) / ¢ Py, 8, T — 5 — 1) = Py(3, S, 7 — 1),
s=0 /=1
7—1

Pi(ik,S,7) =)

s=0
T—2

quz_epl(‘gak - 1 - 57577— -8 ]‘) = Pl(i,k,S,Ti 1)7

(0

(p")* i <Z> ¢ptP (L k—1—5,8T—5), i>2,
(0
(0

s=0 (=1 t
T—1 i . T—1 % .
t — iys t i—
Ris(r) = 200 Y (3 )5 Rustr =9+ R0+ 03 () Patt. s

s=0 /=1

P;(i,t,S, 1) = Z(pz)s <z> PP (0t — 5,8, T —5), i > 2,
s=0 /=1
T—2 i i ‘
P7(Zat7 S) = Z(pZ)SZ <€>q€pz—fp7(£’t —-1- S,S,T — 85— 1)’ { 2 27
s=0 /=1
T—1 i i T—1 7 i
_ i\ 0, i—4 i\S 0, i—4
) = X0 3 () str =9+ L0 Y () )ar e s —)
s=0 (=1 s=0 /=1
T—2 A i T—2 7 .
I g = h)s o=t —s—1)+ NS (s+1 ()Ki_éP 0,85, 17—s—1),
s=200% (1) “1estr—s =0+ S DG
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s=0 l=r ¢
T—1 1 i i—1 ) .
Lip(r) = €> qul_z Ps(l,r, F,m — s)r+ [(p")" + ¢ P3(i, 14, F, 7)),
s=0 ¢=r r=0
Li,F = LZ',F(T — 1)

Appendices.

A Some definitions and identities

Here, § € {R,I,L,F}. & must be replaced by &; g or ; r depending on the case we consider. Also
P(i) must be replaced by Pa(i,S) or Pio(i, F), respectively. Note that, compared with [10], we use

here Tl (i) = %;. instead of p—;, for Vi,...,Vs. Also we have Py(1,5) = 1, Po(1, F) = 0.

meiﬁm»
=
V=3P fo)ﬁ@),
=
Vs = fj b iﬁ(f)zﬁ(z'),
=
Vim ) V0D g,
=
Vs = i pifﬁ(z‘),
=
Vi = i p;pﬁ(z') = pWi,
=
Vo= T2 B = v
Vi i g _ppli hl(p)LJ;ii@b(i) s,
=
V=Y plPZ(f Y by = p2vs + 924,
_— §°: ) 00
o i Pln) b0y
v i PPLRIp) = P~ 2 ihle) =00 1]
=
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T3(x1) ==

Uy :

U, :

Us :

Uy :

Us :

27

ZS =

(1) +
p'pliIn(p) + iy(3)
Vig := Z -

.

.

1i -

1=2

> )P(i),
Sl F(Z + X1
= E—

L2

J )~(2)7
)Y@+ xi)1
E I(Z+Xl + )
‘ I( +x) (1,0 + xi) !
o0 .
: Z

E )2 (i + x1) P (i),
3 P F(Z+Xz
= —_—

“'ql(g — 1) In(p)

+ (g — (g —

P(i),

1) +1]

L%*(g—1)

“ql(g — 1) In(p)

+(g-Dy(lg -

LQ(g —

1)
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Zi5 =Y s(g)
g=2

B Success Probability

We show here that, where the results are given both, here, and in [7], they coincide. First, we look at
Theorem 4.1. The constant is given by
p(T— Dk

pl D
L;k T1—pk T

1 . Sk qkak
L<qp +;"’(pk - —qT“)’“))'

We use the notation S,, from [7] for the quantity P»(n,.S) from this paper. We have the recursion

and it should coincide with

k

1—pk E\ i
TRk = > <j>p ¢’ S;.
j=1
Therefore
p 1— (T 1k pk 1— ka +ka _p(T—l)k
Z S Tk = Z Sk? 1— ka
k>2 E>2
Tk 1— k
S PLTA e
k>2 k>2
DIELE P z( ) s
k>2 k>2 j=1
L S S T
ko —P+pTq i 1
k>1 j>1 k>j
B ¢S;  pv
ZSk——p+p a- Z i (I—prth)i’
k>1 i>1
which is the desired formula after trivial modifications.
For the Fourier coefficients, we have to prove that
p 1— (T 1k S qkak
pL(xi+1)+ Z Sk0y WF(XZ +k) = T+1)+ Z il Llxi + k‘)( W)’
E>2 E>1
which is done in a similar way:
(T 1)k (r—1)k
—p” —|—p p
Z R P +k) = ZS 1 F(xi+ k)
k>2 k>2
o P AN
ZZSkEF(Xl+k)*PF(Xl+1)*Z oL (x l+k)2(j)p ¢S
k>1 k>2 j=1
¢S 1 _j
—ZSk T +k) —ploa+1) - Z LN pThI Xl+k)(k_j),l?k T4+qp T +1)
k>1 j>1 ! k>j ’
k JS. T NpTJ
_ p ¢S; TOhu+J)p
=> S Tlu+k) —plla+1) +apTOa+1) = ) T e
k>1 §>1

which is the formula.
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C Total number of rounds

Next we turn to the nonfluctuating part of R,. We must use the total number of rounds: ]:2,
R; s + R; . Now from Theorems 5.1 and 8.1, we have

Vo py 14+pM

R, —logn™ = E(K,, — logn*) ~U — MV, — ——}——2—
E T D ( 1) I(l X)) | o
MR milogn
o |: I(Xl) O(Xl) I I e

where, now,

1=2
—  x=D'R
1 _Zz; LZ )
RO(XI) = 07
Ri(x1) =T (x),
_ I —
Vl = Tp,
- L ~(L-p)
Ver=5 -7

We have the following recurrences, with Py now combining S and F,

Py(1,0) =1, Py(1,0) =1,

Pofisk) = (9 [[k—rﬂ+2 3 () rik 10, 22
(=1

T—2 7

Po(ik) = (") k=7—1]+ > (") @ ¢ Pk —1—s), i > 2.
5=0 /=1
Ri=> Po(i,k)k=@)7+> > ) @ ¢ Pk —1—s)[k—1—s+s+1],
k k s=0 /=1
7—1 7 i .
= (Pi)TT + Z(pi)s ( ) R, + ZZ (s+1) Z (2) qui_zPo(ﬁ, kE—1-—s)
s=0 /=1 k s=0 /=1

= (pi)TT + 31 (4,7) Z <z> ¢ ‘R, + o (i, 7) [1 — (pi)T] /¥1(3,7),

1— ir G : ) 1— T
S <l>qepz_€Rg—|— 7 pi, Ry =0,
-p
" . o . N g
R = 3 R0k = ()7 = 1)+ S = DY () d R
k

+ X6, = 1) [1 = ()] /(i 7)
=) M=)+ 16,7 - 1) [Ri — So(i,7) [1— (0)7] /S1(6,7) — (0")7] /1(,7)
+ Bo(i, 7 = 1) 1= (p")7] /S (i, 7)
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1— i i(t—1) T
it el et
(I=p7)(1—p")
1— 1(7’ 1)

:Ril—i Ry =0.

In [7], the following recursion is derived:

n

Ru(r) =) <?>P”jquj(T) +p " Ro(r—1)+1, 7>0,n=2,

J=1

and the interest is in R,, = R, (7). We write

1—p™
Ro(r) = Kul(r) 49" Ru(7 = 1) = Kul(r) 49" (K(r) + Ru(7 =2)) = - = TE0 K ).
We find the recursion
_an <n> n—ij i 1_p7'n
. |p (]Rj—l- .
This coincides with the recursion given here. Now
~ - Vo py 14+pM
MV — 222
Uy %1 7 T2 7
oy 2fs lplop 1L yEopy,ry 1 pl
P Li L L L\2 L L2 L L?
1Zpi(1 pU ) R lp 1 4 1
_LA i 1—p L 2 L L
Zp (1—p7 +p —pTY) R lp 19 1
I 1—p7 L 2 L L
:l°°Piﬁi_iiliml—ﬂ)_@_}ﬂ_l
L i L 4 i 1—p7 L L L
=2 =2
oo oo 7 .
:l szl_l ]iz llplquJR]_i ﬂ &_@_14_1_1
L i L 4 i J L ) L L L L
=2 =1 7j=1 =1
1 <=p'R; 1 ¢ R; i (T— 1Y i pT  Inp v 1
=— - = T4+ —In(l-p ) +——— -+ = ——
DI DU DU CHIY e R e AT R
i=2 Jj=1 2]
1 =p'R; 1 quj pIT 1 pT lnmp 1 ~ 1
= — - = -+ —In(l—-p" ) +——— — -+ = — —.
L& i L4 (1—pT+1)J+Ln( V)Y T~ T3t II
Thus the constant term in the asymptotic expansion of R, — logn is
lnp pR qJR 1 P Inp 1 ~ 1
1 —In(l-pH)+=—-——=-+—-——
I Z L& j (- T+1)+Ln( PIYT -7 2t T I
pR qﬂR T 1 S A |
—Z —Z T+1) ol -p)+ s

1>2

This is the expansion that was also obtained in [7].
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D Total number of null rounds
We have the recurrences:

Pi3(1,0) =1, P3(1,1) =1,

Pra(i,t) = (p")7[t =] + Z ° (Z) ¢'p T Pis(l,t — s),
=1

Pis(it) = (@Tl[[t—f]]JrZ s <>q‘v’p”P13(z,t—1—s).
/=1

T—2 7 .
i D (; i\T— iys t i—
= S Pl =G+ 003 () Pt -1 - 1= s s
t t =1

T—2 7 . T— 7 .
=07 TS (o e S+ 0 (o pute e -1

=1 0 =1
=)+ B0l = 1) [L = ()77 = Bali, 7)1 = (0)7]/%0 (0, 7)] /510, 7)
+ (i, 7 = DL = (p)7]/% (i, 7)
1 _p +p i(r+1) _ i . 1—p 7pi(7—1) fpiTIA
(1=p7)(1=p") 1-pm)A-p)
1 — pitr=1) .

The mean is given by
0 i [e'e) H‘Xll“ . ~
P = p (Z + Xl) —2Iri{logn*}
I”NZEI’JFZZTLE '
i=2 1#£0 i=2

Indeed, I,, from the paper [7] satisfies the same recursion as here, after unwinding it as shown in the

previous example.
And now we look at the nonfluctuating part in the asymptotic expansion of the mean:

LA A p”<1+1—p”“‘”1)
(i " L n 1—pnm "
i=2 n>2
1 pr1—p"” +p —pnD
=+ (~In(1-p) Z — I,
n>2 -P
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p
=1-=+4 = —I,— = — 1,
L+L n " L n 1—pnt "
n>2 n>2
=l-FHp Tk oy L+
L LnZln LnZQ n 1<j<n J
B P 1 pn 1 pn(‘r+1) pT+1 1 pTLT
BERD AP Dhrs it D Dl S SR DR ) [
n>1 n>1 n>1 1<5<n
1 n
p iy P Lp 12 n—1\ . n
=1—-—>=+4+—In(1 — —I,— = J
A AL R s S D DL D Db D) (NS Ll
n>1 j>1 n>j
p NN AR ey L~ p7
1—=+4+ —In(1 T —+ = —I,— =
T pT e 2 Y LZ Py

This is the expression given in [7].

E Total number of leftovers

We have here only the failure case. This gives (we drop the F' index)

. . 71 . . .
pT(l-p) N AN : pT(l-p)

L; = - - — by "L "|L; — - . —

! l—pz_qz+quzrz+ 1(4,7) % V4 p eta ! 1_pz_q2—|—quzrz
5 ) 1 — i(t—1) iT 1— 7 1— i(t—1) iT 1— 7
L= |pe-n LT L Gt R PO el I - O D

1—p 1—pt — ¢ + ¢ip'™ 1— 1—pi — ¢ + ¢ip'™

1— pi(T—l)LA pi(T—l)(l _pz) ‘
- 1_pi7' it 1_pi7' b

The mean is given by

x ® ibxr;
p p L+ Xl) —2iri{logn*}
~ kit D T Lie
=2 1#0 1=2

The recursion derived in [7] is

Here, we have

-1
pT(1—p") L=p" [x= (1 ;i oo pT(1—p")
an MmN n m’n+ o 1 qu" ij—l_qn(Ln_ N _ 4N n n7n>
IL—p"—q"+q"p 1—p J 1—p"—q"+q"p

I Ay N e Zn: ") i — g Ay N

_ pnT(l_pn) Al 1_pn7qn N 1—pm n n qunij'
1_pn_qn+qnpn7' 1_pn j J

> (5o

j=1

1_ nTtT

— T
=p'n+ 1= pr

and hence we do have the same recursion.
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Now we turn to the nonfluctuating part of the mean:

i pi ~ pi 1— pi(T—l) pi(T—l)(l _ pi) )
L=y = — :
: 1 ZLZ|: 1_pz7' + 1_pz7' ¢

i=2 i>2
1P L= pT o ptT i(T‘l) P
_LZZ 1—p LZ
1>2 1>2
i i T 7
p ZP [ <>ZJJL ZT] 1 pT(1-p")
> 5L + CHEEDY
Lz>2 z>2 j=1 L=p7 LzZQ 1-
P’ P I« 1- P’
- (e - e Y
i>2 i>2 i>2 z>2
IL;
TR WA )z
]>1 i>7 J 1>2
p’ qL ¢ 1 1 11
L—* + — - = —qp’,
L; ; 1_ T—H) L1—-p Ll—pT‘H

which is the same expression as in [7].
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