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Preface

This report consists of lecture notes for a graduate course in combinato-
rial optimization at the University of Oslo. A better, although longer, title
of this course would be the report title “Convexity, polyhedral theory and
combinatorial optimization”.

The purpose of this report is to introduce the reader to convexity, polyhe-
dral theory and the application of these areas to combinatorial optimization;
the latter is known as polyhedral combinatorics. Compared to some other
texts in polyhedral combinatorics we concentrate on the foundation in convex
analysis. This is motivated by the fact that convexity leads to a good under-
standing of, e.g., duality and, in addition, convex analysis is very important
for applied mathematics in general.

We assume that the student has a good general mathematical background
and that she or he is familiar with mathematical proofs. More specifically,
a good understanding of linear algebra is important. A secondary course
in mathematical analysis is useful (topology, convergence etc.) as well as
an introductory course in optimization. Some knowledge of algorithms and
complexity is also required.

However, optimization is a part of applied mathematics, so we do want
to model and solve problems. Therefore, discussions on methods, both gen-
eral and more specific ones, follow the theoretical developments. Thus a
main goal is that a (hard working) student after finishing this course shall
(i) have a good theoretical foundation in polyhedral combinatorics, and (ii)
have the ability (and interest) to study, model, analyze and “solve” difficult
combinatorial problems arising in applications.

The present report should be viewed as a draft where several modifica-
tions are planned. For instance, some more material on matching and other
combinatorial problems would be suitable. Still, judging from experience, it
is hard (and not even desirable) to cover all the material in this report given
the estimated work load of the mentioned course. This opens up for some
flexibility in selecting material for lectures. It is also planned to find more
exercises for a future version of the report.
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It is suggested to read supplementary texts along with this report. Two
highly recommended books are G.L. Nemhauser and L. Wolsey “Integer
and combinatorial optimization” [29] and A. Schrijver “Theory of linear
and integer programming” [35]. Another very good reference is the paper
W.R. Pulleyblank “Polyhedral combinatorics” [32]. Although it has a differ-
ent perspective, we recommend the book R. K. Ahuja, T. L. Magnanti and
J. B. Orlin “Network flows: theory, algorithms, and applications” [33] where,
in particular, many interesting applications are described.

Have fun!



Chapter 0

Introduction

0.1 Background and motivation

Mathematical optimization, or mathematical programming, is a fast
growing branch of mathematics with a surprisingly short history. Most of its
development has occured during the second half of this century. Basically
one deals with the maximization (or minimization) of some function subject
to one or more constraints.

As we know, mathematicians, for centuries (maybe even thousands of
years) have studied linear algebraic equations and linear diophantine equa-
tions in a number of contexts. Problems came from e.g. mechanics, astron-
omy, geometry, economics and so on. Many of those problems had unique
solutions, so there was really no “freedom” involved. However, more recently,
problems have appeared from a number of applications, mathematical and
non-mathematical, where there is typically several possible, or feasible, solu-
tions to a problem. This naturally leads to the question of find a “best possi-
ble solution” among all those that are feasible in the specified sense. We shall
illustrate this by some examples. First, let us mention that famous mathe-
maticians like Bernoulli (1717), Lagrange (1788) and Fourier (1788) studied
particle movements in mechanics where the particle was moving within some
specified region R in space. Lagrange studied the case when R was described
by one or more equations, while Fourier went further and allowed R to be
described in terms of inequalities. Gauss also studied some of these mechan-
ics problems, as well as approximation problems. He introduced the least
squares method which reduces the problem of approximating a vector using a
quadratic loss function (Euclidean norm) to the problem of solving a certain
linear system. Fourier also studied these approximation problems, but with
another loss function and in a restricted sense. He actually then discovered



a simplified simplex method which, today, is a main method in mathematical
optimization.

Today, optimization problems arise in all sorts of areas; this is the age of
optimization as a scientist stated it in a recent talk. Modern society, with
advanced technology and competive businesses typically needs to make best
possible decisions which e.g. involve the best possible use of resources, maxi-
mizing some revenue, minimize production or design costs etc. In mathemat-
ical areas one may meet approximation problems like solving some equations
“within some tolerance” but without using too many variables (resources).
In computer science the VLSI area give rise to many optimization prob-
lems: plysical layout of microchips, routing, via minimization and so on. In
telecommunications the physical design of networks leads to many different
optimization problems, e.g. that of minimizing network design (or expan-
sion) costs subject to constraints reflecting that the network can support the
desired traffic. In fact, in many other areas, problems involving communi-
cation networks can be viewed as optimization problems. Also in economics
(econometry) optimization models are used for e.g. describing money trans-
fer between sectors in society or describing the efficiency of production units.

The large amount of applications, combined with the development of fast
computers, has led to massive innovation in optimization. In fact, today
optimization may be divided onto several fields, e.g. linear programming,
nonlinear programming, discrete optimization and stochastic optimization. In
this course we are concerned with discrete optimization and linear program-
ming. In discrete optimization one optimizes some function over a discrete
set, i.e., a set which countable or even finite. We shall mainly use the slightly
more restricted term combinatorial optimization for the problems of interest
here. Typically these are problems of choosing some “optimal subset” among
a class of subsets of a given finite ground set. Many of the problems come
from the network area, where finding a shortest path between a pair of points
in a network is the simplest example.

The reader may now (for good reasons) ask: where does the title of
these lecture notes enter the picture? Well, polyhedral combinatorics is an
area where one studies combinatorial optimization problems using theory and
methods from linear programming and polyhedral theory. All these terms will
be discussed in detail later, but let us at this point just mention that linear
programming is to maximize a linear function subject to (a finite number) of
linear (algebraic) inequalities. Polyhedral theory deals with the feasible sets
of linear programming problems, which are called polyhedra. Now, polyhedral
theory may be viewed as a part of convex analysis which is the branch of
mathematics where one studies convex sets, i.e., sets that contain the line
segments between each pair of its points. A large part of this report is



therefore devoted to convex analysis and polyhedral theory. Some people
will probably say that it is too much focus on these areas, and they may be
right. However, a second purpose of our approach is to give the reader a
background in convexity which is useful for all areas in optimization, as well
in other areas like approximation theory and statistics.

0.2 Optimization problems and terminology

We now present several optimization problems to be studied throughout the
text. Also important terminology is introduced. First, however, we introduce
some general notation.

Usually, we denote the (column) vector consisting of the i’th row of a
matrix A € R™" by a;, so we have al = (a;1,...,a;,). All vectors are
considered as column vectors. When we write z < y for vectors z,y € R",
we mean that the inequality holds for all components, i.e., x; < y; for i =
1,...,n. Similarly, z < y means that x; < y; fori =1,... n.

An optimization problem (or mathematical programming prob-
lem) is a problem (P):

maximize {f(z) : z € A} (1)

where f : A — R is a given function defined on some specified set A (typically
A is a subset of R™). A minimization problem is defined similarly. Each point
in A is called a feasible point, or a feasible solution, and A is the feasible
region (or feasible set. The function f is called the objective function.
An optimization problem is called feasible if it has some feasible solution.
A point z* is an optimal solution of the problem (P) if f(z*) > f(x) for
all z € A. Thus an optimal solution maximizes the objective function among
all feasible solutions. The optimal value of (P), denoted v(P) is defined
as v(P) = sup{f(x) : z € A}. (Recall that the supremum of a set of real
numbers is the least upper bound of these numbers). For most problems
of interest in optimization, this supremum is either attained, and then we
may replace “sup” by “max”, or the problem is unbounded as defined below.
Thus, if 2* is an optimal solution, then f(z*) = v(P). Note that there may
be several optimal solutions. We say that (P) is unbounded if, for any
M € R, there is a feasible soluton x); with f(zy) > M, and we then write
v(P) = oo. Similarly, an unbounded minimization problem is such that for
each M € R, there is a feasible soluton x; with f(za) < M; we then write
v(P) = —oo. If the maximization problem (P) in (1) is infeasible (has no
feasible solution), we write v(P) = —oo. For infeasible minimization problem
we define v(P) = co. Sometimes we may say, for two feasible solutions x; and
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x9 in (1), that z; is better than z5 if f(z1) > f(x2), and z; is at least as
good as xs if f(z1) > f(z2). Similar notions may be used for minimization
problems.
Most optimization problems have additional structure compared to the
problem in (1) and we define some important classes of problems next.
Consider matrices and vectors A; € R™" Ay, € R™" b € R™ | by €
R™ and ¢ € R". The optimization problem (LP)

maximize ¢’z

subject to

(1) Al.'L' = bl; (2)
(11) AQ.’L‘ S bg,

is called a linear programming problem or LP problem for short. Thus
in this problem the objective function is linear and the feasible set, let us call
it P, is the solution set of a finite number of linear inequalities and equations.

We shall also be interested in another linear problem, the integer linear
programming problem, (ILP) for short:

T

maximize c'z

subject to

(1) Al.'L' = bl; (3)
(11) AQ.’L‘ S bg;

(iii) x is integral.

Thus, in this problem the feasible set consists of all the integral points inside
the feasible region of a linear programming problem. It seems natural that
there should be some useful relations between the problems (LP) and (ILP),
and, in fact, the study of such relations is one of the main topics in polyhedral
combinatorics.

It is important to be aware of a main difference between the problems
(ILP) and (LP). In terms of theoretical computational complexity, the (ILP)
is N P-hard, while (LP) is polynomially solvable. Loosely speaking, this
means that (LP) may be solved efficiently on computers using an algorithm
with running time polynomially bounded by the “size” of the input prob-
lems, while for (ILP) no such efficient algorithm is known (or likely to exist).
Typically, algorithms for solving the general (ILP) problem have exponential
running time, so only small problems can be solved on a computer.

A discrete optimization problem is simply a problem of the form (1)
where the feasible set A is a discrete set. A more restricted class of optimiza-
tion problems may be defined as follows. Let E be a finite set (e.g., consisting
of certain vectors or matrices), and let F be a family (class) of subsets of E,
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called the feasible sets. Also let w : E — R, be a nonnegative function
defined on E; we call it a weight function. Define w(F) := > _pw. for
each F' € F, so this is the total weight of the elements in F'. We then call
the optimization problem (CO)

maximize{w(F) : F € F} (4)

a combinatorial optimization problem.

0.3 Examples of discrete models

This section simply contains several examples of the general optimization
problems introduced in Section 0.2. The purpose is not only to make the
reader acquainted with important problems, but also to illustrate the fan-
tastic potential of discrete mathematical models in representing various phe-
nomena in totally different fields of both science and society. It is important
to stress that modeling itself is not the only task. We also want to analyze
and solve these models. Combinatorial optimization and integer linear pro-
gramming provides a rich theory and powerful methods for performing these
tasks.

Example 0.1 The famous Traveling Salesman Problem (TSP) may be
described as follows: for a given set of cities with known distances between
pairs of cities, find a shortest possible tour wvisiting each city exactly once.
We introduce a set E consisting of every pair {u,v} of cities u and v, and
w({u,v}) is defined as the distance between cities u and v. A feasible subset
of E is the set of pairs of consecutive cities in a tour, and then the weight
of this tour coincides with its length, as desired. The (CO) problem (4) then
represents the TSP. We remark that the TSP has enjoyed an overwhelming
interest since it was “rediscovered” around 1930; each year it is published
about 100 papers on the subject (new algorithms, special cases, applications
etc.). We shall discuss the TSP in Section 6.7.

Discrete choices are often restricted to be binary (i.e., two alternatives),
as in the TSP above. Either we visit cities ¢ and j consecutively, or we do
not. In such situations one can introduce a binary variable z; € {0,1} whose
value indicates the choice that occurs.

Example 0.2 The knapsack problem is a combinatorial optimization prob-
lem that may be presented as follows. A Norwegian mountain lover wants to
pack her knapsack for today’s walk. What should she bring? Awvailable are



items 1 to n, where the weight of item j is a; > 0 and its (subjective) “value”
isw; > 0. Unfortunately, she cannot bring all the items, as the knapsack (or
she) can not carry a weight larger than b (and b < Y7, a;). The problem is
to decide which items to bring such that the weight condition is satisfied and
such that the total value of the items brought on the trip is largest possible.
To model this we introduce a binary variable x; for each item j, and one can
check that the following (ILP) problem represents the problem

max {Z wiT; Zajxj <b, x€{0,1}"}.
=1 =1

Loosely speaking, combinatorics deals with properties of finite sets. Some
combinatorial optimization problems that involve packing and covering in
finite sets are descibed next.

Example 0.3 Let M be a finite set and M = {M, : j € N} a (finite) class
of nonempty subsets of M, so N 1is the index set of these subsets. We say
that a subset F' of the index set N is a cover of M if UjcpM; = M, i.e.,
each element in M lies in at least one of the selected subsets. We say that
F C N is a packing in M if the subsets M;, 7 € F' are pairwise disjoint,
thus each element in M lies in at most one of the selected subsets. Finally, if
F C N is both a packing and a covering, it is called o partition of M. Let
now w be a weight function defined on N, so w; > 0 is the weight of 7 € N.
The minimum weight covering problem is to find a cover F with weight
w(F) == Y ;cpwj; as low as possible. The maximum weight packing
problem is to find a packing F with weight w(F') as large as possible.

There are many combinatorial problems in graphs and networks, as e.g.
the TSP. In fact, in the last half of this report we shall study many such
problems in detail. A reader who wants to get an idea of what kind of prob-
lems these are, can have a look in Chapter 5. In order to avoid introducing
graph terminology at this point, we just give one such example here.

Example 0.4 Assume that m jobs are supposed to be performed by n persons
(computers). Each job must be done by exactly one person, and each person
can do at most one job. The cost of assigning job i to person j is assumed
to be c;;. The assignment problem is to assign the jobs to persons so
as to minimize the total assignment cost. This problem s also called the
minimum weight bipartite matching problem. [t can be modeled by



the following (ILP):

min Z” Cij i

subject to

(i) > i1 Tij =1 for all 7

(ii) Yo @y <1 for all j; (5)
(iii) 0<z;<1 for all i, j;

(iv) x;; is integral for all 4, .

We see that the last two constraints assure that the vector x is binary. The
variable x;; is 1 if job i is assigned to person j, and 0 otherwise. The con-
straints (5)(i),(ii) assure that the mentioned restrictions on feasible assign-
ments hold.

The model for the assignment problem in (5) has an interesting property.
Consider the so-called linear programming relaxation of this model, which
is obtained by removing the integrality constraint on the variables; thus
feasible solutions may also be fractional. It turns out that among the optimal
solutions of this LP problem there is always one which is integral! Thus, for
this model, the optimal value of the (ILP) and that of the LP relaxation
coincide, for every objective function c. This is an exceptional situation, but
still very important from both a theoretical and a practical point of view.
We shall study this in detail throughout this text.

0.4 An overview

In particular, in Chapter 1, we introduce some convex analysis in finite di-
mensional spaces. This chapter is partly motivated by the fact that most
of the concepts and results discussed there are frequently used in polyhedral
combinatorics. Secondly, it gives some foundation in convexity for studies in
e.g. other branches of optimization. Then, in Chapter 2, we continue the
study of convexity, but now in connection with linear inequalities. A powerful
theory of polyhedra (the solution set of linear inequalities) is presented.
Chapter 3 is devoted to linear programming, and, in particular, to the
main method for solving linear programs: the simplex method. Finally, for
those who might believe that the author had forgotten about combinatorial
problems, we come back to these problems in Chapter 4. It treats basic opti-
mization problems in graphs and networks, e.g., the shortest path problem,
the minimum spanning tree problem and the maximum flow problem. We
also discuss algorithms for solving these problems. Chapter 5 on polyhe-
dral combinatorics brings together the previous chapters: general theory and
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methods are given for attacking combinatorial problems via linear program-
ming and polyhedral theory. Finally, the last chapter contains an overview
of some methods for solving integer linear programming problems. The main
focus is on linear programming based methods, but other general techniques
are also discussed.

0.5 Exercises

Problem 0.1 Here is a classical LP problem. A student at the University
of Oslo wants to decide what kind of food to eat in order to minimize food
expenses, but still get healthy food. Awailable are 5 different kinds of food
(so it is a typical student cafeteria we have in mind), each containing cer-
tain amounts of energy (kcal), protein (g) and calcium (mg). The foods are
Fi,...,Fs. Each food is served in a given “size” (e.g., chicken with rice
might be 220 g). The student requires that today’s diet (which is to be de-
cided) must contain a minimum amount of energy (e.g. no less than 2,500
kcal), a minimum amount of protein and a minimum amount of calcium. In
addition the student has an upper bound on the number of servings of each
food. The cost for each meal (NOK/serving) is assumed given. Formulate
the student’s diet problem as an LP problem. Discuss the role of integrality
i this problem.

Problem 0.2 Let k < m, and consider a set of m linear inequalities aiTx <
bi, i =1,...,m (where a; € R"). Formulate a model which represents that
a point shall satisfy at least k of these constraints and in addition satisfy
0<z; <M for each j <n.

Problem 0.3 Approzimation problems is also an area for linear program-
ming, in particular when the ly or lo, norms are used. (Recall that ||z||c =
max;|zj|.) Let A € R™" and b € R™, and formulate the approzimation
problem min{||Az — b|| : € R"} as an LP problem.

Problem 0.4 Integer programs can be used to represent logical relations, as
indicated in this exercise. Let Py, ..., P, be logical statements, each being
either true or false. Introduce binary variables, and represent the following
relations via linear constraints.

1. Statement P, is true.
2. All statements are true.

3. At least (at most, exactly) k statements are true.
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4. If Py is true, then Ps is also true.
5. P, and Py are equivalent.

6. If either Py or P, is true, then at most two of the statements Ps, ..., P,
are true.

Problem 0.5 Consider the following problem at our institute; one faces this
problem each semester. A (repeating) weakly plan which assigns classes to
rooms is to be constructed. Assume that the size of each class is known (it
could be an estimate), and that the size (number of seats) of each room is
also known. Formulate the problem of finding a feasible assignment of classes
to rooms as an (ILP) problem. Then, construct some additional constraints
that may be reasonable to impose on the schedule (be creative!), and formulate
these in your model.

Problem 0.6 In this exercise you must really be creative! Figure out an
optimization problem of interest to you (whatever it might be!) and try to
formulate it as an (integer) linear programming problem!



Chapter 1

Convexity in finite dimensions

In this chaper we give an introduction to convex analysis. Convexity is
important in several applied mathematical areas like optimization, approxi-
mation theory, game theory and probability theory. A classic book in convex
analysis is [34]. A modern text which treats convex analysis in combination
with optimization is [19]. A comprehensive treatment of convex analysis is
[38]. For a general treatment of convexity with application to theoretical
statistics, see [37]. The book [39] also treats convexity in connection with a
combinatorial study of polytopes.

We shall find it useful with some notation from set algebra. The (alge-
braic) sum, or Minkowski sum, A+ B of two subsets A and B of R™ is defined
by A+ B:={a+b:a€ A, be B}. Furthermore, for A € R we let A\A
denote the set {\a : a € A}. We write A + z instead of A+ {z}, and this
set is called the translate of A by the vector z. It is usefule to realize that
A+ B is the same as the union of all the sets A+ b where b € B. Subtraction
of sets is defined by A — B:={a—b:a€ A, b€ B}.

We leave as an exercise to verify the following set algebra identities from
sets A1, Ay, A3 C R™ and real scalars A1, Ao:

(i) A1+ Ay = Ay + Ay

(i) (A1 + Ag) + Az = Ay + (A2 + A3);
(111) )\1(>\2A1) = ()\1)\2)141;

(IV) )\1 (Al -+ Ag) = >\1A1 -+ >\1A2.

(1.1)

Note that, although the properties above are familiar for real numbers, there
are some properties that are not transfered to set algebra. For instance, we
do not have (A; + A\2)A = A\ A + A A in general (why?).

We let ||z]| = (27x)'/? denote the Euclidean norm of a vector z. As usual
the n-dimensional real vector space with inner product z7y = Z;;l x;y; is
denoted by R", and R, denotes the set of nonnegative reals. We distinguish
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between the symbols C and C, the first denotes strict containment for sets
while the second allows equality of the sets involved. For vectors z,y € R"
we write x < y whenever x; < y; for ¢ = 1,...,n. Similarly, x < y means
that x; < y; for i = 1,...,n. The Cauchy-Schwarz inequality says that
|z"y| < ||z|ll|y]| for each z,y € R™.

1.1 Some concepts from point set topology

First, we recall some concepts from point set topology in R". A closed ball
is a set of the form B(a,r) = {z € R" : ||z — al| < 7} where a € R™ and
r € Ry, i.e. this set consist of all points with distance not larger than r from
a. The corresponding open ball, defined whenever r > 0, is B(a,r) = {z €
R™: ||z —a| < r}. Aset A€ R"is called open if it contains an open ball
around each of its points, that is, for each x € A there is an € > 0 such that
B(z,e) C A. For instance, in R each open interval {z € R : a < z < b}
is indeed an open set. A set F' is called closed if its (set) complement
F={zeR":x ¢ F}isopen A closed interval {z € R:a <z < b} is
a closed set. A sequence {x¥)}%  C R"™ converges to z if for each ball B
around x there is an integer K (B) such that z*) € B for all £ > K(B), and
in that case we call z the limit point of the sequence and write z® — z.

The open sets in R”, defined via the Euclidean norm as above makes R"
into a topological space, i.e. the class 7 of open sets have the following
properties:

(i) 0,R™ € T;
(ii) if A,B € 7, then AN B € T;
(iii) if A;,4 € I is a family of open sets, then the union U;c;A; € 7.

Thus, since closed sets are the complements of open sets, we get that
the union of any finite family of closed sets is again closed, and that the
intersection of any family of closed sets is closed. The interior int(A) of
a set A is defined as the largest open set contained in A; this coincides
with the union of all open sets in A (in fact, one may take the union of
all open balls contained in A and with center in A). For instance, we have
int(B(a,r) = B(a,r)). The closure cl(A) of a set A is the smallest closed
set containing A. We always have int(A) C A C cl(A). Note that a set A is
open iff int(A) = A, and that A is closed iff c1(A) = A. Finally, we define the
boundary bd(A) of A by bd(A) = cl(A4)\int(A). An useful characterization
of the closed sets is that F' is closed if and only if it contains the limit point
of each sequence of points in F' that converges.
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In convex analysis, we also need the concept of relative topology.
Whenever A is a nonempty set in R” we say that a set B is open rela-
tive to A if B = B’ N A for some open set B’ in R” (with usual topology).
The family of sets that are open relative to A constitutes a topology on A
(i.e. the properties (i)—(iii) above all hold). For a set C' one can therefore
introduce the relative interior rint(C) (relative to A) of a set C' in the
natural way: rint(C') is the union of all sets in C' that are open relative to
A. One can also introduce relative closure, but this is not of interest for
our purposes. This is so because we shall always consider topologies relative
to sets A that are closed in the usual topology, and then relative closure
and usual closure coincides. However, the relative boundary defined by
rbd(C) = cl(C) \ rint(C) is of interest later.

A function f : R™ — R™ is continuous if for each convergent sequence
{x®}  C R™ with 2®) — 2 we also have f(z*)) — f(z). If a set F is
contained in some ball, it is called bounded. A set which is both closed
and bounded is called compact. Weierstrass’ theorem says that a con-
tinuous, real-valued function f on a compact set K achieves its supremum
and infimum over that set, so there are points z; € K and x5 € K such that
f(z1) < f(x) < f(xg) for all z € K.

Whenever A and B are two nonempty sets in R", we define the distance
between A and B by dist(A, B) = inf{|ja —b|| : a« € A,b € B}. For one point
sets we may write dist(A,b) instead of dist(A, {b}). Note that dist(a,b) =
|la—b||. From the definition of dist(A, B) it follows that we can find sequences
of points {a"}22, in A and {b"}22, in B such that ||a" — b"|| — dist(A, B).
Sometimes, but not in general, one can find points a € A and b € B with
la — b|| = dist(A, B). For instance this is possible if one of the two sets is
compact. We discuss this in more detail in Section 1.5.

1.2 Affine sets

We here give an introduction to affine algebra which, loosely speaking, is
similar to linear algebra, but where we remove the importance of the origin
in the different concepts. The basic objects are affine sets which turn out to
be linear subspaces translated by some fixed vector. It is useful to relate the
concepts below to the corresponding ones in linear algebra.

An affine set A C R" is a set which contains the affine combination
Mz + Aexo for any x1,z9 € A when the real numbers (weights) satisfy
A1+ A2 = 1. Geometrically, this means that A contains the line through any
pair of its points. A line L = {z¢+Ar : A € R} through the point z( and with
direction vector r # 0 is a basic example of an affine set. Another example
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is the set P = {xg + M7y + Aora © A1, A2 € R} which is a two-dimensional
“plane” going through x, and spanned by the nonzero vectors r; and rs.

X

\

Figure 1.1: The affine hull of {z,y}

In Figure 1.1 we see a simple affine set, nemaely a line.

Recall that L C R” is a linear subspace if \jz; + Aoxzo € L for any
x1, T2 € L, i.e., L is closed under the operation of taking linear combinations
(of two, and therfore any finite number) of vectors. It follows that a linear
subspace is also an affine set. The converse does not hold, but we have the
following basic relation. We say that an affine set A is parallel to another
affine set B if A = B + x¢ for some g € R", i.e. A is a translate of B.

Proposition 1.1 Let A be a nonempty subset of R®. Then A is an affine
set if and only if A is parallel to a unique linear subspace L, i.e., A = L+ x
for some xy € R".

Proof. Assume that A = L + zg for some xy € R™ and a linear subspace L
of R". Let x1,z9 € A and A, A2 € R satisfy A\ + Ao = 1. By assumption
there are y1,y» € L such that 1 = y; + z¢9 and 1 = y2 + x¢. This gives
Mz 4+ Axe = M(y1 + xo) + Aa(y2 + o) = Ayr + Ay + (A1 + Xo)xg =
AMy1+ Aoys +x9g € L+ 129 = A as L is a linear subspace, and therefore A is
affine.

Conversely, assume that A is affine. Choose o € A and define L = A—xy.
We claim that L is a linear subspace. To prove this, let y € Rand z € L, so
x = a — xo for some a € A. Then ux = pu(a —xo) = pa+ (1 — p)zg —z9 € L
because pa + (1 — p)xg € A is an affine combination of two elements in A.
L is therefore closed under the operation of multiplying vectors by scalars.
Next, for any x1,zo € L, there are suitable a;,a2 € A with x1 = a1 — o,
Ty = az — xo and therefore z1 + z2 = 2((1/2)a; + (1/2)as — xy) € L since
(1/2)a; + (1/2)as € A (affine combination of elements in A) and since we
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have already shown that 2z € L whenever z € L. This proves that L is a
linear subspace.

It remains to prove that A cannot be parallel to two distinct linear sub-
spaces. So assume that A = L; 4+ 1 = Lo + x5 for linear subspaces L1, Lo
and vectors x1,xo. This implies that L; = Ly + z where z = x5 — z;. But
since L is a linear subspace, 0 € Ly and therefore L, must contain —z and
also z (as also Ly is linear subspace). This gives Ly = Lo+ 2z = L9 as desired.

i

In the example of Figure 1.1 the unique linear subspace L parallel to A
is shown.

We define the dimension dim(A) of an affine set A as the dimension of
the unique linear subspace parallel to A. The maximal affine sets not equal to
the whole space are of particular importance, these are the hyperplanes. More
precisely, we define a hyperplane in R" as an affine set of dimension n — 1.
For instance, the set A in Figure 1.1 is a hyperplane in R? and in Figure 1.3 it
is shown a hyperplane in R3. Each hyperplane gives rise of a decomposition
of the space nearly as for linear subspaces. Recall that if L C R™ then L
and its orthogonal complement L+ = {y € R" : yTx =0 for all z € L}
have the property that each vector x € R™ may be decomposed uniquely as
x = x1 + xo where 1 € L and x5 € L', see Figure 1.2.

”L'

X2

X1 7

Figure 1.2: Orthogonal decomposition x = x1 + x5

Furthermore, we know that dim(L) + dim(L~*) = n, and, in particular, if
L has dimension n — 1, then L+ has dimension 1, i.e., it is a line. Similarly,
a hyperplane partitions the space into two parts, called halfspaces, such that
the normal vector of the hyperplane generates a line (affine set of dimension
1). In fact, we have the following characterization of the hyperplanes.

Proposition 1.2 Any hyperplane H C R™ may be represented by H = {x €
R" : aTx = b} for some nonzero a € R™ and b € R, i.e. H is the solution
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Figure 1.3: A hyperplane in R3

set of a nontrivial linear equation. Furthermore, any set of this from is a
hyperplane. Finally, the equation in this representation is unique up to a
scalar multiple.

Proof. Recall from linear algebra that we have L = (L) for any linear
subspace L. But according to Proposition 1.1, we have H = L + 2° for some
2% € R™ and a linear subspace L of dimension n — 1. As remarked above
Lt ={Xa: X € R} for some nonzero a € R". We then get z € H & z—1° €
Lez—2"e (LYt & al(r—12° =0 alx = aT2° which shows that
H={zeR":a"x =b} for b= a’2’. The uniqueness (up to scalar multiple
of the equation) in this representation follows from the uniqueness of L (see
again Proposition 1.1) and the equivalences above. Similarly, one sees that
each set being the solution set of a nontrivial linear equation is in fact a
hyperplane.
EI
We can proceed along the same lines and show that affine sets are closely
linked to systems of linear equations.

Proposition 1.3 When A € R™™ and b € R™ the solution set {x € R" :
Az = b} of the linear equations Ax = b is an affine set. Furthermore,
any affine set may be represented in this way. Therefore, the affine sets are
precisely the sets obtained as intersections of hyperplanes.

Proof. This can be proved by the same methods as in the proof of Propo-

sition 1.2. The only difference is that the orthogonal complement L+ may

have higher dimension, say k, and we then choose a basis b!,...,b* for Lt
and let the matrix B have these basis vectors as rows.

EI

We say that Z;nzl Ajz; is an affine combination whenever z1, ..., z,, €

R™ and the weights satisfy Z;nzl A; = 1 (so this is a special linear combination
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of the vectors). Affine combinations play the same role for affine sets as linear
combinations do for linear subspaces, as we shall see below. Let S C R", and
let aff(S) be the intersection of all affine sets containing S. We call aff(S)
the affine hull of S. Note that this is an affine set as the intersection of any
family of affine sets is again an affine set.

Proposition 1.4 A set A C R" is affine iff it contains all affine combina-
tions of its points. The affine hull aff(S) of a subset S of R™ consists of all
affine combinations of points in S.

Proof. We first note that if A contains all affine combinations of its points,
it also contains affine combinations of two points which by definition means
that A is affine. Next, assume that A is affine and let xy,..., 2, € A and
A1, .- 5 Am be such that 377" A; = 1. We must show that = = > 7", N\ju; €
A. Since the \;’s sum to 1, one of them must be nonzero, say A; # 0. Then

x—)\lxl—i—Z)\x]—)\lxl—i— 1—>\12 ]/1—>\1 (12)

Jj=2 7j=2

Note here that > 7", A;/(1 — A1) = 1, so the sum on the right-hand-side of
(1.2) is an affine combination y of m — 1 elements in A, and furthermore z is
an affine combination of x; and y. Thus, by induction, we get the first part
of the proposition.

Next, let W be the set of all affine combinations of points in S. Then
S C W (affine combination of one point!) and it is easy to check that
W is affine. Therefore we must have aff(S) C W. By the first part of the
proposition, as aff(.S) is affine, it contains all affine combinations of its points,
and, in particular, such combinations of points in S. Thus W C aff(S) and
the proof is complete.

[
A set of vectors X = {x¢,z1,...,zn,} are called affinely independent if
dim(aff({zo, z1, ..., Zm}) = m. Note the resemblence to linear independence

here. Affinely dependent vectors are vectors that are not affinely indepen-
dent. For a set X C R" the affine rank r,(X) of X is the maximum number
of affinely independent vectors in X. We call the “usual” rank of X, namely
the maximum number of linearly independent vectors in X, for the linear
rank of X and denote this number by r;(X). Relations between linear and
affine independence are given in the next proposition.

Proposition 1.5 Let X = {xg,z1,...,2,} be a set of m + 1 vectors in R™.
Then the following six statements are equivalent:
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(i) X is affinely independent.

(i)  For each w € R™ the set X — w is affinely independent.

(iii) No vector in X is an affine combination of the others.

() If Y7o ANxy =0 and 37" A; =0, then A\; =0 for all j.

(v)  The m wvectors 1 — g, . .., Ty — To are linearly independent.

(vi)  The vectors (zg,1), ..., (xm, 1) € R™™ are linearly independent.
Furthermore, we have that

(vii) if 0 € af f(X), then ro(X) =m(X) +1;

(viit) if 0 & af f(X), then ro(X) = r(X).
Finally, dim(S) = rq(S) — 1 for each set S in R™.

We leave the proof as a useful exercise!

Affine independence is illustrated in Figure 1.4. The vectors zg, z1, T2, T3
are affinely independent, but linearly dependent while x1 — xg, x2 — zg, 3 — 0
are linearly independent, . The vectors x1, z3, x4 are affinely dependent.

X2

x0

X3
’ x4
x1

Figure 1.4: Affine independence

1.3 Convex sets and convex combinations

A set C C R" is called convex if it contains line segments between each pair
of its point, that is, if Ayz; + Asxs € C whenever 1,25 € C' and A, Ap > 0
satisfy A\ +Xa = 1. Equivalently, C' is convex if and only if (1-A\)C+AC C C
for every A € [0,1]. Some examples of convex sets C; and non-convex sets N;
in R? are shown in Figure 1.5.

All affine sets are convex, but the converse does not hold. More generally,
the solution set of a family (finite or infinite) of linear inequalities alz < b;,
i € I is a convex set. Furthermore, when a € R™ and r € R, the ball B(a,r)
is convex, and this also holds for every norm on R™. We leave the proof of
these facts as exercises.
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Oy
N o

Figure 1.5: Convex and non-convex sets

N2

The dimension of a convex set is defined as the dimension of its affine
hull. More generally, one may define the dimension of any set as the dimen-
sion of its affine hull.

The set K, = {z € R": 2> 0, >0, 2; = 1} is a convex set called the
standard simplex in R", see Figure 1.6.

Figure 1.6: The standard simplex in R3

A cone C C R" is a set which is closed under the operation of taking
rays through its points, i.e. Az € C' whenever A > 0 and z € C. A convex
cone is, of course, a cone which is convex. We see that a set C' is a convex
cone iff A\jz1 4+ Aoxs € C whenever A, A\ > 0 and z1, x5 € C. Note that each
linear subspace is a convex cone. A cone need not be convex, for instance,
a set consisting of two distinct rays is a nonconvex cone. However, we shall
only consider convex cones in the following, so we may sometimes use the
term “cone” as a short term for “convex cone”.

In convex analysis one is interested in certain special linear combina-
tions of vectors that represent “mixtures” of points. When z1,...,x,, € R"
and numbers (“weights”) A1,..., A, > 0 satisfy Z;’;l A =1 (e, A =
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1

Figure 1.7: A convex cone in R?

(A1, 5 Am) € Kip) we say that = Y770 \jz; is a convex combination
of the points 1, ..., z,,. Thus a set is convex iff it contains each convex com-
bination of any two of its points. A statistician may prefer to view convex
combinations as ezrpectations; the weights define a probability distribution,
and if X is a stochastic vector which attains the value x; with probability
Ak, the expectation £X equals Z;nzl Ajz. With this interpretation, a set
is convex iff it contains the expectation of all random variables with sam-
ple space {z1,...,z,}. A conical combination of vectors z1,...,x,, is a
vector Z;nzl Ajz; for some weights \; > 0, 7 =1,...,m.

Figure 1.8: The convex hull of some points in R?

Proposition 1.6 A set C' C R" is convex iff it contains all convex combina-
tions of its points. A set C' C R™ is a convex cone iff it contains all conical
combinations of its points.

Proof. Clearly, by our definition of convexity, it suffices to prove that if C'
is convex and z', ..., 2™ € C'and A € Ky, then z = > 77" A2/ € C. We can
show this with a similar method to the one used in the proof of Proposition
1.4. We note that some \; must be positive (otherwise A & K,,), say A\; > 0
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(and, of course, A < 1), and we then have

z=Nz'+ (11— )Y (/1= A))al. (1.3)

J=2

Here 37", A;j/(1 — A1) = 1, so the sum on the right-hand-side of (1.3) is a
convex combination y of m — 1 elements in C', and z is a convex combination
of ! and y. The desired result follows by induction, and similar arguments
give the result for cones.
EI
We define the convex hull conv(S) of a set S C R" as the intersection
of all convex sets C' containing S. Similarly, the conical hull cone(S) of
a subset S C R" is the intersection of all convex cones containing S. Note
that conv(S) is a convex set and that cone(S) is a convex cone; this follows
from the fact that the intersection of an arbitrary family of convex sets (resp.
convex cones) is again a convex set (resp. convex cone). It also follows that if
C'is convex, then C' = conv(C'), and if C is a convex cone, then C' = cone(C).

Figure 1.9: The conical hull of some points in R?

Recall from linear algebra that the linear subspace generated by a set
of vectors is the smallest linear subspace containing those vectors. We have
a similar relation for convex hulls (playing the role of “subspace generated

by”).

Proposition 1.7 Let S C R™. Then conv(S) consists of all convex com-
binations of points in S and cone(S) consists of all conical combinations of
points in S.

Proof. Let W be the set of all convex combinations of points in S. We see
that S C W (convex combination of one point!) and that W is convex (see
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Problem 1.8). Thus, by definition, we must have conv(S) C W. However, by
Proposition 1.6, since conv(.S) is convex it contains all convex combinations
of its points, and, in particular, such combinations of points in S which
implies that W C conv(S) and the proof is complete. The result for cone(S)
is proved similarly.
EI
Convexity is preserved under a number of operations, and the next result
describes a few of these.

Proposition 1.8 (i) Let Cy,Cy be convex sets in R™ and let Ay, Ay be real
numbers. Then A\ Ci + XCy is convex.

(ii) The closure of a convez set is again convex. The closure of a cone is a
cone.

(#ii) The intersection of any (even infinite) family of convex sets is a convex
set.

(iv) Let T : R™ — R™ be an affine transformation, i.e., a function of the
form T'(z) = Ax + b, for some A € R™™ and b € R™. Then T maps

convex sets to convex sets.

Proof. See Problem 1.9!
EI
There is a general technique for transforming results for convex sets into
similar results for cones in a space of dimension one higher than the original
space. Let C' C R™ be a convex set and define

Ko = cone({(z,1) e R"™ : 2 € C}). (1.4)
This cone is called the homogenization of C', see Figure 1.10.

Lemma 1.9 Let C and K¢ be as above and define C = {(z,1) € R*"! : x €
C}. Then we have

(i) Ko = {\(z,1):x € C;\ > 0}.

(i1) C ={y € K¢ : Yynt1 = 1}.

(i1i) x is a convex combination of (affinely independent) vectors in C if
and only if (z,1) is a conical combination of (linearly independent) vectors

i C.

Proof. (i) C is convex due to the convexity of C' and because any convex
combination Y of points in C' must have y,,1 = 1. It is a general result
that the conical hull of a convex set C' coincides with the set of rays through
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points of C' (see Problem 1.10). We then see that property (i) follows directly
from this result.

Property (ii) is a simple consequence of property (i).

(ili) Let a1, ..., am, € C and Ay, ..., Ay > 0. Then (z,1) =377 Aj(ay, 1)
if and only if z = 7" Aja; and 3 7", A; = 1. Therefore conical combina-
tions of elements in C' corresponds to convex combinations of elements in C.
Furthermore, by Proposition 1.5 (vi) we have that the vectors a, ..., a,, are
affinely independent if and only if (a1, 1),..., (am, 1) are linearly independent
and the property (iii) follows.

0

C

Figure 1.10: Homogenization

Sets being the convex or conical hull of a finite set are of special interest
in the following.

A set P C R™ which is the convex hull of a finite number of points is
called a polytope. Thus P is a polytope iff P = conv({z1,...,x,}) =
{>°75 Ajzj 0 A € Ky} for certain zy, ..., 2, € R". Examples of polytopes
are shown in Figure 1.8, Figure 1.5 (only C3), and Figure 1.11.

A set K which is the conical hull of a finite number of points is called a
finitely generated cone. So any finitely generated cone is of the form K =
cone({z1,...,zn}) = {7 Ajwy = Ay > Ofor j=1,...,m} for suitable
vectors x',...,2™. Some examples of finitely generated cones are found in
Figure 1.7 and Figure 1.9.

In a sense cones may be viewed as objects “intermediate” of linear sub-
spaces and general convex sets, as we discuss next. For a convex cone K in
R", we define its polar cone K° C R" by

Ke={yeR":y"zr<0foralze K} (1.5)

Since y'2 = 2Ty we see that each x € K represents a valid inequality
2Ty < 0 which holds for all y € K°. Thus, the polar cone K° consists of
the solution set of the infinite number of linear inqualities 27y < 0 for each
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Figure 1.11: A polytope, the dodecahedron

element z in K, and, therefore, K° is a convex set. Some properties of the
polar cone are given next.

Proposition 1.10 K° is a closed conver cone. If K is a linear subspace,
then K° equals the orthogonal complement K+ of K.

Proof. The fact that K° is a convex cone follows directly from the definition
using the linearity of the scalar product. The continuity of the scalar product
gives the closedness as follows. Let {y*}2°, be a sequence of points in K° that
converges to some point y. Then (y*)7z < 0 for each z € K, so the mentioned
continuity of the function z — 2Tz implies that yTz < 0, so y € K° and
K° is closed. Finally, assume that K is a linear subspace, and then —x € K
whenever x € K. Therefore, K° = {y € R" : y"2 = 0 for all z € K} (for
if yT'z < 0, then yT(—z) > 0, so we have a violation). But this proves that
K° =K+
EI
We may therefore view polarity as a concept generalizing orthogonality.
The polar cone of finitely generated cones will be of special interest to us in
connection with linear programming.

Proposition 1.11 If K is the finitely generated cone K = cone({c1,...,¢m}),
then its polar cone is the solution set of a finite set of linear inequalities,
Ke={yeR":cjy<0 forj=1,...,m}.

Proof. Since ¢i,...,¢, € K, it follows that K° C {y € R* : ¢Jy <
0 forj = 1,...,m}. Conversely, if y satisfies cjy < 0 for j = 1,...,m,
then we also have (-7, Ajc;j)"y < 0 whenever \; > 0 for each j. But since
any y € K is of the form y = 77", Aje; for suitable \; >0, j = 1,...,m,
this shows that y € K° as desired.

[
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Figure 1.12: Polar cones

The remaining part of this section is devoted to some topological consid-
erations for convex sets.

From the perspective of affine and convex sets the usual topology on
R™ has limited value. The problem is that many interesting convex sets
are not fulldimensional, i.e., they lie in affine sets of dimension strictly less
than n. Such sets have empty interior. For instance, a line segment in
R? has nonempty interior, although the points except the two end points
are “interior relative to the line”. This deficiency of the usual topology is
overcome by passing to relative topologies, see Section 1.1.

Let C' C R™ be a convex set, and let A = aff(C'). Consider the topology
relative to A (defined on A). Recall that the relative interior of C, denoted
rint(C') is the union of all sets that are open relative to A and also contained
in C. Equivalently, rint(C) is the largest relative open set contained in C.
For instance, consider a convex set being a line segment in R? and given by
C={(x,y) eR*:0< z <1, y=1}. Then we get rint(C) = {(x,y) € R*:
0 <z <1, y=1} and the relative boundary is rbd(C) = {(0,1), (1,1)}.

A remarkable topological property of convex sets is that they are “very
close” in a sense to their relative interior as the following theorem says.

Theorem 1.12 If C' C R" is a nonempty convex set, then rint(C') is also
nonempty. Furthermore, the sets rint(C), C' and cl(C) all have the same
relative interior, relative boundary and closure.

We omit the proof of this result, but remark that they are related to the
following interesting property of convex sets: if z lies on the boundary of a
convex set C' and y lies in the relative interior of C, then every point on the
line segment between x and y, except x, lies in the relative interior of C.
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1.4 Carathéodory’s theorem

The concept of a basis is very important in linear algebra (and in its gener-
alization, matroid theory). For a linear subspace L of R" each maximal set
B of linearly independent vectors in L contain the same number of vectors.
This number is called the dimension of L (comment: maximal means here
that by extending the set by one more vector we get a linearly dependent
set), and B is a basis. Any vector x € L may be expressed uniquely as a
linear combination of elements in this basis. Therefore any linear combina-
tion of “lots of” vectors in L may be rewritten as a linear combination of the
basis vectors, so only dim(L) vectors are used in this combination. A natural
question is now: can we do similar reductions for convex combinations? Yes,
the following theorem, called Carathéodory’s theorem, shows that this is
the case. Note that the proof actually gives an algorithm for performing this
reduction, and it is related to linear programming as we shall see later. We
prefer to consider the result for conical combinations first, and then turn to
convex combinations.

Theorem 1.13 Let C' = cone(G) for some G CR™ and assume that x € C.
Then x can be written as a conical combination of m < n linearly independent
vectors in G.

Proof. Since C' is a convex cone, it follows from Proposition 1.7 that there
are aj,...,a, € G and A\ > 0 such that z = Z;nzl Ajaj, in fact, we may
assume that A\; > 0 for each j. If a4,...,a,, are linearly independent, then
we must have m < n and we are done.

Otherwise, a1, ..., a,, are linearly dependent, and we then claim that it
is possible to modify the weights A; into A} such that at least one A is zero
and = Y7 Na;. Thus we can reduce the number of elements in the
conical combination by 1. To prove this, we first note that since ay,...,an
are linearly dependent, there are numbers u1, ..., t,, not all zero such that
> i1 ja; = 0. We may assume that p; > 0 (some p; is nonzero, and if it
is negative, we may multiply all weights by (—1); for simplicity we assume
that j = 1). Define A* by

A" =max{A>0: )\ —Ap; >0 for all j < m} = min{\;/py; : p; > 0}.
(1.6)
As each A\; > 0 and p; > 0, we get 0 < A* < 0o. Let the modified weights
A, be given by X, = \; — A*pu; for j < m. It follows from (1.6) that A} >0
and that at least one A} must be 0. Furthermore, » .. Na; = > . (N —
Atpglag =D i, Ajaj — A Y i pja; = x — A*0 =z, so we have proved
our claim.
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By repeatedly applying this reduction we can reduce the number of ele-
ments in the conical combination representing z until we end up with positive
coefficient only for linearly independent vectors and there can be at most n
of these.

[

Next, we give the version of Carathéodory’s theorem for convex sets.

Corollary 1.14 Let C' = conv(G) for some G C R" and assume that © €
C. Then x can be written as a conver combination of m < n + 1 affinely
independent vectors in G.

Proof. We use homogenization. Let x € C = conv(G), so z is a convex
combination of elements in G (by Proposition 1.7). Then (z,1) is a conical
combination of elements of the form (g,1) for ¢ € G (see Lemma 1.9(iii)),
and therefore, according to Theorem 1.13, (z,1) is also a conical combination
of linearly independent vectors of the form (g,1) for ¢ € G. Using Lemma
1.9(iii) once again, it follows that x is a convex combination of affinely inde-
pendent vectors in G.

EI

Carathéodory’s theorem says that, for a given point x € R™ in the convex
hull of a set .S of points, we can write x as a convex combination of at most
n + 1 affinely independent points from S. This, however, does not mean, in
general, that there is a “convex basis” in the sense that the same set of n+1
points may be used to generate any point z. Thus, the “generators” has to
be chosen specificly to each z. This is in contrast to the existence of a basis
for linear subspaces. It should be noted that a certain class of convex sets,
simplices, discussed below, has a “convex basis”; this is seen directly from
the definitions below.

Carathéodory’s theorem has some interesting consequences concerning
decomposition of certain convex sets and convex cones.

Some special polytopes and finitely generated cones are of particular in-
terest. A simplex S in R" is the convex hull of a set X of affinely indepen-
dent vectors in R", see Figure 1.6. In particular, each simplex is a polytope
and dim(S) = |X| — 1. A generalized simplex is a cone K generated by
(= conical hull of) n linearly independent vectors in R™. So K is a finitely
generated cone and it is fulldimensional.

We next give a simplicial decomposition theorem for polytopes and finitely
generated cones.

Theorem 1.15 FEach polytope in R™ can be written as the union of a finite
number of simplices. Fach finitely generated cone can be written as the union
of a finite number of generalized simplices.
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Proof. Consider a polytope P = conv({a1,...,an}) C R*. We define M =
{1,...,m} and let F be the family of all subsets J of M for which aj,
j € J are affinely independent. Clearly, F is finite. For each J € F let
P’ = conv({a; : j € J}), and note that P’ is a simplex and P’ C P.

We claim that P = UjcrP’. The inclusion D is trivial, so we only
need to prove that each x € P lies in some P’/. Let x € P and then,
by Carathéodory’s theorem (Corollary 1.14),  may be written as a convex
combination of affinely independent vectors from ag, ..., a,,. But this means
that z lies in some P’ and the claim has been proved.

The corresponding result for convex cones may be proved similarly when
we define the family F to consist of all subsets J of M for which a;, j € J
are linearly independent. We then apply the cone version of Carathéodory’s
theorem and the desired result follows.

EI

The decomposition result has an important consequence for, in particular,
finitely generated cones as discussed next.

Proposition 1.16 Fach finitely generated cone in R™ is closed. Each poly-
tope in R™ is compact.

Proof. Let K’ be a finitely generated cone in R™. By Theorem 1.15, K’
is the union of a finite number of generalized simplices. Thus, it suffices to
prove that every generalized simplex is closed (as the union of a finite set of
closed sets is closed, see Section 1.1). Consider a generalized simplex K =
cone({ay,...,a,}) whereay, ..., a, are linearly independent. Let A € R™" be
the matrix with j’th column being a;. We then see that K = {AX: A € R }
and that A is nonsingular. Consider a sequence of points {z*}%°, C K
which converges to some point z. If we can prove that z € K, then K is
closed (confer again Section 1.1 on topology). Since x* € K, there is some
e e R% with ¥ = AN for each k, and therefore , as A is nonsingular, we
have A~12* = ¥ for each k. Since z* — z and any linear transformation
is continuous (by the Cauchy-Schwarz inequality), we get A~1xF — A~1lz,
i.e., \* — A~'z. But the limit point of any convergent sequence in R’} must
lie in R” (as this set is closed!), so we get A~'z € R” and therefore also
2 = AA7'2z € K as desired. This proves that any generalized simplex is
closed, and we are done.

Finally, we prove the similar result for polytopes. This is easier. As-
sume that the simplex C is the convex hull of affinely independent points
a',...,a"". Then we may write C' = {AX : A € K1} where A € R™"
is the matrix with j’th column being a; and K,.; is the standard simplex
in R"*. Now, K, is closed and bounded, i.e., compact, and the linear
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transformation given by A is continuous (see Problem 1.11). Thus we can
apply Weierstrass’ theorem and conclude that C' is compact.

[

1.5 Separation of convex sets

Convex sets have many interesting properties. One of these is that disjoint
convex sets can be separated by hyperplanes. In R? this means that for
any two disjoint convex sets we can find a line such that the two sets lie on
opposite sides of this line (possibly intersecting the line). This is not true
for non-convex sets. It turns out that this property in R™ may be viewed as
a “theoretical core” of the linear programming duality theory. Separation of
convex sets is also important in nonlinear optimization and other areas (e.g.,
game theory and statistical decision theory).

2D

Figure 1.13: Separation of convex sets

Separation involves the concepts of a hyperplane and a halfspace as in-
troduced next. For each a € R™ and b € R we define the halfspaces
H<(a,b) = {z € R" : a’x < b} and H>(a,b) = {x € R" : a’'z > b}, and
also the hyperplane H_(a,b) = {x € R" : a’z = b}. These two halfspaces
are the closed halfspaces associated with the hyperplane H_(a,b). We call
H_(a,b) := int(H<(a,b)) and H-(a,b) := int(H>(a,b)) the open halfspaces
associated with H_(a,b). Geometrically, a hyperplane divides the space into
two parts given by the associated closed halfspaces.

Loosely speaking, separation of disjoint convex sets means that one can
find a hyperplane such that the two sets are contained in the opposite closed
halfspaces defined by the hyperplane.

First, we study separation of a point from a convex set. Our proof will be
based on geometry and topology, so we recommend to look through Section
1.1 before proceeding.

28



@ x0 C
p \\

H

Figure 1.14: The proof idea

Theorem 1.17 Let C' be a nonempty closed convex set in R™ and let p & C'.
Then there ezists a nonzero a € R™ and an € > 0 such that

a'z <a'p—e foralzeC. (1.7)

Furthermore, there is a unique point zo € C closest to p in C, i.e. |[p—xo|| =
dist(C, p), and we may choose a = p — xo in (1.7).

Proof. We first prove that inf,ccl|z — p|| is attained. Let ¢ € C' (which is
possible as C is nonempty). Then inf,cc||x — p|| = infieer ||z — p|| where
C'={x e C:|x—p| <|ec—p|}. Note that C’ is bounded since it lies
inside a ball of radius ||c — p|| with center p. In addition C’ is closed (as
the intersection of the mentioned ball and C'), and therefore C’ is compact.
Since the norm is a continuous function, it follows from Weierstrass’ theorem
that inf,cco||z — p|| = ||zo — pl|| for some zg € C as claimed. (Note: in these
arguments we did not use convexity, only that C' is nonempty and closed, so
we have shown that dist(p, C') is attained under these assumptions)

Let x € C and 0 < ¢t < 1. Since C is convex, (1 — t)xg + tz € C
and therefore ||(1 — t)xo + tx — p|| > ||zo — p||. By squaring both sides
and calculating the inner products we obtain ||z — p||*> + 2t(xo — p)T(z —
zo) + t2||z — x0||? > ||xo — p||>. We now subtract ||zg — p||* on both sides,
divide by t and let ¢t — 0T, and get (z¢g — p)T(z — x9) > 0 or equivalently
(zo —p)'z = (20 — p)"'p+ ||lzo — p||*. Define a =p— =z, 50 a#0 (as p ¢ C)
and the inequality becomes a’z < a’p — ||p — x0[|* which holds for each
x € C. Thus we have shown (1.7). It only remains to prove that z is the
unique point in C closest to p. Let r = ||[p — x| = dist(p,C). Then the
set of points within distance  from p is the ball B(p,7). Let b = a’xy, and
from (1.7) we see that C' is contained in the halfspace H<(a,b) and B(p,r)
is contained in the opposite halfspace Hx(a,b) and x( is the unique point in
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B(p,r) which also lies in the hyperplane H_(a,b). The desired uniqueness
result follows directly from these relations.
EI
A more specialized version of this separation theorem is obtained if C' is
a convex cone.

Corollary 1.18 Let C' be a non-empty closed convex cone in R™ and let
p & C. Then there exists an a € R™\ {0} such that

a’r <0< a’p foralzeC. (1.8)

Proof. We apply Theorem 1.17 and let a be as in (1.7). We claim that
a’z <0 for all x € C. In fact, if a’x > 0 for some = € C, then also Az € C
for each A > 0 (as C is a cone), and therefore a’ (\r) = Xa’x — oo as
A — oo. But this contradicts that a”(Az) < a’p — ¢, and the claim follows.
Furthermore, we have that a’p > 0; this follows from (1.7) as 0 € C and
a0 = 0.

[

Figure 1.15: Separation for convex cones

From the perspective of linear programming duality, it is the previous
“point-set” separation theorem that is needed. However, for other applica-
tions, it may be of interest to give more general separation theorems as we
do next.

We first introduce different notions for separating sets. Let C'; and Cs be
nonempty sets, and let a € R", b € R. We say that the hyperplane H_(a,b)
weakly separates (', and Cs if C; and Cy are contained in different sets
among the two closed halfspaces H<(a,b) and H>(a,b). If, in addition, we
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have that dist(C;, H-(a, b)) > 0 for i = 1,2, the hyperplane H_(a,b) is said
to strongly separate C'; and Cs.

It should be noted that weak separation is indeed a weak concept because
it allows the following improper separation. Let A be the affine hull of C';UC,
and assume that A is not fulldimensional. Then we can find a nonzero vector
a € L' where L is the unique linear subspace parallel to A. Then a’z is
constant, say equal to b, for z € A, and therefore the hyperplane H_(a,b)
weakly separates C; and Cs. Here both the sets C; and C5 are contained in
this hyperplane, so this kind of separation is not of much interest. Therefore,
we introduce a stronger requirement next. We say that a hyperplane H_(a, b)
properly separates C; and C, if it weakly separates the two sets and, in
addition, either C; or Cs intersects one of the two open halfspaces associated
with H_(a,b).

We are now prepared to give results concerning both strict and proper
separation of convex sets.

Theorem 1.19 Let Cy and Cs be nonempty convex sets. Then the following
statements are equivalent.
(i)  Ci and Cy are strongly separated by some hyperplane.
(ii)  There exists an nonzero a € R™ with sup,cq,a’z < infyec,a’y.
(iii) dist(Cy,Cy) > 0.

Proof. (i) = (ii): Assume that (i) holds, so there exists a nonzero a € R
and b € R with C; C H<(a,b), Cy C H>(a,b), and dist(Cy, H=(a,b)) = ¢; >
0, dist(Cy, H-(a,b) = €2 > 0. We may assume that |la|| = 1 as otherwise
we could scale a and b suitably. Define ¢ = min{e;, €2}, so € > 0. Let
L = span{a} = {Aa : A € R} (a subspace of dimension 1 being a line
through the origin with direction vector a) and let L+ be its orthogonal
complement, i.e. Lt = {z € R" : a’z = 0}. Let ¢ € C;. We may then
decompose ¢ as ¢ = ¢; + ¢» where ¢; € L and ¢, € L*+. Here ¢; = a
for suitable A € R. Now, € < ¢ < dist(Cy, H=(a,b)) < dist(c, H=(a,b)) =
dist(c1, H-(a,b)) = ||Aa — b a|| = |\ = b|||a|| = |\ — b]. We used the fact that
the projection of Aa onto the hyperplane H_(a,b) is the point b a. We must
have A < b as C; C H<(a,b), so it follows that A < b — € which again gives
ale =a’(c; + ) = aley +al'cy = a’e; = a’da = A < b—e. This inequality
holds for all ¢ € C4, and therefore sup, ., a’ @ < b—e. By similar arguments
we obtain that inf,cc,a”y > b+ ¢, which shows that statement (ii) holds.
(ii) = (iii): Assume that (ii) holds, and that dist(Cy,C2) = 0; we
shall deduce a contradiction and thereby obtain the desired implication.
Choose sequences {z"}%°, C C; and {y"}32, C C5 such that [|z" — y"| —
dist(Cy, Cy) = 0. This implies that a” (2" —y™) — 0 since each linear function
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is continuous (confer the Cauchy-Schwarz inequality). But this contradicts
the strict inequality in (ii) and the implication follows.

(iii) = (i): Assume that (iii) holds. Then 0 ¢ cl(C; — C3). From (1.1)
we see that C7 — Cs is convex, and this implies that its closure cl(Cy — Cy) is
convex. We now apply Theorem 1.17 with C = C; — C5 and p = 0 and obtain
a nonzero vector a such that a’z < a’0—e = —e for each z € cl(C; — (). In
particular, we get (for z = ¢; — ¢3) a’c; < a’cy — e for all ¢; € Oy, ¢y € Cs.
Let b = sup,c¢,a’z, and we have shown that a”z < b and a’y > b+ € for
all z € Cp, y € Cy. Thus C; C H<(a,b) and Cy C Hx(a,b + €), so the
hyperplane H_(a, b+ €/2) separates C; and Cy strongly.

a

As remarked before, it is not generally true that dist(A, B) = ||a — b|| for
suitable a € A and b € B. However, under a compactness assumption this
holds as described next.

Lemma 1.20 Let A and B be two nonempty closed sets in R™ where at least
one of these sets is bounded as well (and therefore compact). Then there
exists a € A and b € B with ||a — b|| = dist(A, B). If, in addition, the sets
are disjoint, we have dist(A, B) > 0.

Proof. Say that A is compact, i.e. closed and bounded. Pick an element
b € B and consider the set B = {b € B : dist(4,b) < dist(A4,b)}. This set B
is nonempty (it contains b) and compact. Furthermore, we have

inf{|ja —b|| :a € A, be B} =inf{|la—b||: a € A, be B}. (1.9)

Note here that A x B is compact (this follows from Tychonofl’s theorem, but
can also be shown directly) and the function ||a —b|| is continuous on this set.
By Weierstass’ theorem each continuous function on a compact set achieves
its infimum, so it follows that that the last infimum in (1.9) is achieved by
some a € A and b € B C B. Assume now that A and B are disjoint, and
let a € A, b € B be such that ||a —b|| = dist(A4, B). The disjointness implies
that a # b, so 0 < ||a — b|| = dist(A, B) which completes the proof.

EI

Corollary 1.21 Let C; and Cy be disjoint conver sets where at least one of
these is compact. Then Cy and Cy are strongly separated by some hyperplane.

Proof. This is an immeditate consequence of Lemma 1.20 and Theorem
1.19.
i
Our last separation theorem involves proper separation, but we leave out
the proof.

32



Theorem 1.22 Let C; and Cy be nonempty convex sets with disjoint relative
interior (rint(Cy) Nrint(Cy) =0). Then Cy and Cy can be properly separated
by a hyperplane.

In particular, if Cy is a nonempty convez set and p € rbd(C}), then {p}
and C can be properly separated by a hyperplane.

This result is important in connection with a theory of generalized gradients
which again is central in e.g. nondifferentiable optimization.

C2

H

Figure 1.16: Proper separation

We shall give one important application of the separation theory to po-
larity. Recall from (1.5) that the polar of a convex cone K C R™ is the set
K° = {y € R": yTz < 0 for all x € K}. What happens if we apply the
polarity operation twice to the cone K7 In the next result we give the form
of the bipolar K°° := (K°)°.

Proposition 1.23 Let K be a convex cone. Then we have that K°° = cl(K).

Proof. For each z € K and each y € K° we have that yTz < 0 (by the
definition of K°). But this immediately gives that x € K°°, so we have
K C K°°. By taking the closure on both sides of this inequality we obtain
cl(K) C K°° since we know from Proposition 1.10 that K°° is a closed cone.
In order to prove the opposite inclusion, we shall use separation. Note
that, by Proposition 1.8, the set cl(K) is convex, in fact it is easy to see
that it is a closed convex cone. Assume that cl(K) C K°° holds with strict
inclusion, so there is some p € K°° \ cl(K). From Corollary 1.18 there is
some nonzero vector a € R” such that a’z < 0 < a’p for all z € K. From
the last inequality we get that a € K° and therefore, for any z € K°° we
must have (by definition of the bipolar) that a”z < 0. In particular, this
must hold for z = p € K°°, so a’p < 0. But this contradicts the separation

inequality a”p > 0, and it follows that cl(K) = K°° as desired.
EI
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For an illustration of the previous theorem, see Figure 1.12.

It follows from the last result that when K is a closed convex cone we have
that K = K°°. This relation generalizes the well-known fact that L+ = L
for a linear subspace L.

1.6 Exercises

Problem 1.1 Prove the relations in (1.1).

Problem 1.2 Show that the intersection of any family of affine sets is an
affine set.

Problem 1.3 Prove Proposition 1.5.

Problem 1.4 Consider a family (possibly infinite) of linear inequalities
alz <b;,i €I, and C be its solution set, i.e., C is the set of points satisfying
all the inequalities. Prove that C is a convex set.

Problem 1.5 Consider the unit disc S = {(z1,22) € R? : 22 + 22 < 1}
in R%. Find a family of linear inequalities as in the previous problem with
solution set S.

Problem 1.6 Show that the ball B(a,r) is convez (for a € R™ and r € R, ).

Problem 1.7 Show that (i) the intersection of any family of conver sets is
a convex set, and that (ii) the intersection of any family of convex cones is
a conver cone.

Problem 1.8 Let S C R™ and let W be the set of all convex combinations
of points in S. Prove that W is conver.

Problem 1.9 Prove Proposition 1.8.

Problem 1.10 Prove that the conical hull of a convex set S C R™ coincides
with the set of rays through points of S, i.e., cone(S) = {Az:xz € S, A > 0}.

Problem 1.11 Prove that (i) the linear transformation x — a’z, for given
a € R"™ is continuous, and that (ii) the standard simplex K,, is compact.

Problem 1.12 Let C be a simplex being the generated by a set Sof (affinely
independent) points. Show that each point in C' can be written uniquely as
a convex combination of the points in S. What about the points outside C':
can they be written as convex, affine or linear combination of points in S?
Uniquely?

34



Chapter 2

Theory of polyhedra, linear
inequalities and linear
programming

From chapter 1 we have now available a theory of convex sets. The purpose
of this chapter is to apply and extend this theory to a very important class of
convex sets called polyhedra. The interest in polyhedra is motivated by the
fact that these are the feasible sets in linear programming and that they arise
in integer linear programming. Moreover, the “mathematics of polyhedra” is
a fascinating subject in itself, although we shall not go to far into this theory.

A main influence of the presentation given here is the classic book [35]
on linear and integer linear programming, as well as the paper [32]. We also
recommend [39] where the combinatorics of polytopes is the main theme.
Both these books contain a large number of further references.

2.1 Polyhedra and linear systems

We introduce the basic objects of this chapter, polyhedra and linear inequal-
ities.

A linear inequality is an inequality of the form o’z < 3 where a € R
is non-zero and 8 € R. Note that a linear equality (equation) o’z = 3
may be written as the two linear inequalities a’2z < 3, a’z > . A linear
system, or system for short, is a finite set of linear inequalities, so it may
be written in matrix form as Az < b where A € R™" and b € R™. The
i’th inequality of the linear system Az < b is the linear inequality a’z < b;
(so al = (ai1,...,a;n)). A linear system is consistent if it has at least
one solution, i.e., there is an z, satisfying Azy < b. An inequality alz < b;
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from the system Az < b is active in a point z¢ (with Azy < b) if it satisfies
alrg = by, i.e., this inequality holds with equality in x.

We are (very!) interested in the set of points that satisfy linear systems.
A polyhedron P C R" is the solution set of a linear system, i.e., P =
{z € R* : Az < b} for some linear system Az < b. An example of an
(unbounded) polyhedron is shown in Figure 2.1; it is the solution set of
three linear inequalities. A halfspace is the solution set of a single linear

inequality, see Figure 2.2.

Proposition 2.1 Any polyhedron in R™ is a closed convex set, and it is the
intersection between a finite number of halfspaces.

Proof. Let P = {x € R" : Az < b}, so we have P = N {z € R" : a]z <
b;} which shows that P is the intersection of a finite number of halfspaces.
Thus, the result will follow if we show that each halfspace is both closed and
convex. This, however, is easy to verify from the definitions (or like this: a
halfspace is closed as the inverse image of the closed set {y € R : y < b}
under the continuous function  — y = a’'z).

[

|

Figure 2.1: A polyhedron

We say that two linear systems are equivalent if they have the same
solution set, i.e., if the associated polyhedra coincide. A linear system Ax < b
is called real (resp. rational) if all the elements in A and b are real (resp.
rational). A polyhedron is real (resp. rational) if it is the solution set
of a real (resp. rational) linear system. Note that a rational linear system
is equivalent to a linear system with all coefficients being integers; we just
multiply each inequality by a suitably large integer. (Remark: an integral
polyhedron is not defined through an integral linear system, but we return
to this later).
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Figure 2.2: A halfspace

2.2 Farkas’ lemma and linear programming
duality

One of the main topics in this section is the consistency of linear systems, i.e.,
the question of whether a given linear system has a solution. This problem is
connected to linear programming. In fact, consider an LP problem (P) max
{c"z : Az < b} having optimal value v(P). We then see that v(P) > « if
and only if the linear system Az < b, ¢’z > « has a solution x. Thus after
a study of consistency, we pass on to applications of these results to linear
programming.

Consider first a linear system of equations Ax = b. From linear algebra
we recall a simple characterization of whether this system has a solution; this
is the so-called Fredholm’s alternative.

Theorem 2.2 Let A € R™" have columns ay,...,a, and let b € R™. The
system Az = b has a solution if and only if y'b = 0 for all y € R™ with
yla;=0,5=1,...,n.

This (algebraic) result may be interpreted in different ways. The geomet-
ric content is obtained by observing that Az = b has a solution z if and only if
be L =span({ai,...,a1}) (recall from block multiplication of matrices that
Az =77 xja;). But L is a linear subspace and by the orthogonal decom-
position theory we have L = (L1)*, so we obtain that Ax = b is consistent iff
b L y for each y € L+, which is precisely the statement in Fredholm’s result.
Finally, we may give an inference interpretation as follows. Let us say that an
equation which is a linear combination of the equations in Az = b is implied
by the system. Thus an implied equation is of the form (y”A)z = y”b for
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some vector y € R™. An obvious fact is that a consistent system cannot have
an implied equality of the form 07z = 8 for some 8 # 0; such an equation is
clearly inconsistent. Fredholm’s alternative says that Az = b is consistent if
and only if there is no implied equality which is inconsistent.

The next result, called Farkas’ lemma generalizes Fredholm’s alternative
to general linear systems.

Theorem 2.3 Let A € R™" and b € R™. Then the linear system Ax = b,
x > 0 has a solution if and only if yTb > 0 for each y € R™ with yTA > 0.

Proof. The system Ax = b, x > 0 has a solution if and only if b € K :=
cone({a',... a"}), where these vectors are the column vectors of A. But
from Proposition 1.16 K is closed and combining this with the form of the
bipolar in Proposition 1.23 we get K = K°°. Thus we get the following
equivalences:

be Kbe K &

yTb <0 for eachy € K° &

y'b <0 for each y € R™ with yTA < 0 <
y'b >0 for each y € R™ with y7A > 0.

and the proof is complete.
EI

Farkas’ lemma may therefore be viewed as a polarity result which, in our
development, is based on two results: (i) the closedness of finitely generated
cones (due to Carathéodory’s theorem) and (ii) a separation theorem for
convex cones. The geometric interpretation of Farkas’ lemma is illustrated
in Figure 2.3. Here the matrix A has the two columns a' and a? and K is the
cone generated by these two vectors. We see that Az = b; has nonnegative
solution as b; € K, while Ax = by has no nonnegative solution as there is a
hyperplane defined by y which separates by from K.

Variants of Farkas’ lemma are obtained by studying the consistency of
other linear systems. One can transform one linear system into another by
e.g. introducing additional variables. For instance, the system (i) Az < b is
“equivalent” to the system (ii) Az +y = b, y > 0 in the sense that we can
transform a solution of one of the systems into a solution of the other. In
fact, if x is a solution of (i), then (z,y) where y := b — Ax is a solution of (ii)
(because Az < bgivesy > 0and Az+y = b). Conversely, if (z, y) is a solution
of (ii), then Az = b —y < b so z is a solution of (i). The variable y above is
called a slack variable as its components represent the slack (difference) in
each of the original inequalities. There are two other transformation tricks to
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Figure 2.3: Farkas’ lemma

be aware of. First, we can clearly convert each equation into two inequalities,
i.e.,a’r = Bisequivalent to a’z < 3, —a’z < —f. Secondly, simple variable
substitutions are useful, for instance, a free variable x € R™ which can be
any real number (e.g., it is not restricted to be nonnegative) may be replaced
by the two nonnegative variables x1,zo € R" through x = 1 — z2. By using
one or more of these transformations one may get alternative (equivalent)
forms of Farkas’ lemma, formulated for different types of linear system. One
such alternative formulation is as follows.

Corollary 2.4 Let A € R™" and b € R™. Then the linear system Ax < b

has a solution if and only if y*b > 0 for each y € R™ with y > 0 and
T

y A=0.

Proof. We introduce a nonnegative slack variable u and see that Az < b
has a solution iff Az +uv = b, v > 0 has a solution. Next, we introduce
nonnegative variables z1,zs by * = x1 — x5, and we obtain the new system
A(zy — x3) + u = b, 1,29 > 0, u > 0 or in matrix form

Z1
[A —A I} Ta =b,
u
z1 >0, 20 >0, u>0.

and this system is equivalent to the original system Az < b. By Farkas’
lemma the new system has a solution iff y7b > 0 for each y satisfying y7 A >
0, y'(=A) >0 and y'T > 0, i.e. yTb > 0 for each y > 0 satisfying y? A = 0.

EI
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Note that from Corollary 2.4 we obtain Fredholm’s alternative as follows.
A linear system of equations Az = b has a solution iff Az < b, —Ax < —b has
a solution which again is equivalent to y{ b+ y2 (—b) > 0 for each y;,y2 > 0
with yT A + yZ'(—=A) = 0. By replacing y; — y2 by y (without any simple
bounds), we get the equivalent condition yTb > 0 for each y with yTA = 0,
which clearly is equivalent to y7b = 0 for each y with y7A =0 (as yTA =0
implies that (—y)TA = 0).

We now turn to linear programming theory. A central concept in this area
is duality which represents certain close connections between pairs of LP
problems. Recall from Chapter 0 that the optimal value of an optimiza-
tion problem (Q) is denoted by v(Q) (and if the problem is unbounded or
infeasible v(Q) is suitably defined as either —oo or c0).

Consider a linear programming problem

(P) max{c’z: Az < b}. (2.1)

We shall call (P) the primal problem. We associate another LP problem
with (P), which we call the dual problem:

(D) min{y"b:yTA =",y > 0}. (2.2)

We may motivate the study of this dual problem in the following way.
Assume that one wants to find an upper bound on the optimal value of prob-
lem (P). This may be derived from the system Az < b by taking nonnegative
linear combinations. Thus, let y € R™ be nonnegative and assume that y is
chosen such that y*A = ¢ which means that the objective c is written as
a conical combination of the rows in A. Then each feasible solution of (P)
also satisfies the new inequality (yT A)x < yTb (because y is nonnegative), or,
equivialently, cf'z < yTb. Therefore y7b is an upper bound on the optimal
value v(P) of (P), and it follows that the dual problem (D) is to find the best
upper bound on v(P) in terms of such conical combinations.

The following theorem, called the duality theorem of linear programming,
represents the heart of the duality theory. It says that the optimal values of
the two problems are the same.

Theorem 2.5 Let A € R™" b€ R™ and c € R". Assume that each of the
two systems Az < b and yT A =T, y > 0 is consistent. Then we have

max{c’z : Az < b} = min{y’b:yTA =", y > 0}. (2.3)
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Proof. Let z satisfy Az < band y satisfy yT A = ¢,y > 0 (such vectors exist
by the consistency assumption). Then we get ¢’z = (y?A)z = yT(Az) <
yTbh, and it follows that

max{c’z : Az < b} <min{y’b:yTA=c" y > 0}. (2.4)
This inequality, called weak duality, is therefore easy to prove (but still
useful, as we shall see later). The opposite inequality will follow if we show
that the linear system Az < b, yTA =cT, y > 0, ¢’z > y*b has a solution.
We write this system in matrix form

A 0 b
- T 0
0 AT { t } < ¢
0 —AT y —c
0 -1 0

By Farkas’ lemma (Corollary 2.4) this system has a solution if and only if
for each u € R™, v € R, wy, wy € R™ and z € R™ satisfying

(1) u2070207w17w2207220;

(i) wfA—wvcl =0; (2.5)
(iii) vbT + (wy — wa)TAT — 2T =0
we also have
u'b + (wy; —wp)'e > 0. (2.6)

Let (u,v,wy, ws, z) satisfy (2.5). Consider first the case when v = 0. Then
uTA=0and (w; —wy)TAT = 2T, Let x satisfy Az < b and y satisfy y? A =
c’', y > 0. Combining these inequalities we get u” b+ (w;—ws) e > ul (Ax)+
(w; — we)T(ATy) = (WTA)x + yTA(w; — wy) = 0+ yTz > 0 so (2.6) holds.
Next, consider the case when v > 0. Then u”(vd) = u’ (z — A(w; — wy)) =
ulz — (ul' A)(wy — ws) = w2z — vel (wy — wy) > —vel (wy — wy). We divide
this inequality by (the positive number) v, and get u”b+ ¢! (w; —ws) > 0, so
again (2.6) holds. Thus we have verified the consistency condition in Farkas’
lemma, and the equation (2.3) follows.
[
There is a nice geometrical interpretation of the duality theorem, which
is illustrated for n = 2 in Figure 2.4. Let P = {x € R™ : Az < b} be the
feasible set in the primal LP (P), and assume that z( is an optimal solution.
Let alz < b; for i € I' be the set of active inequalities (among Az < b)
in x¢, in the figure these are the inequalities al2z < b; and alz < by. We
see, intuitively, that the optimality of z¢ is equivalent to that c lies in the
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Figure 2.4: LP duality

cone generated by a;, i € I', say ¢ = > ;e Yia; for nonnegative numbers y;,
1 € I'. By defining a vector y € R™ by adding zero components for indices
i € I\ I', we see that the mentioned condition means that y is feasible in
the dual problem, i.e. y"A = ¢ and y > 0. But now we have v(P) =
c'my = (y'A)zo = y' (Azo) = Y iep yilAzo)i = X iep yibi = y'b > v(D)
so v(P) > v(D). Combined with weak duality v(P) < v(D) (see (2.4)), we
therefore get v(P) = v(D). Note that this is not a complete proof; we did
not actually prove that x is optimal in (P) iff b lies in the mentioned cone.

We can obtain a more general version of the duality theorem in which
one only requires that at least one of the two LP problems is feasible. Again,
Farkas’ lemma is the main tool in the proof.

Theorem 2.6 Let A € R™", b € R™ and ¢ € R™. Consider the two dual
LP problems (P) max{c'z : Az < b} and (D) min{y’d : y"A = ",y > 0}
and assume that at least one of the two problems is feasible. Then we have
that

sup {c’x : Az < b} = inf {yTb:yTA=c", y > 0}. (2.7)

Proof. If both problems are feasible, then (2.7) holds, even with the supre-
mum and infimum replaced by maximum and minimum, respectively; this is
Theorem 2.5.

Next, assume that (P) is feasible, but that (D) is not. Then the linear
system ATy = ¢, y > 0 is inconsistent, and by Farkas’ lemma there exists
an z € R” such that 27AT <0, zTc > 0, ie., Az <0, ¢f'z > 0. Let g be
a feasible solution of (P) (this problem is feasible), and consider, for A > 0,
the point z(\) = zo + Az. Since Az(\) = Azy + AAz < Azy < b, we have
z(\) € P. But cTz(\) = cl'zg + ATz — 00 as A — o0, so (P) must be
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unbounded. Thus we have v(P) = co = v(D) as (D) is infeasible, and (2.7)
holds.
The case when (P) is infeasible, but (D) feasible, can be treated similarly,
and one obtains that both values are —oo.
a
For a pair of dual linear programs there are only four different situations
that can arise concerning the values of these optimization problems.

Corollary 2.7 Consider a pair of linear programs (P) and (D) as above.
Then exactly one of the following four situations occurs.
(i)  Both v(P) and v(D) are finite; and then these values are equal
and attained.
(i)  (P) is feasible and unbounded while (D) is infeasible.
(iii) (D) is feasible and unbounded while (P) is infeasible.
(iv) Both (P) and (D) are infeasible.

Proof. Consider first when (P) is feasible. From Theorem 2.6 we see that
we are either in case (i) or (ii) depending on whether (P) is bounded or not.
Next, assume that (P) is infeasible. Then, if (D) is feasible, we must have
v(D) = v(P) = —o0 so case (iii) occurs. Alternatively, (D) is infeasible, and
then we are in case (iv).

[

2.3 Implicit equations and dimension of poly-
hedra

We shall study the dimension of polyhedra and obtain a dimension formula
which generalizes the dimension formula for linear transformations.

Throughout this section we shall write all linear systems either as Az < b
or Ax < b, Cx = d. Thus we assume that all “>”" inequalities have been
rewritten to the form given. Let I = {1,...,m} be the index set of the
inequalities, so Az < b can be written as aiTx < b;foriel.

An inequality a] x < b; in a linear system Az < b is called an implicit
equality if each solution x of Az < b also satisfies alz = b;. For instance,
consider the system —z; < 0, —x9 < 0, 21 + 22 < 0. The solution set
consists of 0 alone, and each of the inequalities is an implicit equality. We
also define implicit equalities in a similar manner for linear systems with both
inequalities and equalities, and then clearly all the equalities are implicit
equalities.

For a linear system Ax < b we let A=x = b~ denote the subsystem
consisting of the implicit equalities, and ATz < b" denotes the remaining
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inequalities. Therefore, the three systems (i) Az <b, (ii)) ATz <b", A%z =
b= and (iii) Atz < b", Az < b~ are all equivalent. Let I~ and It be
the index set of the implicit and the remaining inequalities, respectively, and
these sets therefore represent a partition of the index set I.

An inner point z( in the polyhedron P = {x € R" : Az < b} isa a
point in P which satisfies A=zo = b=, ATzo < b" (recall that here < means
that all of the inequalities are strict).

Lemma 2.8 Fach nonempty polyhedron P = {x € R"™ : Az < b} has an
mner point.

Proof. From the definition of implicit equalities (since P is nonempty), it
follows that, for each i € I', there is an z' € P with alz' < b;. Let
zo = (D ;er+ ) /|IT], so this is a convex combination of the points z*,i € I't
and therefore zy € P and A=zy = b~. Furthermore, we see that A*Txzy < bT,
as desired.
[I
Recall that dimension of a set of points in R”, e.g. a polyhedron, is
the dimension of its affine hull. A polyhedron in R" is fulldimensional
if dim(P) = n. If a polyhedron P has an implicit equality, then P lies in
the hyperplane defined by this implicit equality, and consequently P can not
be fulldimensional. More generally, we can describe the affine hull and the
dimension of a polyhedron in terms of the implicit equalities.

Proposition 2.9 Let P = {z € R" : Az < b} be a nonempty polyhedron.
Then
aff(P)={zeR": ATz =b"}={zcR": A7z <b7} (2.8)

and
dim(P) = n — rank(A7). (2.9)

Proof. Let Ay = {z e R" : Az =b~} and Ay = {z € R" : A=z < b~ }.
Since P C A; and A; is an affine set, the affine hull of P must be contained
in A;. Since A; C Ay, it only remains to prove that A; C aff(P). Let
xo be an inner point of P (which exists by Lemma 2.8 as P is nonempty)
and let z € As. If x = 2o, then z € P C aff(P). If z # =y, define
z=(1—=MNzxo+ Az for A > 0 “small”. Since both zy and z lie in A, we
have A=z < b~. Furthermore, by choosing A small enough, z will be near
enough to x( to assure that all the inequalities that are not implicit equalities
hold with strict inequality in z. Thus z € P, and therefore the line through
zo and x must be contained in aff(P), and in particular, x € aff(P). Thus
A; = Ay = aff(P) and (2.8) has been shown.
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The dimension of P is (by definition) the dimension of aff(P). But the
dimension of an affine set is the dimension of the unique linear subspace
parallel to it. Thus, by combining these remarks with the first part of the
proof, we get dim(P) = dim({x € R" : Az = 0}) = n — rank(A~) where
the last equality is due to the dimension formula for linear transformations.

EI

Recall from Chapter 1 the concept of relative interior of point sets. In
connection with a polyhedron P = {x € R™ : Az < b} the relative topology
we consider is the topology relative to the affine hull of P, i.e., aff(P) =
{z € R": A=x = b=}. For a polyhedron P we therefore see that its relative
interior is given by

rint(P)={x e R": A~z =b", ATz <b'}. (2.10)

This shows that a point in P is a relative interior point if and only if it is an
inner point.

We next consider interior points of a polyhedron for the usual topology
on R" see Section 1.1. An interior point z of a polyhedron P is a point
in P with the property that B(x,e) C P for some € > 0, i.e., P contains a
ball around x. Note that each interior point is also an inner point, but the
converse does not hold. We can characterize the fulldimensional polyhedra
as follows.

Corollary 2.10 The following conditions are equivalent for a polyhedron
P={zeR": Az < b}.

(i) P is fulldimensional.

(i) P has an interior point.

(iii) Ax < b has no implicit equalities.

Proof. From Proposition 2.9 we see that P is fulldimensional iff rank(A~) =
0, i.e. there are no implicit equalities, so the equivalence of (i) and (iii)
follows. Now, if there are no implicit equalities ((iii) holds), choose an inner
point xy (which exixts by Lemma 2.8) so Azg < b. But then it is easy to see
that x¢ is also an interior point, i.e. (ii) holds. Conversely, if (ii) holds, P
must contain some ball. But this ball is fulldimensional, and therefore P is
fulldimensional as well and (i) holds.
EI
These concepts are illustrated in Figure 2.5, where P is the polyhedron
P={reR:0<ux <1fori=1,2 3}, ie., the unit cube, and where
F' is the polyhedron being the intersection between P and the hyperplane
{z € R®: 2y = 1}. Then P is fulldimensional, while F' has dimension 2 with
implicit equality x5 = 1. The point x is an interior point of P, y is an inner
point of F', but z is not an inner point of F'.
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7

Figure 2.5: Dimension, interior and inner points

2.4 Interior representation of polyhedra

A linear programming problem max {c’x : z € P} over a nonempty polyhe-
dron P may have finite or infinite optimal value. The main goal in this section
is to show that, in both cases, there are always optimal points or directions
of a very special kind, and, furthermore, that all these points and directions
span the polyhedron P through convex and conical combinations. We shall
find it convenient to develop the results for so-called pointed polyhedra, and
then extend these to the general situation afterwards.

The lineality space of a polyhedron P = {z € R™ : Az < b} is the set
lin.space(P) = {x € R" : Az = 0}. Note that y € lin.space(P) iff for each
x € P wehave L, C P where L, = {x+ Ay : A € R} is the line going through
x with direction vector y. Thus the lineality space is the nullspace (kernel) of
the matrix A and it is therefore a linear subspace of R™. P is called pointed
if lin.space(P) = {0}, i.e., P contains no lines, or equivalently, rank(A) = n.
Note that if L is a linear subspace (and therefore a polyhedron), then we
have L = lin.space(L). In Figure 2.6 the polyhedron P is pointed, while @
is not. The lineality space of @ is span({e;}) where e; = (1,0,...,0).

We now define the basic objects that, as we shall show, span polyhedra.
Consider a pointed nonempty polyhedron P = {z € R" : Az < b}. A point
xog € P is called a vertex of P if x is the (unique) solution of n linearly
independent equations from the system Az = b. (Remark: when we say that
equations C'x = d are linearly independent we actually mean that the row
vectors of C' are linearly independent). We shall see below that P must have
at least one vertex (as it is pointed and nonempty). We say that z¢ € P is
an extreme point of P if there are no points z1,z5 € P both distict from
xo with z = (1/2)x; + (1/2)z3. Let r € R™ be such that r # 0 and Ar <0,
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Figure 2.6: Lineality space

and define the set R(z;7r) = {x + Ar : A > 0} = x + cone({r}) for each
x € P. Then we have that R(z;7) C P as A(z + Ar) = Az + MAr < b.
The set R(z;r) is called a ray of P, in fact, we call it the ray in direction
r in the point x. The direction of a ray is defined up to a positive scalar
multiple, i.e., R(z;r;) = R(x;ry) iff 11 = Ary for some positive scalar A.
Note that a bounded polyhedron has no ray. Two rays are parallel if they
have parallel direction vectors. A ray R(x;r) is an extreme ray if there are
no non-parallel rays R(z;r1) and R(z;r2) with r = (1/2)r1 + (1/2)ry (Note
that this definition is independent of z € P). In Figure 2.7 the polyhedron
(cone) K has extreme rays R(0,71) and R(0,72), while R(0,r3) is a ray, but
not an extreme ray. K has one vertex, namely the origin. In the polyhedron
P the points x1, ..., 5 are vertices, but x7, zg and xg are not vertices. (We
leave it as an exercise to find xg!). P has no rays, as it is bounded.

Proposition 2.11 (i) A point o € P is a vertex of P = {x € R" : Az <
b} if and only if it is an extreme point of P.

(i) A ray of P is an extreme ray if and only if it has a direction vector
r such that A'r = 0 for some subsystem A’z = 0 consisting of n — 1
linearly independent equations from Ax = 0.

Proof. (i) Assume first that z( is a vertex of P, so there is a linearly inde-
pendent subsystem A’z < b’ of Ax < b such that z is the unique solution
of A’z =U'. Assume that xo = (1/2)x1 + (1/2)z, for some x1, x5 € P. Then
A'z; = b for i = 1,2 (otherwise, since A’z < ' are valid inequalities, we
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Figure 2.7: Vertices and extreme rays

would get the contradiction alzy < b; for some inequality in A’z < ¥'). But
since the equalities in A’x =’ are linearly independent, i.e., A’ is nonsingu-
lar, we get 1 = x9 = xg, which proves that x( is an extreme point.

Assume next that zq € P is not a vertex of P, and let A’z < b’ be the
inequalities among Ax < b that are satisfied by equality in zy. From the
assumption, we have that rank(A’) < n. Thus there is a nonzero vector
z € R™ with A’z = 0. We may now find € > 0 “suitably small” such that the
two points 1 = xo — €z and x9 = x¢ + €z both strictly satisfy each inequality
in Az < b, but not in A’z < ¥'. Furthermore, for each inequality aiT:v < b; in
Az <V we have alzy = alzo — eal z = alzy < b; and similarly alz, < b;.
Thus, 1,22 € P and xo = (1/2)z1 + (1/2)z2, and ¢ is not a vertex of P,
which completes the proof of (i).

The proof of (ii) is similar, and is left for an exercise.

i

An important consequence of the previous proposition is that the number
of vertices and extreme rays is finite.

Corollary 2.12 Fach pointed polyhedron has a finite number of vertices and
extreme rays.

Proof. According to Proposition 2.11 each vertex of a pointed polyhedron
P = {z € R* : Az < b} is obtained by setting n linearly independent
inequalities among the m inequalities in the defining system Az < b to
equality. But there are only a finite number of such choices of subsystems (in
fact, at most m!/(n!(m—mn)!)), so the number of vertices is finite. For similar
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reasons the number of extreme rays is finite (at most m!/((n—1)!(m—n+1)!)).

EI

The next step in our project of proving the interior representation theorem

for polyhedra is to show that we obtain optimal solutions that are vertices

or extreme rays when solving a linear programming problem over a pointed
polyhedron P.

Proposition 2.13 Consider a nonempty pointed polyhedron P = {z € R" :
Az < b} and consider the LP problem

max{c’z : z € P}. (2.11)

(i) If v(P) is finite, there is a verter x¢ which is an optimal solution of
(2.11), i.e., c"'xg = v(P).

(i) If v(P) = oo (problem (2.11) is unbounded) , then there is an extreme
ray R(z;r) = x+cone({r}) of P with c'r > 0, and therefore R(x;r) C
P and © + A\r — oo whenever A — oo for any x € P.

Proof. (i) Let v* = v(P) be the finite optimal value, and define the set
F={z € P:c'z=v"},so0 F consists of all optimal solutions in (2.11), and
F' is nonempty. Consider the pair of dual LP’s given in (2.1) (or (2.11)) and
(2.2). It follows from the LP duality theory, see Theorem 2.6 and Corollary
2.7, that (D) is feasible and that max{c’z : Az < b} = min{yTb : yTA =
c’', y > 0}. Consider an optimal dual solution y*, so (y*)TA = ¢, y* >0
and (y*)7b = v(D) = v(P). Define I' = {i € I : y; > 0}. We claim that

F={xeP:alz=0b; foralliecl'}. (2.12)

To see this, note that for each x € P we have ¢’z = ((y*)TA)x = (y*)T Az =
v (An); = e yi(An) < Yooy yihs = v(P). Thus we have Tz =
v(P) if and only if alz = b; for each i € I', and (2.12) follows.

For each I C I we define the polyhedron P(I) = {z € R" : alz =
bifori eI, alz < b;fori € I\ I. Thus, F = P(I') and therefore F is a
polyhedron contained in P (in fact, F' is a face of P as we shall discuss
later).

We claim that F' contains a vertex of P and prove this by a dimension
reduction argument. Let initially [ = I'. Let m = dim(F), so 0 < m <
dim(P). If m = 0, then F' consists of one point z( only, and this point
must be a vertex (since rank({a; : i € I'}) = n, there must be n linearly
independent vectors among a;, i € I’ and zg is a vertex) and we are done.
If m > 0, choose a point zy € F, and a nonzero vector z € aff(F') (which
is possible since this set has dimension m > 1). Note that a]z = 0 for
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each i € I’ as all the vectors a;,i € I’ belongs to the equality system of
F. Consider the line L = {z¢ + Az : A € R} which then intersects F,
i.e.,, zg € LN F. On the other hand, as P is pointed, P, and therefore F’,
cannot contain the line L. Thus there is an i € I'\ I’ such that the halfspace
defined by a! x < b; does not contain L. Consider the unique point z; in the
intersection between L and the hyperplane {x € R" : a]z = b;}. Note that
x1 € F. Update I' by setting I’ := I' U {i}. Then F(I’) is a polyhedron
of dimension at most m — 1 and z; € F(I') C F. We can now repeat this
procedure of adding inequalities set to equality, and eventually we will have a
polyhedron F'(I') C F which consists of only one point; a vertex of P which
proves (i).

(ii) Assume that (2.11) is unbounded, so the dual problem is infeasible
(by Corollary 2.7). Then it follows from Farkas’ lemma (exactly as in the
proof of Corollary 2.6) that there is a vector 7y € R™ with Arg < 0 and
c'ro > 0. Thus ry is the direction vector of some ray of P, and we now
explain how to find an extreme ray. Consider the LP problem (Q) max
{cT2 : Az < 0, ¢z < 1}. This problem is feasible, as Arq is a feasible
solution for suitable A > 0, and clearly (Q) is bounded. We can therefore
apply part (i) of this proof, and obtain an optimal solution r of (Q) which
is a vertex of the polyhedron defined by Az < 0, ¢f2z < 1. We have that
v(Q) = 1 (an optimal solution is Arg for A = 1/(c’rg)). Thus any optimal
solution of (Q), and therefore also r, must satisfy ¢z < 1 with equality.
Therefore we can find a subsystem A’z < 0 of Az < 0 consisting of n — 1
vectors such that these vectors augmented with ¢ are linearly independent
and such that the unique solution of A’z = 0, ¢z = 1 is r. It follows from
Proposition 2.11 that r a direction vector of an extreme ray of P and, in
addition, we have ¢Tr > 0, so (ii) has been proved.

EI

Consider an LP problem max{c’z : x € P} where P is a bounded poly-
hedron, which, therefore, has no ray. Then the previous proposition shows
that we can solve the LP problem by comparing the objective function for
all the vertices, and there is a finite number of these. This is not a good
algorithm in the general case, because the number of vertices may be huge,
even with a rather low number of inequalities in the defining system Ax < b.
However, the fact that LP’s may be solved by searching through vertices
only has been the starting point for another algorithm, the simplex method,
which, in practice, is a very efficient method for solving linear programming
problems.

We next combine the previous optimization result with Farkas’ lemma and
obtain the following interior representation theorem for polyhedra.
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Theorem 2.14 Let P = {z € R™ : Az < b} be a nonempty pointed poly-
hedron with vertex set V. Let R be a set consisting of exactly one direction
vector for each extreme ray of P. Then P can be decomposed as follows

P = conv(V') + cone(R). (2.13)

Proof. Let @Q = conv(V) + cone(R), and also V' = {vy,...,»} and R =
{r1,...,rm}. For each i <t, the vertex v; must satisfy Av; < b, and for each
Jj < m the ray directon vector r; satisfies Ar; < 0. A point z € ) can be
written as © = ). \jv; + Zj p;r; for suitable A; > 0 for each ¢ < ¢ such that
YA =1land p; > 0 for j < m. Then we have Az =), )\iAvi—i-Zj wiAr; <
oAb+ pu0=0b3 N\ =b,s0 x € P. Therefore, Q C P.

To prove the converse inclusion, assume that xo ¢ ). Thus the linear
system Zigt)‘ivi + ngmﬂj'rj = o, Zigt Ai =1, A >0, > 0 has no
solution (A, ). Therefore, by Farkas’ lemma (Theorem 2.3) there is ¢ € R"
and d € R such that ¢c’v; +d < 0 for i < ¢, cTrj < 0 for j < m and
cTzy +d > 0. Consider the LP problem (P) max {c'z : z € P}. It follows
from Proposition 2.13 that (P) must be bounded (for, otherwise, there would
be an direction vector r of an extreme ray with ¢’r > 0 which is impossible
as cI'r; < 0 for all j). Thus, again by Proposition 2.13, there must an optimal
solution of (P) which is a vertex. Since cv; + d < 0, the optimal value of
(P) can not be greater than —d. But c’x¢ > —d, so xy can not be feasible
in (P), i.e., 2o & P. This proves that P C @ and the proof is complete.

EI

In order to generalize this result to hold for all polyhedra, not just pointed
ones, we show how to decompose a polyhedron in terms of a linear subspace
and a pointed polyhedron.

Lemma 2.15 Let P be a nonempty polyhedron. Then P can be decomposed
as P = L + Q, where L = lin.space(P) and Q = P N L' is a pointed
polyhedron.

Proof. Let P = {z € R": Az <b}. Since L = {x € R": Az = 0} is a linear
subspace, we may view R” as the direct sum of L and L*. Let Q = PN L*.
We claim that P = L 4+ ). To see this, decompose x € P by © = x1 + x>
where z; € L and zo € L. Since z; € L, we have Az; = 0 and combined
with A(z1 + x2) < b, we get that Azxy < b which proves that x5 € P. Thus,
r=x1+ 22 € L+ @, and we have shown that P C L 4+ ). The opposite
inclusion is direct: if x = x1 + x5 with 21 € L and 25 € Q, then Axz; =0
and Azrs < b, so Arx = Axy < b and x € P. It remains to prove that @ is
pointed. Assume not, and let L' = {zq+ A\ : A € R}, where r # 0, be a line
in @ = PN L*. But then r € lin.space(P) = L and r € lin.space(L*) = L+
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(by a previous remark). Thus, r € LN L+ = {0}, and r = 0; a contradiction.
Thus @ contains no line and is therefore pointed.

EI
Proposition 2.16 Any nonempty polyhedron P may be decomposed by
P = conv(V) + cone(R) + L (2.14)

where L = lin.space(P), and where V is the set of vertices of the pointed
polyhedron P N L+, and R consists of one direction vector for each extreme
ray of PN L*.

The decomposition in (2.14) is minimal in the sense that if P = conv(V')+
cone(R')+L" where L' is a linear subspace, then L' = L,V C V' and R C R'.

Proof. The existence of the decomposition in (2.14) is an immediate conse-
quence of Theorem 2.14 and Lemma 2.15, and the proof of the minimality is
left for an exercise.
EI
A polyhedral cone is a cone of the form {z € R" : Az < 0} with
A € R™" i.e., apolyhedron defined by a finite set of homogeneous linear in-
equalities. The next result, called the Farkas-Minkowski-Weyl theorem,
establishes the equivalence between polyhedral cones and finitely generated
cones. Note that the proof uses polarity to obtain one part of this equiva-
lence.

Theorem 2.17 A convex cone is polyhedral if and only if it is finitely gen-
erated.

Proof. The result is trivial for empty cones, so let K = {x € R": Az < 0}
be a nonempty polyhedral cone. First we note that the only vertex of a
cone (if any) is 0. Therefore, in Proposition 2.16 we must have V' = {0}
and P = cone(R) + L for some finite set R and a linear subspace L. But,
each linear subspace is also a finitely generated cone which is seen as follows.
Select a basis a1, ..., as for L, so L = span({a1,...,as}). Let u= -3, a;.
Then it is easy to check that L = cone({u,ay,...,as}). Therefore we see
that P = cone(R') for a finite set R', and P is finitely generated.
Conversely, let K C R™ be a finitely generated cone, so K = cone(R)
for a finite set R = {a1,...,as}. K is a closed set (see Proposition 1.16)
and combining this with the polarity result of Proposition 1.23 we have
K = K°°. Next, using Proposition 1.11, we have K° = {z € R" : alx <
0fori=1,...,s} so K° is a polyhedral cone. We can therefore apply the
first part of the proof to K° and get K° = cone({by,...,by,}) for suitable
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vectors by, ..., b,. Thus we have K = K°° = (cone({by,...,bn})° = {z €
R": bz <0 fori=1,...,m} (again using Proposition 1.11). Thus K is a
polyhedral cone, and the proof is complete.
EI
Note the content of the Farkas-Minkowski-Weyl theorem: a convex cone
is the solution set of a finite number of linear inequalities iff it is generated
by a finite number of vectors. Thus, the theorem establishes an equiva-
lence between a finite exterior description and a finite interior description.
A similar result may now be shown for polyhedra and it is called the the
decomposition theorem for polyhedra or Motzkin’s representation
theorem.

Theorem 2.18 For each polyhedron P C R™ there are finite sets V and R
such that P = conv(V') + cone(R).

Conversely, if V and R are finite sets, then conv(V') + cone(R) is a poly-
hedron.

Proof. Assume that P is a nonempty polyhedron, and then we have from
Proposition 2.16 that P = conv(V')+cone(R')+L where L is a linear subspace
and V and R’ are finite sets. But as we saw in the proof of the Farkas-
Minkowski-Weyl theorem, L may be written as a finitely generated cone, say
L = cone(R"). Let R = R'UR" and note that cone(R) = cone(R’)+cone(R").
Therefore P = conv(V') 4 cone(R) as desired.

Conversely, let V' and R be finite sets and define @) = conv(V') + cone(R).
Note that z € Q if and only if (z,1) € Q" where Q' = cone({(v,1) € R :
v e VIU{(r,0) € R"" :r € R}). The cone Q' may be viewed as the sum of
the homogenization of () (see section 1) and the cone generated by the (r,0),
r € R. We apply Theorem 2.17 so there is a Ax + cz,+1 < 0 with solution
set Q'. Thus z € Q iff (z, 1) satisfies this linear system, i.e., Az < —c. Thus,
P is a polyhedron as desired.

EI

In Figure 2.8 we show a polyhedron P given by P = conv(V') + cone(R).

An important corollary of the decomposition theorem for polyhedra con-
cerns polytopes. Recall that a polytope is the convex hull of a finite number
of points. The next result is called the finite basis theorem for polytopes.

Theorem 2.19 A set P is a polytope if and only if it is a bounded polyhe-
dron.

Proof. Let P be a polytope, say conv(V) for a finite set V' C R". It then
follows from the second part of Theorem 2.18 that P is a polyhedron. Fur-
thermore, P is bounded (it is contained in the ball with center in the origin

93



Figure 2.8: Decomposition theorem for polyhedra

and radius max,ecy||v||). Conversely, let P be a bounded polyhedron, and let
P = conv(V') + cone(R) be the decomposition of Theorem 2.18. Since P is
bounded, we must have R = (), so P is a polytope as desired.

[

2.5 Faces of polyhedra and exterior represen-
tation of polyhedra

In the previous section we saw that for a pointed polyhedron P there is
always an optimal vertex solution of an LP problem max {c¢'z : z € P}. In
this section we study the set of optimal solutions of LP problems for general
polyhedra. We also study minimal exterior representation of polyhedra.

Let ¢ € R™ be a nonzero vector. Associated with ¢ we have the hy-
perplanes H_(c,a) = {z € R" : ¢z = a} for each a € R. Now, view
¢ as an objective function and consider an optimization problem (P) max
{c"z : x € S} over some set S C R™. Note that the hyperplane H_(c, )
contains all the points (in R") with equal value on the objective function, and
similarly, H_(c,a) N S consist of all the feasible points in S with equal ob-
jective function value. The optimal value of (P) is the largest possible value
a, say a = «p, with the property that the set H_(c,a) NS is nonempty.
Then H_(c,ap) NS is the set of optimal solutions. For an arbitrary set S
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of feasible solutions the optimal set H_(c, ap) N S may be very “complex”,
for instance, it may be nonconvex. However, in the case of interest to us,
when S is a polyhedron, this set H_(c, ap) NS turns out to be very nice, it
is another polyhedron. This is discussed in detail below.

ax<=bl

ax<=h2

Figure 2.9: Valid inequality

Consider a polyhedron P = {z € R" : Az < b}. A valid inequality for P
is a linear inequality ¢cTx < « satisfied by all points in P, i.e., P C H<(c,a) =
{z € R" : Tz < a}. Note that ¢’z < «a is a valid inequality if and only
if max {c'z : x € P} < a. A valid inequality ¢’z < « is supporting if
there is some point zy € P with ¢xy = «, i.e., the hyperplane H_(c, a)
intersects P. Thus, a’z < « is a supporting inequality if and only if max
{c"z : z € P} = a. In Figure 2.9 the inequality cTz < b; is valid for P, but
it is not supporting. The inequality ¢’z < b, is not valid for P. A face of P
is a set F' of the form

F=H_(c,a)NP={ze€P:a'z=a} (2.15)

for a valid inequality ¢’z < a; we say that F is the face induced or defined
by ¢’z < a. We also call P itself a face of P (and we could say that it
is induced by the valid inequality 072 < 0). The empty set and P are
trivial faces, while all other faces are called proper faces. We see that
the proper faces are obtained from supporting inequalities for which the
associated hyperplane does not contain P. Thus the faces of a polyhedron
are those point sets on the boundary of P that can be obtained as the set
of optimal solutions of LP problems over P, or equivalently, intersection
between P and its supporting hyperplanes. In Figure 2.10 we show a valid
inequality for a polyhedron P and the induced face F'.

There is another useful description of faces of polyhedra that connect
these sets to the defining inequalities Az < b of the polyhedron P. In fact,

95



ax<=b

Figure 2.10: Face of a polyhedron

we have met this result before, but then it was hidden in the the proof of
Proposition 2.13.

Theorem 2.20 Let P = {x € R" : Ax < b}. A nonempty set F is a face of
P if and only if
F={zeP:Az=10} (2.16)

for some subsystem A'x <V of Ax <b.

Proof. Let F' be a nonempty face of P, so F' = H_(c,a)N P for a supporting
inequality ¢’z < o. Then the optimal value v(P) of the LP problem (P) max
{cTx : Az < b} satisfies v(P) = a < oo and furthermore F = {z € P : cTx =
v(P)}. It follows from the duality theorem, Theorem 2.6, that the LP dual
of problem (P) is feasible and that max{c’z : Ar < b} = min{y’b: yTA =
¢,y > 0}. Let y* be an optimal dual solution, so (y*)TA = T, y* > 0
and (y*)Tb = v(D) = v(P), and define I' = {i € I : y; > 0}. We claim
that (2.16) holds with the subsystem A’z < b consisting of the inequalities
alz < b; for i € I'. To see this, note that for each z € P we have ¢’z =
(5" A)w = (5")7 Ax = Soey 1 (An)i = Xserr v (An)i < Sy wibi = o).
Thus we have ¢’z = v(P) if and only if al'z = b; for each i € I’, and (2.16)
holds.

Conversely, assume that the set F satisfies (2.16) for some subsystem
A'r < U consisting of inequalities aiTx < b, i € I' from Ax < b. Let
¢ =>cpaiand a = >, b Then ¢"z < a is a valid inequality for P
(it is a sum of other valid inequalities). Furthermore F' is the face induced
by 'z < a,ie., F={x € P:c'z = a}. In fact, a point x € P satisfies
'z = a if and only if al'z = b; for each i € I'.

[

We therefore see that the faces of P = {x € R" : Az < b} are precisely
the sets of the form F = {x € R" : A’z = b, A”x < "} for some partition
Alx <b , A%z < b of the linear system Ax < b.

Corollary 2.21 Consider a polyhedron P = {x € R" : Ax < b}. Then
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(i) P has a finite number of faces.
(ii) Each face of P is a polyhedron.

(iii) Let F' be a face of P (so F is a polyhedron by (ii)). Then a subset G
of F' is a face of F' if and only if it is a face of P.

Proof. All these results follow from Theorem 2.20. (i) Each face is obtained
by setting a subsystem of inequalities from Az < b to equality, and there
are a finite number, in fact 2, of such subsystems. (Remark: there are 2™
subsystems, but many of these may induce the same face. In fact, estimating
the number of faces is a discipline on its own, within discrete geometry).

(ii) This is clear as each face is the solution set of a finite set of linear
inequalities and equations.

(iii) Let FF = {z € R" : Az = ¥/, A"z < V'}. Each face G of F is
obtained by setting some of the inequalities in A"z < b” to equality and so
this is also a face of P. Conversely, let G be a face of P with G C F', say
G={rzeP:Azx=V}and F ={x € P: Az ="b"}. Since G C F, we
must have G = {z € P: Az = V', A”x = 1"}, and therefore G is a face of F'.

a

Faces of polyhedra are interesting from an optimization viewpoint, and,
in particular, one is concerned with minimal and maximal faces. A minimal
face of P is a minimal nonempty face, i.e., a nonempty face of P not strictly
containing any other nonempty face of P. Similarly, a maximal face of P is
a face I’ # P not strictly contained in any proper face of P. Each maximal
face of P is also called a facet of P.

The minimal faces of P are related to the lineality space of P and the
facets are related to a minimal exterior representation of P. We shall discuss
these relations in detail in the following. First, we give a characterization of
the minimal faces due to Hoffman and Kruskal (1956).

Theorem 2.22 Let() # F C P ={x € R": Ax <b}. Then F is a minimal
face of P if and only if F' is an affine set of the form

F={zeR":Az=10} (2.17)
for some subsystem A'x <V of Az <b.

Proof. Assume that F' is a minimal face of P, say F' = {x € R" : A’z =
b, A”x < b"}, where we may assume that each inequality in A"z < b" is
nonredundant and not an implicit equality. Then, one of the inequalities in
A"z < b has the property that if we set it to equality we obtain a nonempty
face strictly contained in F', which contradicts the minimality of F. Thus,
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the system A"z < b” must be empty, and F' = {z € R" : A’z = b'} which
proves that F' is an affine set of the form (2.17).

Conversely, assume that F' is given by (2.17) which we rewrite by replacing
each equality by two opposite inequalities. By Theorem 2.20, any face of F’
is obtained by setting some of these inequalities to equality, but clearly this
does not change the solution set F' (since all the inequalities are implicit
equalities). Thus F' is a minimal face.

[

Corollary 2.23 Fach minimal face F of P = {x € R™ : Ax < b} is a
translate of lin.space(P), and therefore dim(F) = n — rank(A). If P is
pointed, the minimal faces are precisely the one-point sets consisting of the
vertices of P.

Proof. Let F' be a minimal face of P, so by Theorem 2.22 we have that F’
is the affine set F' = {z € R™ : A'x = b'} for some subsystem A’z < b’ of
Az <'b. Let o € F (F is nonempty) and then F' = z¢ + L where L is the
unique linear subspace parallel to F, i.e., L = {x € R" : A’z = 0}. Since
A’ contains a subset of the rows of A, we have rank(A’) < rank(A). In fact,
we here have equality, for, if not, there would be an inequality alx < b; in
Ax < b such that a; is not a linear combination of the rows of A’, which then
gives the contradiction F C {z : A’z =V, alox < b} C{x: Az =V} =F
(where the last inclusion is strict). We therefore get that L = lin.space(P).
[

Note the following important consequence of the previous corollary: a
point x in a polyhedron P is a vertex of P if and only if it is the unique
optimal solution of an LP problem over P. This fact is sometimes useful in
finding all the vertices of a polyhedron.

An edge of a polyhedron is a bounded face of dimension one (so it is not
a ray). Each edge is the line segment between two vertices and these two
vertices are said to be adjacent.

There is a convex cone which is naturally associated with a polyhedron.
For a polyhedron P = {z € R™: Az < b} we define its characteristic cone
char.cone(P) = {y € R" : Ay < 0}. Each nonzero element in char.cone(P)
is called an infinite direction of P , see also Section 2.4. (Some authors
also use the term ray here, but we reserve the notation ray for the geometric
object R(x;r) defined previously). We leave it as an exercise to show that

(i) char.cone(P) ={y € R":z+y € P for all x € P};

(ii) lin.space(P) = Char.COne(P) N —Char.cone(P), (2.18)
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As an application of the theory developed, let us consider again a pair
of dual LP problems and relate their optimal solutions. Consider the linear
programming problems

(P) max{c'z:z € P}, (2.19)
and
(D) min{u’b:u € Q} (2.20)

where we, for simplicity, assume that both polyhedra P and () are pointed.
Let these polyhedra be given by

P ={zeR":x2>0, Az <b}
= conv(Vp) + cone(Rp);

Q ={ueR™:u>0, uTA> "}
= conv(Vyp) + cone(Rg),

(2.21)

where Vp, resp. Rp, is the (finite) set of extreme points (vertices) and direc-

tions corresponding to extreme rays of P. Vg resp. Rg are similar objects
defined for Q).

Theorem 2.24 For the problems (P) and (D) the following hold.
(i) (P) is feasible iff b'r >0 for all v € Rg.
(ii) When (P) is feasible the following statements are equivalent:
a) v(P) = oo.
b) There is an r € Rp with c'r > 0.
c) Q=0

(i) If v(P) is finite, then v(P) = maxyey,c’ v = mingey,u’b = v(D)

Proof. (i) From Farkas’ lemma we see that (P) is feasible (i.e., P # 0) iff
vTh > 0 for all v > 0 with vTA > 0. It follows from Theorem 2.17 that
char.cone(Q) = {v € R : vT'A > 0} = cone(Rg). Thus v'b > 0 for all
v >0 with v7A>0iff 770 > 0 for all 7 € Rg.

(ii) It follows from the interior representation of P that v(P) is finite iff
cf'r < 0 for all » € Rp, and the equivalence for the dual problem follows
similarly.

(iii) This follows by combining the LP duality theorem with the interior
representations above.

[

We now turn to a study of minimal exterior descriptions of polyhedra. The
main goal is to show that, in addition to the implicit equality system, these
descriptions are given by inequalities that define facets of the polyhedron.
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In order to discuss minimal representations of polyhedra we find it conve-
nient to write the linear system with both inequalities and equalities. Con-
sider a linear system

alx =b; forie Iy

alx <b; forie€ Iy, (2.22)

and let P be its solution set. We call a constraint (inequality or equality)
in (2.22) redundant if the solution set is unchanged if this constraint is
removed. We call the system (2.22) minimal if

(i) no inequality can be set to equality without reducing the solution set;
(ii) no inequality or equality is redundant.

A minimal representation of a polyhedron P is a minimal linear system
of the form (2.22) with solution set P. It is clear that every polyhedron has
a minimal representation (one simply removes redundant constraints as long
as possible, see Problem 2.9). An interesting result is that one also has a
kind of uniqueness of a minimal representation as discussed next.

Theorem 2.25 Let P be the polyhedron defined by (2.22) and assume that
P is nonempty. Then (2.22) is a minimal representation of P if and only if
(i) the vectors a;, i € I are linearly independent, and (ii) there is a bijection
(one-to-one and onto mapping) between the facets of P and the inequalities
alz <b; fori € Iy given by F={z € P:alz=0b}.

Proof. Assume first that the system (2.22) is minimal. If an a; for some
1 € I; is a linear combination of the other vectors in Iy, then either the
equation a] z = b; is redundant, or the equation system is inconsistent (and
P = ()); in any case a contradiction. Thus a;, ¢ € I; are linearly independent.

Next, let i € I and let P’ be the solution system when the inequality
alr < b; is removed from (2.22). As alx < b; is nonredundant, there is
a point z; € P\ P. Thus, z; satisfies all the constraints in (2.22) except
that alz; > b;. As shown before (see Lemma 2.8), P has an inner point
Ty, i.e., alzy = b; for i € I, alx < b; for i € I5. Therefore, some convex
combination Z of z; and x, must satisfy a]T:i’ = b, for j € I; and a]Tx < b;
for j € I\ {i} and finally alZ = b;. Let F be the face of P induced by the
inequality alz < b;, and note that T € F. Therefore the equality set of F
consists of the constraints with index set I; U {i} (remark:  shows that the
equality set can not contain other inequalities). F' is therefore a maximal face
because any face G strictly containing F' must have equality system a! x = b;
for ¢ € I, and this is only the case for the trivial face G = P. Therefore,
F is a maximal face, i.e., a facet of P induced by the inequality alz < b;.
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Furthermore, no other inequality can induce the same facet, because the point
T above satisfies al x < b; with equality, but it satisfies no other inequality
in a]Tx < b; for j € I, with equality. Finally, we note that each facet is of
the form F = {x € P : alx = b;} for some i € I, (as a facet is also a face,
so it is induced by some inequality, and, furthermore, this inequality cannot
be an implicit equality, for that would not give a proper face). This proves
that condition (ii) holds.

Conversely, assume that conditions (i) and (ii) both hold. Consider an
inequality alz < b; for an i € I. If we set this inequality to equality, we
obtain by (ii) a facet of P, and this is a proper subset of P. Therefore
condition (i) in the definition of a minimal system is satisfied. Furthermore,
this also shows that the equality system of (2.22) is a]Tx =b; for j € I;. We
next prove that each equality a]Tx = b; for j € I, is nonredundant. Let A be
the affine hull of P, i.e., this is the solution set of the equality system a]Tx =b;
for 57 € I. Since the vectors a;, ¢ € I; are linearly independent, the removal
of one of these equations results in a solution set being an affine set A’ with
dim(A’) = dim(A) + 1. By the dimension formula for polyhedra it follows
that we get dim(P’) = dim(P) + 1 where P’ is the solution set of the system
obtained by removing alz = b; from (2.22). This proves that each equality
in (2.22) is nonredundant. It only remains to prove that each inequality is
nonredundant, so consider an inequality a]z < b; for some i € I5. Let z;
be an interior point in the facet F = {z € P : alz = b;} and let x5 be an
interior point of P (note: such points exist as both polyhedra are nonempty).
It is easy to see that the line through these two points contains a point which
satisfies all the constraints in (2.22) except for a} x < b;. Thus this inequality
is nonredundant and the proof is complete.

EI

We therefore see that, except for implicit equalities, we only need the
facet defining inequalities in an exterior representation of a polyhedron.

An interesting property of a proper face of a polyhedron is that it has
lower dimension than the polyhedron.

Lemma 2.26 Let F' be a proper face of a polyhedron P (so F is nonempty
and strictly contained in P). Then we have dim(F') < dim(P).

Proof. Since F' C P, there is an 2y € P\ F. Furthermore, F' is a face
of Pso F = PN H for some hyperplane H. Then zy ¢ H (for zy € H
implies that o € PN H = F; a contradiction). But H is an affine set, and
therefore aff(F') C H, and x¢ ¢ aff(F"). This gives dim(P) = dim(aff(P)) >
dim({zo} Uaff(F')) > dim(aff(F")) = dim(F'). (The strict inequality is due to
the fact that aff(F) is strictly contained in aff({zo} U aff(F))).

[

61



We conclude this section with a result which gives further characterization
of the facet defining inequalities. This theorem is often used in polyhedral
combinatorics.

Theorem 2.27 Let P be the solution set of a linear system of the form
(2.22) which is assumed to be minimal and consistent. Assume that F' is
a nontriwial face of P. Let m = |I3|. Then the following statements are
equivalent.

(i) F is a facet of P.

(i) dim(F') = dim(P) — 1.

(15 )If a,a € R™ and a, & € R satisfy
F={rxeP:a"r=a} ={x e P:a’s = a} where both a’x < a and
alr < a are valid inequalities for P, then there exist A € R™ and a positive
v € R such that a = ya + MNA~, & = ya + \b~.

Proof. Let A=z = b=, ATx < b*" be a minimal system for P, and let I; and
I be the index sets of these two subsystems, respectively. We prefer to show
first the equivalence of (i) and (ii), and then the equivalence of (ii) and (iii).

(i) < (ii): Assume that F' is a facet of P. By Theorem 2.25, there is an
i € Iysuch that F ={z € P: aiTx = b; }, and (see the proof of that theorem)
the equality system of F' is a x =b; for j € I, a]x = b;. The dimension
formula gives that dim(F') > dlm(P) — 1, and since F' is a nontrivial face we
also get dim(F) < dim(P) — 1 (see Lemma 2.26), and (ii) holds. Conversely,
assume that condition (ii) holds. If F' is not a facet (but still a face), there is
a nontrivial face G such that F' C G C P (all inclusions strict). By applying
Lemma 2.26 twice, we get the contradiction dim(F) < dim(P) — 2. This
proves that condition (i) must hold, as desired.

(ii) < (iii): Assume that (ii) holds and that a’z < a and a’z < & are
valid inequalities for P that both induce the same facet F'. Therefore F
is the solution system of the original system (2.22) augmented with the two
equations a’z = aoga’rz = a. Let Y = {a; : i € [}, so |Y| = m. Note that
neither a nor a can be a linear combination of the vectors in Y (for this would
violate that F' is nonempty and has dimension less than that of P). On the
other hand, the rank of Y U{a,a} can not be larger than m + 1 because that
would imply that dim(F') < dim(P) — 1. These two observations therefore
give that rank(Y U {a,a}) = m + 1, from which we easily get the desired
relation between a and a@, and then also between o and @ as in (iii).

To prove the converse, we assume that F'is not a facet of P. But then F
is the face of P obtained by setting at least two of the inequalities a! x < b; to
equality, say for i = r and i = s (see Theorem 2.25). The minimality of (2.22)
implies that we can find a point Z which satisfies all the constraints in (2.22)
except al ¥ < by, (so al > by,). Then (as we have done previously) a suitable
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convex combination Z of Z and an inner point of P, satisfies alZ < b; for
i € I\ {k}, and alZ > by. Let H consist of those i € I, for which a]z < b;
is an implicit equality for F'. Let A\; > 0 for ¢ € H and define a = Zie A
and o = Zie o Aibi. We see that a’z < « is then a valid inequality for P
and that it induces F'. Also note that £ € H. By suitable choices of \;, for
i € H we can find two such valid inequalities (a')Tz < a! (choose \;, small
enough) and (a?)Tz < o® (choose ), large enough) such that (a')T2 < o
and (a?)T% > o® This shows that (a?)Tz < o? is not a positive multiple
of (a)Tx < o' plus some linear combination of the equations alz = b; for
i € I, i.e., condition (iii) does not hold, and the proof is complete.
a
If the polyhedron P is fulldimensional, the previous Theorem shows that
there is a unique minimal representation of P. Here the uniqueness is up to
the multiplication of an inequality by a positive scalar, and the inequalities
involved correspond to the facets of P.

2.6 Exercises

Problem 2.1 Prove Fredholm’s alternative directly from Theorem 2.3.

Problem 2.2 Show that y € lin.space(P) iff for each x € P we have L, C P
where L, = {x + Ay : A € R}.

Problem 2.3 Prove that for a linear subspace L in R™ we have that L =
lin.space(L).

Problem 2.4 Prove (ii) in Proposition 2.11.
Problem 2.5 Prove the minimality of the decomposition in Corollary 2.16.

Problem 2.6 Let P C R? be the polyhedron defined by the following linear
mequalities: x7 > 0, x0 > 0, 21+ 22 > 0, 1 < 3, 9 < 2, 1 + 22 <
4, 2x1 + 3z < 15. Illustrate P and the inequalities in the plane. Find the
face of P induced by each of the inequalities. What is the dimension of P,
and of all the faces? Which inequalities are redundant? Find a minimal
representation of P. Is this polyhedron a polytope? What is the lineality
space and the characteristic cone? You should also give formal proofs for all
these properties (not just use geometric intuition!).

Problem 2.7 Let Q C R? be the polyhedron defined by the following linear
inequalities: ©1 < 3, 19 < 2, 11+ 19 < 4, 227 + 312 < 15. Answer now the
same questions as in the Problem 2.6.
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Problem 2.8 Show that each linear subspace is a finitely generated cone (see
the comments in the proof of Theorem 2.17).

Problem 2.9 Show that a minimal representation of a polyhedron does in-
deed exist.

Problem 2.10 Let P C R™ be a polyhedron of dimension m and with the
dimension of its lineality space being d. Show that there is a sequence of
faces Fy, Fyiq, ..., Fy of P such that dim(F;) = j for j = d,...,m. Also
prove that this sequence may be chosen such that F; is a facet of Fjy1 for
j=d,....m—1.

Problem 2.11 Let P C R" be a polyhedron and let T' : R® — R™ be an
affine transformation, that is, T'(x) = Cz + d for some m X n-matriz C and
vector d € R™. Consider an inner representation P = conv(V') 4 cone(R) of
P. Show that the image T'(P) of P under T (i.e., T(P) ={T(x) e R™:z €
P}) satisfies

T(P) = conv(T(V)) + cone(T(R)).

Thus, T(P) is a polyhedron as well. Prove next that each face of T(P) is
the image under T of some face of P. As a concrete example, let P be the
solution set of the (nonlinear) inequalities |x;| < 1 for i = 1,2,3. Explain
why P is a polyhedron and find inner and outer descriptions. Let the linear
transformation T be given by T(z1,x2,x3) = (x1,22) so this is projection
into the xy-plane. Determine T'(P). We mention that the polytope P in the
example is called a crosspolytope (simialr in R™). It may also be seen that
the set of points with norm no greater than 1 in the lo-norm.
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Chapter 3

The simplex method

In Chapter 2 we discussed linear programming theory. In particular we stud-
ied relations between the optimal solutions in a pair of dual LP problems.
The purpose here is to describe the simplex method for solving linear pro-
gramming problems numerically. Efficient implementations of this algorithm
are among the fastest LP codes available today.

There is a vast literature on linear programming. The classical text is
G. Dantzig’s book [8] on linear programming. More recent literature in-
cludes [4], [24], [25] and [29]. The famous book by A. Schrijver [35] treats LP
from a theoretical point of view and contains a lot of literature references on
the subject. For a presentation on recent algorithmic developments (ellipsoid
method, Karmarkar’s method etc.), see the survey paper [13]. A comprehen-
sive treatment of the ellipsoid method in connection with implicitly described
polyhedra is the book [26].

3.1 Some basic ideas

We use a small example in order to motivate the algebraic manipulations of
the simplex method. The underlying geometric ideas are also treated.

Consider the LP problem (P) max{z;+zs | 21 > 0, 22 > 0, 21 < 3, 25 <
2.5, 1 + 2z9 < 5} illustated in Figure 3.1. Let P be the feasible set in (P)
and note that P is a polytope.

Geometrically we can solve this problem as follows. Let ¢ = (1, 1) be the
objective function and consider a hyperplane H_(c,b) = {x € R? | ¢’z = b}
for each b € R; these are all parallel hyperplanes (i.e., they are all parallel to
the same linear subspace). Thus H_(c, b) consists of those solutions (points)
with the same value b on the objective function. We therefore find the optimal
value v(P) as the maximum b such that F':= H_(c,b) N P # (), and then F
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L@

constraint
N X2<=25

. x1+x2=4

constraint
x1+2x2 <=5

1 2| optimal solution (31)

FEASIBLE REGION

constraint
x1<=3

Figure 3.1: The example LP

is the set of optimal solutions. In the example, v(P) =4 and F' = {(3,1)}.
Although this geometric approach can only be used to solve problems with
two (or possibly three) variables, it gives some (geometric) understanding of
what happens in higher dimensional spaces as well.

Now, let us take a look at the algebraic side. First, recall from Chapter 2
that there is an optimal solution which is also a vertex because the polyhedron
P is both pointed and bounded. Consider the vertex z° = (0,0) of P. This
point is the unique solution obtained by setting the two defining inequalities
x1 > 0 and z; > 0 to equality. This solution is not optimal, which may be
explained by the fact that (at least) one of the active constraints, z; = 0,
hinders us in improving the objective function. In fact, if we remove the
constraint z; = 0 (defining 2°), but maintain the constraint z, = 0, we make
an improvement possible. More precisely, the set {z € P | zo = 0} defines
an edge of P (a face of dimension 1) and we can move along this edge until
we meet another vertex z' = (3,0), and this vertex is the solution of the
original equation x; = 0 combined with the defining inequality z; < 3 which
has now become active. This process of moving from a vertex to another
(adjacent) vertex along an edge of the feasible polyhedron is precisely the
geometric idea underlying the simplex algorithm. The algebraic operations
are: (i) maintaining a set of active constraints defining the current vertex,
(ii) testing if loosening one of these constraints may improve the objective
function, and, if so, (iii) calculate the new solution obtained by moving as
far as feasibility allows, and we then find a new active constraint (linearly
independent of the others). Finally, we should mention that optimality of
the last solution corresponds to finding a “matching” dual feasible solution
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so that weak duality serves as a stopping rule!

The method is given in detail in the next section. Actually the simplex
method consists of two stages: first one finds a vertex (if any) and then,
starting from this initial vertex, one finds an optimal vertex. In both stages
the simplex algorithm is used: it solves an LP problem when an initial vertex
solution is given. The method has its origins in some papers by the physisist
Joseph Fourier (ca. 1820) on problems in mechanics, but it was fully devel-
oped into an efficient algorithm by George Dantzig around 1940. By the way,
the LP duality theory was a joint effort of Dantzig and the famous mathe-
maticial John von Neumann (known for his work in functional analysis, game
theory and also in the initial developments of computers).

3.2 The simplex algorithm

We shall describe the (primal) simplex algorithm for LP problems of the
following form
max{c’z | Az = b, z > 0} (3.1)

where A € R™" b € R™ and ¢ € R". We assume that the coefficient matrix
A has full row rank, i.e., the row vectors are linearly independent. This
assumption is valid (both theoretically and computationally). Anyway, the
assumption implies that m < n, and we note that the feasible set P = {z €
R™ | Ax = b, > 0} is a pointed polyhedron. It is pointed because P is
contained in the nonnegative orthant which is pointed. Thus the minimal
faces of P are vertices, and from Proposition 2.13 we know that, if P is
nonempty, there is an optimal solution which is a vertex, or, if the problem
is unbounded, there is an extreme ray along which the objective function
increases without bounds.

Some notational remarks are in order. The subvector of a vector z € R’
(resp. matrix M € R’*’) corresponding to (column indices) J' C J is
denoted by z; (resp. My ). We shall also write M = [ Mg My } and
z = [ ZB 2N } (Note that this notation could be misinterpreted; it does
not mean that B ={1,...,m}and N ={m+1,...,n}).

We introduce some useful concepts that will turn out to be algebraic
counterparts to vertices. Let J = {1,...,n} be the index set of the variables,
and let B = {By,..., By} be a subset of J consisting of m variable indices
and define N = J\ B. Thus Ap is a square m x m matrix. If Ap is
nonsingular, it is called a basis and we then call B a basis index set. Note
that, since the rows of A are linearly independent, its row rank, and also its
column rank, is m. Therefore, there is at least one basis index set. Note that
when Apg is a basis, then its columns constitute a vector basis in R™.
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Associated with a basis index set we have the primal basic solution
2P = (xp,2y) where zy = 0 and 23 = A" b. The variables in x5 (i.e.,
x; with j € B) are called basic variables and the variables in xy are
the nonbasic variables. We see that a basic solution z? satisfies all the
equations in (3.1). However, zZ may not be nonnegative, but if it is, z? is
called a basic feasible solution, as we then have that z? € P.

As we have suggested above, basic feasible solutions and vertices are the

same, as stated next.

Lemma 3.1 The set of vertices of P coincides with the set of basic feasible
solutions in (3.1)

Proof. Let 2P be a basic feasible solution in (3.1). To prove that z? is a
vertex, it suffices, by Corollary 2.23, to find an objective function d € R"
such that x? is the wunique optimal solution of the LP problem (Q) min
{d"x |z € P}. Let d = ).\ e; where e; denotes the jth coordinate vector.
Since each point in P is nonnegative, we must have that v(Q) > 0. But
d'zB = 0, so 28 is an optimal solution and v(Q) = 0. Furthermore, each
optimal solution y in (Q) must satisfy yx = 0 and from Ay = b we then get
Apyp+Anyn = band Agyp = b. But Ap is nonsingular, so yp = Aglb =g,
and we have y = 27, proving the desired uniqueness.

Conversely, let xy be a vertex of P. Then x; is determined by n linearly
independent inequalities from the linear system Ax = b, x > 0. Since A
has rank m, this subsystem must contain n — m inequalities from z > 0, say
xzj = 0 for some N C J with |[N| = n —m. Thus the 2 x 2 block matrix C'
corresponding to the mentioned subsystem

Ap An
0 I

is nonsingular and therefore 0 # det(C') = det(Ag)det(I) = det(Ag), so Ap
is nonsingular, and it follows that xo = 2%, i.e., a basic feasible solution.
EI
The simplex algorithm solves an LP problem of the form (3.1) when
an initial basic feasible solution (vertex) is given. Iteratively one moves from
one vertex to the next as long as the objective function increases until no
further improvement can be made. More precisely, the algorithm generates
a sequence of bases, each corresponding to a vertex of P. In this process it is
crucial to be able to determine (efficiently) if a given basic feasible solution
2B is optimal. This is where the LP duality theory is useful. From Theorem
2.5 it follows that = is optimal if and only if ¢Tz? equals the objective value
for some dual feasible solution y?. In fact, the simplex algorithm produces
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such a candidate y? and the desired optimality test corresponds to checking
if 4P is feasible in the dual LP problem of (3.1). The details are given next.
The LP dual of the primal problem (P) is the LP problem (D) given by

min{y’b | yTA > "} (3.2)

Let B be a basis index set, Ap the associated basis and x? the (primal) basic
solution as above. We also define an associated dual basic solution y? €
R™ by (y®)" = cLA5'. We then have that (y®)TA = (y?)7 [ Ag Ay | =
[ & (yP)"An ]. Therefore, a dual basic solution is a dual basic feasible
solution if and only if (y®)T Ay > cy, which means that y? is feasible in
(D). The two basic solutions ¥ and y? are called complementary because
they satisfy the complementary slackness condition

(P)'A— 2P =0 (3.3)
We now have the following result.

Proposition 3.2 Assume that B is a basis index set such that the associated
basic solutions B and yP are primal feasible and dual feasible, respectively.
Then zB is optimal in (P) and y®? is optimal in (D).

Proof. We have that c¢'z® = cLap + chan = chap = (yP)TApAg'b =
(y®)Tb. On the other hand, using LP duality (Theorem 2.5) and the fact
that = is feasible in (P) and y? is feasible in (D) we get ¢'z? < v(P) =
v(D) < (y®)Tb. As shown, the first and last expression here are equal, and
the desired result follows.

i
Remark. Note that this proof only relied on weak duality (v(P) <
v(D))! Acually, one can prove the LP duality theorem (strong duality) by
proving the correctness of the simplex algorithm. For that approach the
finiteness of the simplex algorithm is a main task.
The simplex algorithm generates a sequence of basis index sets B, ..., BMY)
with the properties that:

(i) each primal basic solution 2B for j=1,...,N, is feasible in (P),

(i) the dual basic solutions yB” for j = 1,..., N — 1 are all infeasible in
(D), while 4B is feasible in (D),

(iii) consecutive basis index sets satisfy |BW) \ BUTY| = 1 and |BU+D \
BU)| =1.
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Thus, in the last iteration ¢ = N we get, for the first time, a dual basic
solution, which is feasible. Therefore, by Proposition 3.2 ™ s optimal in
(P) and 3" is optimal in (D).

We remark that a there is a related algorithm, called the dual simplex
algorithm. It is in a sense complementary to the primal algorithm, and
generates a sequence of basis index sets such that the associated dual solu-
tions (i.e., y?) are feasible in (D), but the associated primal solutions are
infeasible in (P), except for at termination.

One of the reasons for the success of the simplex algorithm is that the
transition from the pair of primal and dual basic solutions (z?,y?) to the
next pair can be done with little computational effort. We describe how this
can be done.

For a basis index set B, we assume that B = {Bjy,..., By, } is such that
By < ... < B,,. In the associated primal basic solution r = z? = (zp, zx)
we call the variable z g, the +’th basic variable. Assume now that 2B is feasible
in (P), i.e. Ag'b > 0. Geometrically, 27 is a vertex of the polyhedron P
and it satisfies the n linearly independent equations given by zp, = (A5'b);,
t=1,...,m, and z; = 0 for j € N. We can reformulate the original LP
problem (3.1) into an equivalent problem P(B) relative to the current basis
B

cgb+max{chzy | v + Anry =b; x5 > 0, zx > 0}. (3.4)

where we define Ay = Az' Ay, b= Ag'b and &5 = c§, — cLAZ' An. In fact,
the feasible region, as well as the objective functions in the two problems
(P) and (P(B)) coincide; we have just introduced the partitioning and pre-
multiplied the equation system with the inverse of the basis, i.e. Az'. This
problem has a convenient form for analyzing the effect of variation in the non-
basic variables z . First, we notice, as expected, that when we let zy = 0,
then we obtain the solution zZ = (b,0) in (P(B)). Is this solution optimal?
To answer this question, consider the objective function ¢y = ck —ch A5 An
called the reduced cost vector. If ¢ < 0, then the associated dual basic
solution y? is also feasible (check this!), and then the two basic solutions are
optimal in their respective problems (see Proposition 3.2). If, however, for
some j, say j = r, we have that ¢, > 0, then an increase of the nonbasic
variable x, leads to a solution which is at least as good as the current one.
Starting in (b,0), we now want to increase the variable x, as much as possi-
ble, while maintaining all the other nonbasic variables at 0. Let z, = A\, > 0,
and we then
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obtain the solution x(\,) given by

x(Ar)r = >\r7 (35)
z(A); =0for j € N\ {r}.

How much can we increase A7 Since all the equations hold for any A,
(by construction), it is only the nonnegativity of the basic variables that may
cause trouble. The i’th basic variable, z(\,), is given by 2(\,) 5, = bi—@; s\
Note that, because Ap is a primal feasible basis, we have b > 0. We therefore
see that, for each i

(i) if a;, <0, then (A, )p, > 0 for all A\, > 0, and
(i) if @;, > 0, then x(\,)p, > 0 if and only if 0 < A\, < b;/a; ..

We therefore see that the maximum permittable A, for which z(\,) is primal
feasible is Ay given by

M =min {b;/a;, | i <m, @, > 0}. (3.6)
and we define \} = oo if a, < 0. If \! is finite, we let
B*(’/’) = {Bz | 1 <m, ai,r > 0, l_)i/C_LiJ, = )\:} (37)

which is the index set of basic variables that will become zero in the solution
x(AF) (why!).

We say that the primal basic solution % is degenerate if zp, = 0 for
some ¢ < m. Otherwise, the solution is nondegenerate, i.e., all the basic
variables are strictly positive. We observe that the new solution z(\}) is
primal feasible, and, furthermore, that x(\?) # z(0) = z? if and only if
Af > 0. In particular, we see that if 7 is nondegenerate, then A\* > 0. If
zP is degenerate, then we may, or may not, have A\* = 0. Whenever \* is
finite, the new solution x(A) is also a basic solution; this follows from the
next proposition.

Proposition 3.3 Consider a basis index B and an r € J\ B. Define \*
and x(AX) as in (3.5) and (3.6). Let F' = {x(\.) | 0 < A\, < X:}. Then the
following statements all hold.

(i) If Xx = 0, the vertex xy = zP is degenerate and each of the sets
(B\{s})U{r} for s € B*(r) is a basis index set with associated basic feasible
solution xg.

(i) If 0 < Af < oo, each of the sets (B \ {s}) U{r} for s € B*(r) is
a basis index set with associated basic feasible solution x(\:). Furthermore,
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F={z(\)|0< X< X} =conv({z?,z(\})}) is an edge (one-dimensional
face) of P which joins the two vertices x? and z(\}).

(iii) If \i = oo, then the set F' = {xz(\) | A > 0} is an extreme ray of P
(i.e., an unbounded one-dimensional face).

Proof. This result is essentially obtained by using the following basic result
from linear algebra: an m X m matrix Ap is nonsingular if and only if for
some b € R™ the linear system Agx = b has a unique solution.

Consider first the situation with A* < oo, and let s € B*(r). Let B’ =
(B\{s})U{r} and N’ = N\ B'. Then , by definition of \*, the linear system
Apx = b has a unique solution, namely z(\*), and from the mentioned linear
algebra result it follows that Ap/ is nonsingular, and B’ is a basis index set.
All the results now follow since feasible basic solutions are vertices of P, and
the line segment between two vertices is an edge of P. The statement in (iii)
follows in a similar manner.

EI

The previous discussion therefore describes how the simplex algorithm
goes from one (primal) basic feasible solution to the next, and adjacent,
basic feasible solution. The detailed algorithm is as follows.

The simplex algorithm.

Step 0. (Initialization) Let B be an initial basis index set such that the
associated primal basic solution x® is feasible. Calculate vp = Aglb and
(y®)" = chAg".

Step 1. (Optimality check) Calculate the reduced cost ¢& = ck — (yP)T Ay.
If ek, < 0, then terminate; x® is optimal in (P) and y® is optimal in (D).
Otherwise, choose an r & B with ¢, > 0 and go to Step 2.

Step 2. (Pivoting) Determine \: and B*(r) from (3.6) and (3.7). If B*(r)
is empty, then (P) is unbounded, z(\) € P for all A > 0 and c'z(\) — oo
as A — oo. Otherwise, choose an s € B*(r) and update the basis index set
by B := (B \ {s})U{r}. Determine the new primal and dual basic solutions
2B and y®B, and return to Step 1.

There are several questions that are natural to ask at this point. First,
does the algorithm work, i.e., does it terminate? Note that it is not obvious
that the algorithm works because we may have degenerate pivots, i.e., two
consecutive bases may correspond to the same vertex. Therefore, in principle,
it might be that the algorithm gets stuck in some vertex and never reaches
an optimal one. However, the algorithm does work, provided that one uses
specific principles for selecting new basic variables and also (in case of ties)
outgoing basic variables. We show this in the next section.
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Another important question concerns the problem of finding an initial
vertex. Remember that the simplex algorithm takes a feasible basic solution
as input, so we need a device for producing this initial solution, or prove
that the problem is infeasible. It is remarkable that we can use the simplex
algorithm for this task as well, see Section 3.4.

A final question is how we can obtain efficient implementations of the sim-
plex algorithm (or simplex method). The straightforward implementation of
the simplex algorithm as described above, would require that we (in addition
to some matrix products) solve two m x m linear equation systems with the
basis Ap, or its transpose, as the coefficient matrix. In fact, to find zg and
y® we solve Agzp = b and (y?)T Ap = cL, respectively. The important ob-
servation is that these two systems are “nearly equal” from one iteration to
the next as the basis index sets differ in one index only. In fact, one can find
an LU-factorization of the basis in terms of so called eta-matrices (represent-
ing the pivot operation on the coefficient matrix). This factorization may
then be updated in each iteration by adding suitable eta- matrices (and pos-
sibly permutation matrices). Two such schemes, the Bartels-Golub method
and the Forrest-Tomlin method, are used in efficient simplex implemetations
today, for further informations on this topic, see e.g. [4].

3.3 The correctness of the simplex algorithm

The purpose of this section is to prove that the simplex algorithm works, i.e.,
that it correctly solves the linear programming problem in a finite number
of iterations whenever a primal basic feasible solution is given.

As pointed out in the previous section, there might be a problem that
one gets stuck in a (non-optimal) vertex x in the sense that , from a certain
iteration on, all the primal basic feasible solutions are equal to xy. We have
seen that this can only happen if the basic feasible solution z? is degenerate,
i.e., at least one basic variable is zero. Since A} > 0 we then get a new
solution. Let us first see that the simplex algorithm works if all the vertices
are nondegenerate.

Theorem 3.4 Consider the LP problem max {cTx | Az = b, x > 0} where
A is of full row rank, and where a basic feasible solution xq is known. Assume
that all bases are nondegenerate. Then the simplex algorithm, with xo as the
initial solution, will terminate in a finite number of steps.

Proof. From the discussion of the simplex algorithm, and the nondegeneracy
assumption, we see that the step length A} is strictly positive in each pivot
operation. Therefore, the objective function must strictly increase in each
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iteration (as the reduced cost of the incoming variable z, is positive). But
then we cannot generate a cycle of bases, i.e., eventually end up with a basis
that was considered before (as the objective function has increased in the
meantime). Since the number of bases is finite (at most n!/(m!(n — m)!)),
the simplex algorithm must terminate in a finite number of iterations.

EI

From this proof we see that the crucial step in the finiteness argument was
to assure that we do not get 