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Abstract. Motivated from the image segmentation problem, we con-
sider the problem of finding the maximum weight region with a shape
decomposable into elementary shapes in n x n pixel grid where each pixel
has a real valued weight. We give efficient algorithms for several inter-
esting cases. This shows strong contrast to NP-hardness results to find
the maximum weight union for the corresponding cases.

1 Introduction

Let P be an n x n pixel plane, and consider a family F C 2F of pizel
regions. A pixel of P is the unit square p(i,j) = [i — 1,4] X [j — 1, j] where
1 <i<nand1l < j<n. The pixel p at the (i,7) position in the grid
has a real value W (p) = W (i, j) called the weight of p. We can regard
the array (W (p))pcp as a real-valued matrix W = (W (7,5))(1 < 4,5 <n)
where we count the indices of rows from bottom to top. For conveniences’
sake, we define W(0,5) = W(n + 1,7) = W(i,0) = W(i,n+ 1) = 0 for
each ¢ and j. We consider the following mazimum-weight region problem:

Find a region R € F maximizing W(R) =Y. _» W (p).

PER

The maximum-weight region problem is considered in several appli-
cations such as image processing [1], data mining [2, 3], surface approx-
imation [4, 5, 7], and radiation therapy [5]. The difficulty of the problem
depends on the family F. If F = 2P, the problem is trivial, since R is
obtained as the set of all pixels with positive weights. On the other hand,
if F is the set of all connected regions in P where we consider usual
topology of P such that each pixel is connected to its four neighbors, the
problem is NP-hard [1].

The following is a list of previously known families for which the
maximum-weight regions can be computed efficiently (definitions will be
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given later): z-monotone regions, based monotone regions, rectilinear con-
vex regions, staircase convex regions centered at a pixel r (called stabbed
union of rectangles in [4,7]), and digital star-shaped regions [6]. More
generally, we can solve the problem if F can be represented as the family
of closures in a graph defined on P (see [5,9]), and the above families
can be treated in this framework (although it might not lead to the best
algorithms).

One natural question is to solve the maximum weight region problem
for more general regions. In particular, we consider the problem of find-
ing the maximum weight region constructed from more than one basic
regions in families in the above list. One attempt is to compute the max-
imum weight region represented as a union of basic regions given in the
above list. Unfortunately, we have a negative result that it is NP-hard to
compute the maximum weight region represented as a union of a based
z-monotone region (based monotone region with the z-axis as its base
line) and a based y-monotone region, which is considered to be a funda-
mental combination. It is NP-hard to have any finite ratio approximation
algorithm for computing the maximum weight region represented as a
union of two digital star-shaped regions with given two centers.

Nevertheless, we can consider a different formulation to have tractable
computational problems. In this paper, we consider a region decomposable
into basic regions (i.e., represented as a disjoint union of basic regions),
and give novel algorithms listed as follows:

(1). Given k axis parallel base lines, the maximum-weight region decom-
posable into base monotone regions corresponding to the base lines can
be computed in O(N'5) time, where N = n? is the number of pixels.
(2). If we consider k base segments instead of lines, we give a FPT algo-
rithm for a special case and an n°®*) algorithm for the general case.

(3). The maximum weight region decomposable into digital star shaped
regions with different centers can be computed in O(N?3) time.

We also show the maximum-weight region decomposable into k stair-
case convex regions or k rectilinear convex regions can be computed in
polynomial time if k is a constant, and also the union problem can be
also solved in a similar fashion for these regions.

1.1 Motivating application to image segmentation

Separating an object in an image from its background is a central problem
in pattern recognition and computer vision. This operation is commonly
called image segmentation and many practical methods are proposed in



the literature. Consider a pixel plane P representing a (say, monochro-
matic) picture, where each pixel p has a real value f(p) represents the
brightness level of the pixel p. The segmented image should be a pixel
region with a nice geometric property, and the quality of the segmen-
tation depends on the separation of brightness levels in the image and
background. However, it is nontrivial to formulate the image segmenta-
tion into a nice optimization problem in the sense of the output quality
and computational complexity.

Asano et al. [1] proposed an optimization-based image segmentation
method that gives a robust solution with theoretical guarantee. The gen-
eral mathematical framework defines a family F of grid regions, and finds
the region R € F maximizing an objective function ¢(R). The function
& needs a kind of convexity (Asano et al. [1] particularly considered the
intraclass variance), and solved the problem via a parametric optimiza-
tion framework, where a probing algorithm finds the optimal solution by
solving the following key problem for O(N) different parameter values of
0 found during the runtime of the algorithm.

Key problem: Compute the region R € F maximizing }_ . r(f(p) —0).

Once the parameter value 6 is given, we can replace f(p) by W(p) =
f(p)—0, and the key problem is maximizing the sum W (R) = >_ . W(p),
which is the maximum weight region problem. Segmentation in color pic-
tures can be also reduced to the maximum weight region problem by using
a three-dimensional parameter space.

Our positive results imply that several kinds of shapes decomposable
into two or more fundamental shapes can be treated in Asano et al.’s
framework. This allows a variety of objects to be handled in a robust
fashion, and the authors believe that it gives significant advancement to
the theoretical aspect of image segmentation problem. On the other hand,
the NP-hardness says that it is difficult to segment an object that is an
overlay of two highly intersecting basic objects. Thus, the first picture of
Figure 1 is difficult to segment, while the second picture is easy to segment
since it can be decomposed into two star shaped regions as shown in the
rightmost picture.

-

Fig. 1. Union and decomposition



Fig. 2. A feasible region and its decomposition Fig. 3. A segmented flower

2 Regions decomposable to based monotone regions

A base line of the pixel grid P is a vertical line = 4 or horizontal line
y = ¢ where 0 < ¢ < n. For a given horizontal base line ¢ : y = 1, its
based monotone region is the region {p(s,j) : 1 <j <n,g(j) < s < f(4)}
for a suitable pair of functions ¢g(j) < i < f(j). In other words, it is a
union of segments of columns intersecting the base line. It is a special
case of x-monotone region, where the intersection with each column can
be any connected segment. Note that the j-th column part is empty if
9(7) = f(j), thus we do not assume connectivity of the region. The vertical
base line case is analogously defined. A based monotone region with the
base line © = 0 (resp. y = 0) is often called based x-monotone (resp.
based y-monotone ) region.

A based monotone region is divided by the (horizontal) base line ¢
into the based monotone regions of the upper and lower halfplanes of ¢:
They are the pixel region defined by {p(s,7) : 1 < j < n,i < s < f(j)}
and {p(s,7) : 1 < j < n,g(j) < s < i}, respectively. The family of base
monotone region of the upper and lower half planes of ¢ are denoted by
U(l) and D(¢), respectively (meaning that each column grows upward
and downward from the base line, respectively). Similarly, for a vertical
base line m, we define families £(m) and R(m) of base monotone region
in the left and right halfplanes of m, respectively.

Given a set of k£ base lines, a region R is called a feasible region if
it can be decomposed into base monotone regions with the base lines.
Figure 2 shows a feasible region of given six base lines, and Figure 3 gives
intuition of a segmentation using four grid boundary lines as base lines.

2.1 Room-edge problem

First, we consider a special case (called room-edge problem) where we are
given the four (or less) boundary lines of P as the set of base lines. See
Figures 3 and 4. We abbreviate U, D, £ and R for the families of base
monotone regions of upper, lower, left, and right halfplanes with respect to
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Fig. 4. Room-edge problem Fig. 5. Computing UR(3, j)

the bottom, top, right, and left boundary edges of P. (Note. This notation
might be confusing here, since R grows towards right from the left edge
etc.) A feasible region R of the room-edge problem can be decomposed
into disjoint regions U, D, L, R such that Ue Y/, D e D,L € L and R €
R. Imagine that we paint U, D, R, and L by blue, green, yellow and red in
a way that each color starts painting from a boundary edge in the direction
perpendicular to the edge without breaking or mixing of colors. Then, the
feasibility means that we can paint the region with the four colors. We
would like to maximize W(R) = W (U) + W (D) + W(L) + W(R).

2.2 Algorithms for the room-edge problem

Painting with only one color is easy (and well known) to be soluble in
linear time: Suppose that we would like to maximize w(U) for U € U.
Now, it suffices to consider the prefix sums prefix(s;j) = > ;_o W(k, )
for each column j, and compute the array U (7, j) = maxo<,<; prefix(s; j),
which is the maximum prefix in j-th colum up to the i-th row. Then,
W(U) =>1<j<, U(n,j), and the region U is obtained as {(i,7) : U(i —
1,7) # U(n,j)}. This computation can be done in O(N) = O(n?) time.
Similarly to U(i,7), we compute tables of D(i,j), R(i,7), and L(i,7) to
be utilized later (definitions are rotated suitably).

Next, let us discuss painting with two colors. There are basically two
cases: Painting from opposite edges (e.g., D and U), and painting from
adjacent edges (e.g., U and R). It is easy to paint from opposite edges,
since we can consider each column (or row) separately. Indeed, if we negate
all the weights, the complement of the solution region for this case is
nothing but the maximum weight z-monotone region.

Thus, we consider the adjacent case using U (blue) and R (yellow).
Let UR(i,7) be the maximum weight if we color the pixel grid up to (i, )
by blue and yellow; that is, we consider the submatrix of W with respect
to the columns up to the j-th column and the rows up to the i-th row.

Theorem 1. We can compute the matriz UR in O(N) time.



Proof We compute the table UR(x,*) by dynamic programming. We
classify the optimal painting of UR(%,j) as shown in figure 5: We have
UR(i,7) = UR(i,j — 1) + U(i,5) if (i,5) € U (Figure 5, left), while we
have UR(i,j) = UR(i—1, j)+ R(i,j) otherwise (Figure 5, center or right).
Thus, we have UR(i, ) = max{UR(i,j—1)+U (i, 7),UR(i—1,7)+R(i,5)}
Thus, the dynamic programming using the recursive formula computes
the table UR in linear time from precomputed talbes U and R. a

The optimal region attaining UR(n,n) is given by backtracking.

Next, let us consider painting with three colors. We precompute tables
UR etc. in O(N) time. Suppose we paint from bottom, top and left edges
to maximize W (U UD UR). Let UDR(j) be the maximum weight of
coloring the pixels in the first j columns by three colors.

Theorem 2. We can compute UDR(j) for all 1 < j <n in O(N) time.

Proof If the j-th column of the region attaining UDR(j) does not
intersect the left region R, we have UDR(j) = UDR(j — 1) + UD(j).
where UD(j) is the maximum weight painting of the j-to column from
top and bottom. Otherwise, the picture is divided into upper half and
lower half by the intersecting row of R, and each half is painted by two
colors. Thus, we have UDR(j) = maxo<;<pn{DR(i,j) + UR(i + 1,5)} for
this case. Since we prepared the tables UD, DR, UR, the above formula
can be computed in O(n) time for each j. Hence, each new entry of UDR
can be computed in O(n) time by taking the maximum of the above two
cases, and the table UDR(x) is computed in O(n?) = O(N) time. O

Finally, we consider painting by four colors from four edges. If there
exists a vertical line z = j separating R and L, we can decompose the
problem into two instances of the three-color paintings. Thus, the optimal
value for this case is computed as maxo<;<,{UDR(j) + UDL(j + 1)},
where UDL(j + 1) is the optimal region of UDL painting of the region
to the right of the partition line x = j. This type of the solution region
can be computed from the arrays UDR and UDL for the three-color
paintings in O(N) time. Similarly, we can solve in O(N) time if there
exists a separating horizontal line.

Thus, we need to consider the case where the solution does not allow
such a partition line. We guess the longest column/row length of each
colored region, and decompose the pixel plane into five rectangular parts
as shown in the left picture of Figure 6. The center rectangle cannot be
painted by any color, since each color is blocked by another region to
paint. Moreover, in each other rectangular part, the painting is done by
two colors, and can be done independently of the painting of other regions.
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Fig. 6. Decomposition into two-colored rectangles and L-shaped regions

Therefore, we can obtain the optimal four-color painting by combining the
two-color paintings of these four rectangular parts. The optimal value is
obtained by combining optimal solution of each solution in O(1) time
(since tables DL, DR,UL,UR are precomputed) for each possible parti-
tions. Since there are O(n*) = O(N?) possible partition patterns, we can
solve compute the maximum weight region for the room-edge problem in
O(N?) time with O(N) space.

The time complexity can be improved to O(N!?) if we can use O(N!'-9)
space. We use another decomposition as shown in the right picture of Fig-
ure 6, where the pixel grid is decomposed into two L-shaped regions in
which each region is painted by using three colors. There are four types
of L-shaped regions, each of which is union of two rectangles containing a
corner of the grid. Let us focus on the L-shaped region L(s,t,u) that is a
union of two rectangles containing the left-lower corner: the tall rectangle
has height s and width u, and the short rectangle has a height ¢. Other
types can be handled analogously.

We define F'(s,t,u) to be the optimal three color painting (from both
sides and the bottom edge). We have the following recursive formula

F(s,t,u) = max{F(s—1,t,u)+R(s,u), UR(s,u)+UL(t,u+1), F(s,t,u—1)}.

The first case is where the s-th row is not penetrated by U; thus, the
row can only be reached from the left, and painted in the color of R. The
second case is where the u-th column is not penetrated by the L, thus we
can cut the shape at the u-th column to have two 2-colored rectangles;
one has height s, and the other has ¢. The third case is where the s-th row
is penetrated by U, and the u-th column is penetrated by L; thus, the
u-th column beyond the ¢-th row is blocked, and prohibit to be colored.

We can compute each new entry of the table F'(x,%,%) in O(1) time
using the precomputed tables, and hence the time complexity for comput-
ing all entries of the three-dimensional array F is O(n?®) = O(N'?). We
need O(N'?) space to store it. Analogously, we can compute 3D-tables
for other types of L-shaped regions. 0 Then, we can compute the weight
UDLR of the maximum-weight four-color painting from them in O(N!)
additional time. Thus, we have the following:



Theorem 3. The room-edge problem can be solved either O(N'®) time
and space or O(N?) time using O(N) space. If we use only three colors,
the problem can be solved in O(N) time.

2.3 Allowing k base lines.

Now, let us consider the case where we are given k base (either vertical or
horizontal) lines. We solve the problem of finding the maximum weight
(possibly non-connected) region that can be decomposed into base mono-
tone polygons corresponding to the separating lines. The arrangement
of k separating lines decompose the pixel grid into O(k?) cells that are
rectangular subgrids.

Lemma 1. If we consider the union of the optimal solution of room-edge
problem of all cells of the arrangement, it is decomposable into base mono-
tone regions of the separating lines, and attains the mazimum weight.

Proof Suppose that a monotone region R(¢) based by a line ¢ is cut
by another base line ¢’ (parallel to ¢) into Ry U Ry where Ry is separated
from ¢ by ¢'. Then, we can replace R(¢) by R; and R(¢') by R(¢') U Ry
to obtain a new pair of based monotone regions, where the new R(/)
does not intersect ¢'. In this way, we can reform the decomposition such
that its each component do not intersect other parallel base lines. Cut-
ting with partiton lines orthogonal to base lines into subregions does not
affect because of definition of base monotone regions. Thus, the union of
the solutions of the room-edge problem gives the global solution of the
problem with & base lines. O

For each cell Gy, if it has O(IV;) pixels, the room-edge problem inside
the cell can be solved in O(N}!* time. Since the summation of N, over all
cells is O(N), the total time complexity of solving the room-edge problem
insider all cells is O(N'®). Thus, we have the following theorem.

Theorem 4. The mazimum weight region decomposable into based mono-
tone regions of given k base lines can be computed in O(N'?) time.

Remark. The time complexity is independent of k. We can even take
k = n to have all grid lines as base lines so that every region can be
decomposable into base monotone regions; however, the optimal solution
is unfortunately the trivial set gathering all pixels with positive weights.
Therefore, in practice, we should consider the trade-off between the loss of
simplicity of the region family and the gain of the weight. Moreover, if the
selection of k base lines is not given, we have 9, C} possible combinations.



2.4 Allowing k base segments

Let us consider a segment s of the base line ¢, and suppose that we only
consider the monotone regions R such that the intersection of the closure
of R and / is contained in s. Then, we call R has s as its base segment.
Given a set of base segments, we consider an analogous problem. Without
loss of generality, we assume that the segments are mutually nonintersect-
ing in their interior, since we can refine segments if they intersect. The
algorithm given in the previous subsection does not work, since we cannot
easily decompose the problem into room problems.

We also consider the restricted problem in which the region can be
build only on the right side of each vertical base segment and on the upper
side of each horizontal base segment. In the terminology of the room-edge
problem, we only use two colors of paints. We show that this restricted
problem is fixed-parameter tractable, but only give a much slower algo-
rithm for the general one. Proof is given in the appendix because of space
limitation.

Theorem 5. If we are given k nonintersecting base segments and con-
sider based monotone regions in upside (for horizontal segments) and
right side (for vertical segments), the optimal region decomposable to these
monotone regions can be computed in O(ko(k)NQ) time. If we use four
directions, the optimal region is computed in O(No(k)) time.

3 Digital star-shaped regions

G is the graph representing the adjacent relation of pixels of P. A digital
ray system is a rooted spanning tree T' of G such that all leaves are located
on the boundary of the grid. A digital star-shaped region R (associated
with T') is a rooted subtree of the tree T'. The path from root to a pixel
is called the digital ray, and the digital star-shape region is characterized
a region such that for any pixel in the region the digital ray to the pixel
is also in the region.

Given two root positions r; and 79 and digital ray system 77 and 75
we call a region R is (T, T>)-admissible if it is decomposed into a pair of
digital star shaped regions R; and Ry associated with them. Let pj(u)
and p2(u) be the digital rays to the pixel u in Ty and T3, respectively.
Then, if u € R, either p1(u) C R or p2(u) C R. We have the following
theorem.

Theorem 6. The mazimum weight (T, Ts)-admissible region can be com-
puted in O(N3) time.



Proof The idea of the proof is similar to the one of Theore 1, although
it is considerably more complicated since we define a new ordering (or
”coordinate system”) of pixels using 77 and T, to make the dynamic
programming table. We can assume that none of R; and Ry is the empty
set. The initial path in Ry is defined by e; = Ry N p1(r2). Let 2z be the
terminal of e1, and let e; = RoNp2(z) be the initial path in Ry. Although
we do not know Rq nor Ry in advance, we pick a pair of candidates of
initial paths e; and e; among O(n?) possibilities.

We say a pixel v is T} -prohivited if the path py(v) contains ro. Also, a

pixel v’ is Th-prohibited if the path py(v’) contains r1. Then, it is observed
that Ti-prohibited pixel cannot be in Ry, and T5-prohibited pixel cannot
be in Ry. The union of the set of all prohibited pixels and the chain
p1(2)Upz2(z) is named the separating belt. If we remove the separating belt,
the grid is decomposed into two pixel regions G; and Go. We consider
each region separately.
Main Process: Without loss of generality, we consider G, which is the
region above the separating belt, and design a dynamic programming
algorithm. Let J; = (vy,v9,...,v,—1) be the list of all boundary pixels
of Gy in the clockwise ordering, and we set vy and v, to be the adjacent
(prohibited) leaves to the endpoints of the list. Without loss of generality,
the path p1(vy,) goes through ry and pa(vg) goes through z.

Let G(i,7) be the set of pixels of G below or on p(vy,—;) and p2(j)
for 0 < 4,5 < m. It is observed that G(i,7) C G(¢',5") ifi <4 and j < 5.
We compute R(i,7) = W(RNG(i,j)), starting from RNG(0,0) = e;Ues.

We consider a subpath by of p;(vn,—;) and a subpath bs of pa(v(5)),
compute the weight W; ;j(by,bs) of the maximum weight region @ in
GG(i,7) satisfying that Q Np1(vm—i) = by and Q Np2(v;) = by. We can
observe that if RN pi(vm—i) = b1 and RN pa(vj) = by for the optimal
solution R, then R(i,j) = W; j(b1,bo).

Thus, if we compute W; ;j(by,bs) for all combinations of by, by and
for all (7,7) via dynamic programming, we can compute R. Let ¢ be the
first intersecting pixel of p1(vpm—;) and pa2(v;) (if there is no intersection,
we only consider case (3) below). We consider three cases: (1). ¢ € by,
(2). q € by, and (3). otherwise.

If (1) or (3), W; (b1, by) is the maximum of W; ;_1(b1, b)) under the
condition that b), is a subpath of pa(v;_1) such that by N p2(v;_1) C b.
If (2), W; j(b1, by) is the maximum of W;_; ;(b/, bs) under the condition
that b/ is a subpath of py (vy,—;+1) such that by Npy(vy,—it1) C b). Thus,
we can run the dynamic programming. The time complexity is O(n*) for
each pair (er,e3), and O(n®) = O(N?) in total. O



3.1 Union vs. decomposition

We discuss the difference of complexities of the problems for union and
decomposition. The following theorem shows strongly contrast to the pos-
itive results in Theorems 1 and 6. An outline of the proof is implicitly
given in [8], and is omitted in this version.

Theorem 7. It is NP-hard to compute the mazimum weight union R =
Ri{URy of regions Ry € U and Ry € R. Also, the maximum weight union
of two star-shaped regions is hard to approzimate within any given finite
ratio.

4 Staircase/rectilinear convex regions

A region R is a staircase convex region centered at p if R is represented
as a union of rectangles containing p, in other words, for each ¢ € R,
every Li shortest path between p and ¢ is contained in R. A region R is
a rectilinear convex region if it is both z-monotone and y-monotone; in
other words, the intersection of any column or row and R is an interval
(or empty). By definition, a staircase covex region is a rectilinear convex
region. It is known that the maximum weight staricase convex region
for a given p can be computed in O(N) time, and the maximum weight
rectilinear convex region can be computed in O(N!®) time [7,11].

Theorem 8. If k is a constant, the mazimum weight region decompos-
able into k staircase convex regions can be computed in O(N**1) time.
Also, the mazimum weight region decomposable into k rectilinear convex
regions can be computed in O(N*T1) time. For these problems, we can also
compute the mazimum union of k regions in the same time complezity.

Proof An intersection of a rectilinear convex region and a horizontal is

an interval (or empty). Thus, if we keep track of at most 2k endpoints of k

intervals on a horizontal line, we can design a sweepline dynamic program-

ming. We keep a table of size O(n?¥) = O(N*), and additonal N factor
is sufficient for updating the table and keeping the staircase/rectilinear
convex property. The union problem can be solved in the same fashion.
O

Therefore, difference of computational complexities of the decompo-
sition problem and the union problem have not been revealed for these
cases. However, we conjecture that there is a fixed parameter tractable
algorithm for computing the maximum weight region decomposable into
k staircase convex region case provided that the k center points are given.



5 Concluding Remarks

As far as the authors know, study of complexity of combinatorial algo-
rithms of segmenting a figure decomposable into k£ basic objects has just
started by this work. Especially, development of FPT algorithms is im-
portant and unsolved in many cases. Moreover, if we want to solve the
original image segmentation problem in full-automatic manner, we need
a mechanism to select the parameter k£ to have the best segmentation.

The three dimensional extension has a potential application to a vari-
ation of open-pit mining problem [9,10]. Each pixel (or voxel, in three
dimensions) models a block of mine, and the weight shows the profit to
dig the block. If we are given k stem pits and dig orthogonal tunnels from
each stem pit without allowing crossing of tunnels, the maximum weight
region gives the optimal way of mining.
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Appendix. Proof of Theorem 5

See Figure 7 for the input base segments and an example of feasible re-
gion. We draw vertical lines from each endpoint of base segments until it
intersects another base segment (including their endpoints) or a boundary
edge. This decomposes the grid into rectangles ( a special case of trapi-
zoidal map used in computational geometry). We can cut each horizontal
base segment into fragments such that each fragment is a lower edge of a
rectangle given above. By replacing the set of horizontal segments by the
set of fragments, we assume that the above condition holds for each input
base segment, and the rectangle Rect”(s) that has s as the lower edge is
called a vertical component rectangle. We artificially consider the lower
boundary edge of the grid as a base segment so that pixel is decomposed
into vertical component rectangles. Similarly, we define the horizontal
component rectangle Recth(t) that has a vertical base segment ¢ as its
left edge. We can show that the number of component rectangles is at
most 4k.

A vertical component rectangle Rect”(s) intersects some horizontal
component rectangles, and cut into smaller rectangles called cell by the
edges of them (Figure 8). Horizontal component rectangles are also cut
into cells. Note that a cell is a union of rooms, and the number of cells
is O(k?). Let ct, ¢7, ¢!, and ¢” be the cells adjacent to ¢ that are above,
below, to the left, and to the right of ¢, respectively.

Let Rop; be the optimal region. We fix a decomposition of Ry into
components corresponding to base lines. This decomposition is not unique,
but we can select one and fix it such that the component R,y (s) for the
base segment s lies in its component rectangle.

Consider a cell ¢ = Rect”(s) N Rect” (). We say that ¢ is vertical
terminal (resp. horizontal terminal) if no column of R, (s) (resp. row of
Ropi(t)) penetrates ¢ and intersects ¢t (resp. ¢”). Because of noncrossing
property of Ropt(s) and Ropt(t), we have the following:

Lemma 2. FEvery cell is either vertical terminal or horizontal terminal.

Let col(c) be the smallest column index such that the column of
Ropi(s) penetrates ¢ and intersects ¢t. We set col(c) — 1 to be the right-
most column index of ¢ if ¢ is a vertical terminal cell. Similarly, row(c)
is the smallest row index such that the row of Rop(t) penetrates ¢ and
intersects ¢”. We set row(c) — 1 to be the top row index of ¢ if ¢ is a
horizontal terminal cell.

Let Rect?(s, j1,j2) (resp. Rect”(t,41,1i9)) be the part of Rect?(s) (resp.
Rect(t)) in the column interval [j;, j2) (resp. row interval [i1,iz)). The



union of Rect? (s, col(¢™), col(¢)) and Rect” (¢, row(c!), row(c)) has a shape
of a hook, and called the responsible hook of ¢ (see Figure 9).

Lemma 3. Within each responsible hook, Ry can be computed as the
mazimum weight region decomposable into the based monotone regions
with base segments s and t without considering the effect of other regions.

A feasible region is decomposed into its parts in responsible hooks
(Figure 10). Thus, if we could know the set of responsible hooks, we
could compute the optimal regions in all those hooks and combine them
to obtain R,,;. Unfortunately, the number of possible combination of
all responsible hooks is nO(kQ), which is very large. Thus, we consider a
dynamic programming approach to avoid the high complexity.

Fortunately, due to lemma 2, every cell is either vertical or horizon-
tal terminal, and we can guess whether each cell is a vertical terminal
or a horizontal terminal (or both, included in the second case). There
are 20(F%) possible combinations for this guess. More efficiently, we need
to decide which cell is the highest vertical (resp. rightmost horizontal)
terminal in each vertical (resp. horizontal) component rectangle. This re-
duces the number of combinations to k¥°*). Suppose that we have the
right guess. We construct the influence graph whose nodes are cells and a
directed edge from c is given to ¢ if it is horizontal terminal, otherwise
to ¢”. This graph is clearly a directed forest.

Let W (e, H) be the maximum weight of the maximum weight region
in the union of ancestors of ¢ (including ¢) if the responsible hook in ¢ is
H. Suppose that the responsible hooks of W (¢, Hy) and W (cf, Hy) are
given for all possible combinations of H; and Hsy. Then, we can compute
W (c, H) for all possible H in O(n?m?) time, where n. and m, are number
of rows and columns of ¢, respectively.

Now, it is easy to run the dynamic programming to constructing the
optimal solution R,y processing cells of the forest starting from source
nodes. The time complexity is O(n?) = O(N?) for each guess. Thus, the
overall time complexity is O(k?*) N'2). (More precisely, O((4k)* N?)).

An n°®) bound for the four-sided case is obtained if we consider all
possibilities of decompositions of each component rectangles (like Fig-
ure 6). We omit its details in this version.



Fig. 7. A feasible region for the two-sided painting with k base segments

Fig.8. Two components rectangle inter-
secting at a cell Fig. 9. A responsible hook

Fig. 10. Responsible hooks (ingoring empty ones)



