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1. INTRODUCTION

In this paper, all graphs are supposed to be finite and simple (i.e. without loops and
multiple edges). Let n, α be two positive integers such that n ≥ α. A classical result of
Turán [11] shows that there is a unique graph with order n and stability number α such
that the size (number of edges) is minimal: The Turán graph T (n, α), consisting of α
disjoint balanced cliques.

The graph T (n, α) is not connected, except for α = 1. Therefore, we investigate the
minimum size of a k-connected graph with given order and stability number. Given three
positive integers n, α, k such that n ≥ α+ k (or n ≥ 1 if α = k = 1), let f(n, α, k) denote
the minimum size of a k-connected graph with order n and stability number α. We say
that a k-connected graph G with |G| = n and α(G) = α is (n, α, k)-extremal if it reaches
the minimum achievable size, that is, if ||G|| = f(n, α, k). When we consider a fixed
graph G, we often simply say that G is k-extremal if it is (|G|, α(G), k)-extremal.

Determining f(n, α, 1) was in fact an old problem of Ore [10] which has been settled
recently independently by Christophe et al. [3] and by Gitler and Valencia [6]. They
proved the following result, where t(n, α) is the size of the Turán graph T (n, α).

Proposition 1 [3, 6]. Let n, α be two positive integers such that n ≥ α+1 (or n ≥ 1
if α = 1). Then f(n, α, 1) = t(n, α) + α − 1.

The plan of our paper is as follows. Section 2 is devoted to definitions and background
results. In Section 3, we give a short proof of the above cited result together with a
characterization of (n, α, 1)-extremal graphs. In Section 4, we determine the value of
f(n, α, 2) and characterize (n, α, 2)-extremal graphs. In Section 5 we use the preceding
results to generalize a theorem of Brouwer related to Turán’s Theorem, and we end with
some remarks about f(n, α, k) for k ≥ 3 in Section 6.

2. PRELIMINARIES

We gather here the definitions and basic results that we need. Undefined terms and
notations can be found in Diestel [4]. Note that, unlike in this reference, we consider
K1 both as a connected and 1-connected graph. We first recall a well-known result of
Brooks [1].

Proposition 2 [1]. Let G be a connected graph which is not a complete graph nor
an odd cycle. Then χ(G) ≤ ∆(G).

This implies

∆(G) ≥

⌈
|G|

α(G)

⌉

for such a graph G, since |G| ≤ χ(G) · α(G).
An edge e of a graph G is α-critical if α(G−e) > α(G). A graph is said to be α-critical

if it has no isolated vertex and all its edges are α-critical. A simple property of α-critical
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FIGURE 1. A pasting of two 2-connected graphs.

graphs is that there is always a maximum stable set avoiding a specified vertex. Indeed,
let G be such a graph and v ∈ V (G) one of its vertices. If w is any neighbor of v, then,
by definition, there is a stable set S of size α(G) + 1 in G − vw. Now the set S \ {v} is
clearly a maximum stable set of G. We note also that any connected α-critical graph is
2-connected, except for K2 (see Lovász and Plummer [9]).

One of the first results concerning α-critical graphs is the following bound given by
Erdős and Gallai [5].

Proposition 3 [5]. Let G be a connected α-critical graph. Then |G| − 2α(G) ≥ 0,
with equality if and only if G is isomorphic to K2.

We now describe a construction involving two 2-connected graphs G1 and G2. Choose
an edge uv ∈ E(G1) and a vertex w ∈ V (G2). Take the disjoint union of G1 and G2,
and link every neighbor of w to exactly one vertex of {u, v}, ensuring that u and v are
each chosen at least once, and then remove the vertex w and the edge uv. The resulting
graph G is said to be obtained by pasting G2 onto G1. See Figure 1 for an illustration.

This construction has the following easy properties: The graph G is 2- but not 3-
connected and α(G) ≤ α(G1) + α(G2), with equality if G1 or G2 is α-critical.

Wessel [12] proved the following result (see also Lovász [8]).

Proposition 4 [12]. Let G1, G2 be two 2-connected α-critical graphs. Then any
pasting of G2 onto G1 is again α-critical. Moreover, any 2-connected α-critical graph
which is not 3-connected can be obtained from this construction.

For an α-critical graph G with connectivity 2 and |G| ≥ 4, we say that (G1, G2) is a
Wessel pair of G if G can be obtained by pasting G2 onto G1. A Wessel pair (G1, G2)
is said to be leftmost (resp. rightmost) if G1 (resp. G2) has no cutset of size 2. Notice
that, among all Wessel pairs of G, there is always one which is leftmost or rightmost.

A particular case of Wessel’s construction arises when the second graph is a triangle:
Then an edge of G1 is replaced with a path of length 3. We say that any graph obtained
using this operation finitely many times is an odd subdivision of the original graph. An
odd subdivision is said to be proper when it is not isomorphic to the original graph.

Let G be a graph and G1, G2, . . . , Gk its components. A tree-linking (cycle-linking) of
G is any graph that can be obtained by adding k−1 edges (resp. k edges) to G in such a
way that the resulting graph is connected (resp. 2-connected) and has the same stability
number as G, i.e.,

∑
1≤i≤k α(Gi). Note that the last condition is not restrictive when G

is α-critical. This is easily seen using the fact that, in an α-critical graph, there is always
a maximum stable set avoiding a given vertex. Note also that T (n, α) is α-critical when
n ≥ 2α.
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FIGURE 2. From T (21, 9) (left) to a possible twisted T (21, 9) (right).

A graph G with order n and stability number α is said to be a twisted T (n, α) if either
G is isomorphic to T (n, α), or 2α < n < 3α and G can be obtained from T (n, α) using
the following construction: For every 1 ≤ i ≤ k, replace ji copies of K2 and one of K3,
by a copy of C3+2ji

, where k and the ji’s are positive integers such that k ≤ min{k2, k3}
and j1 + · · · + jk ≤ k2 (k2, k3 denote the number of copies of K2 and K3 respectively).
See Figure 2 for an illustration.

3. THE CONNECTED CASE

We prove in this section an extended version of Proposition 1 which provides also a
characterization of (n, α, 1)-extremal graphs.

Proposition 5. If n, α are two positive integers such that n ≥ α + 1 (or n ≥ 1 if
α = 1), then

(a) f(n, α, 1) = t(n, α) + α − 1;

(b) a graph G is (n, α, 1)-extremal if and only if G is a tree-linking of a twisted
T (n, α).

Note that the case n ≤ 2α is obvious: In this case, an (n, α, 1)-extremal graph is
simply a tree on n vertices with stability number α.

Proof. Any tree-linking of a twisted T (n, α) has t(n, α)+α−1 edges and, by definition,
is connected with stability number α. Thus it suffices to show that every (n, α, 1)-
extremal graph G is a tree-linking of a twisted T (n, α). We prove it for every α, by
induction on n. The case n = 1 clearly holds, so we assume n ≥ 2 and that the claim is
true for a strictly smaller number of vertices.

Every edge of G which is not α-critical must clearly be a bridge. If G has a non
α-critical edge e ∈ E(G), then removing e yields a graph having two components G1,
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G2. Let n1 = |G1|, n2 = |G2| and α1 = α(G1), α2 = α(G2). Then α1 + α2 = α and the
induction hypothesis yields

t(n, α) + α − 1 ≥ ||G||
= 1 + ||G1|| + ||G2||
≥ 1 + t(n1, α1) + α1 − 1 + t(n2, α2) + α2 − 1
≥ t(n, α) + α − 1,

and so equality holds. In particular, G1 and G2 are 1-extremal and t(n, α) = t(n1, α1) +
t(n2, α2). The latter implies that T (n1, α1) ∪ T (n2, α2) is isomorphic to T (n, α). Now,
as G1, G2 are tree-linkings of a twisted T (n1, α1) and a twisted T (n2, α2) respectively, it
follows that G is a tree-linking of a twisted T (n, α).

Thus we may assume that G is α-critical. We now show that G must be a complete
graph or an odd cycle, which is a twisted T (n, α) and so completes the proof. Arguing
by contradiction, assume that this does not hold and let v ∈ V (G) be a vertex with
maximum degree. Brooks’ Theorem yields deg(v) ≥ ⌈n/α⌉. Since G is a connected α-
critical graph, the graph G−v is connected and α(G−v) = α, so the induction hypothesis
gives

||G|| ≥ ⌈n/α⌉ + ||G − v|| ≥ ⌈n/α⌉ + t(n − 1, α) + α − 1 = t(n, α) + α,

which implies that G is not 1-extremal, a contradiction (in the last equality we used the
fact that t(n − 1, α) + ⌈n/α⌉ = t(n, α) + 1 for n ≥ 2, which is easily deduced from the
structure of Turán graphs).

4. THE 2-CONNECTED CASE

Note first that, as for the (n, α, 1)-extremal ones, the structure of (n, α, 2)-extremal
graphs with n ≤ 2α is straightforward. Indeed, let G be such a graph. Then G has a
stable set S ⊆ V (G) with |S| = α. Every vertex v ∈ S has degree at least 2, since G is
2-connected, thus ||G|| ≥ 2α. Now it is easily seen that there always exists a 2-connected
graph on n vertices with stability number α and 2α edges. In particular, such a graph
must be bipartite. Consequently, when n ≤ 2α a 2-connected graph G with order n and
stability number α is 2-extremal if and only if it is bipartite and ||G|| = 2α.

We now consider the case n ≥ 2α + 1. Define H as the unique graph that can be
obtained by pasting a copy of K4 onto another one.

Proposition 6. If n, α are two positive integers such that n ≥ 2α + 1, then

(a) f(n, α, 2) =

{
t(n, α) + α − 1 if α = 1 or n − 2α = 1,
t(n, α) + α otherwise;

(b) a graph G is (n, α, 2)-extremal if and only if G satisfies one of the following
conditions:
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(i) G is a cycle-linking of a twisted T (n, α);

(ii) G is an odd subdivision of K4;

(iii) G is isomorphic to H .

Proof. First, note that the value for f(n, α, 2) follows from Proposition 5. Indeed,
we have f(n, α, 2) ≤ t(n, α) + α, since a cycle-linking of T (n, α) has the latter size.
Moreover, by Proposition 5, the only (n, α, 1)-extremal graphs which are 2-connected
are the complete graphs and the odd cycles (for which we have α = 1 and n − 2α = 1,
respectively). It remains to show part (b) of the claim.

If G is as in (i), (ii) or (iii), then G is clearly 2-connected and it is easily checked that
||G|| = f(n, α, 2).

Assume now that G is (n, α, 2)-extremal. We prove the claim for every α, by induction
on n. For n = 3 it is clearly true, so we assume n ≥ 4 and that the claim holds for any
strictly smaller number of vertices.

By Proposition 5, the cases α = 1 and n − 2α = 1 are done, so we may assume α ≥ 2
and n − 2α ≥ 2.

If G has a non α-critical edge e ∈ E(G), then G − e has connectivity 1 (otherwise, G
would not be 2-extremal). Thus G− e is an (n, α, 1)-extremal graph with connectivity 1,
that is, a tree-linking of a twisted T (n, α) by Proposition 5. Now, since G is 2-connected,
it follows that G is a cycle-linking of the same twisted T (n, α).

We may thus suppose that G is α-critical. We first show that G has connectivity 2.
Since α ≥ 2 and n− 2α ≥ 2, there exists a vertex v ∈ V (G) with degree deg(v) ≥ ⌈n/α⌉
(by Brooks’ Theorem). Assume that G−v is 2-connected. If n ≥ 2α+3, since α(G−v) =
α, we get by induction

||G|| ≥ ⌈n/α⌉ + ||G − v|| ≥ ⌈n/α⌉ + t(n − 1, α) + α = t(n, α) + α + 1,

thus G is not (n, α, 2)-extremal, a contradiction. If n = 2α+2, the same argument proves
that G − v is an odd cycle on at least 5 vertices and that deg(v) = 3. It follows that G
has connectivity 2 in both cases.

Using Proposition 4, let (G1, G2) be a Wessel pair of G. The graph G1 must be
2-extremal, otherwise pasting G2 on an (|G1|, α(G1), 2)-extremal graph would yield a
graph G′ with α(G′) = α but ||G′|| < ||G||. Similarly, G2 must also be 2-extremal. By
Proposition 3, we have |G1|−2α(G1) ≥ 1, |G2|−2α(G2) ≥ 1, so the induction hypothesis
applies on G1 and G2.

There are two possible cases, according as (G1, G2) is rightmost or leftmost. In the
first case, the induction hypothesis implies that G2 is a complete graph on l ≥ 3 vertices.
Moreover, G1 cannot be isomorphic to H . Indeed, a cycle-linking of the graph T (6, 3)∪
G2 has at least one edge less than a pasting of G2 onto H . In particular, any proper odd
subdivision of H is not 2-extremal. Thus G1 is either an odd cycle or an odd subdivision
of K4.

If l = 3, then G is an odd subdivision of G1 and thus satisfies the claim.
Suppose that l = 4. Then G1 must be an odd cycle, otherwise G has the same size

and stability number as an odd subdivison of H on the same number of vertices, which
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is not 2-extremal by the above remark. Therefore, G is an odd subdivision of K4 and
thus satisfies the claim.

Assume now l ≥ 5. It is then easily checked that a cycle-linking of G1 ∪ Kl−1 has
fewer edges than G, implying that the latter graph cannot be 2-extremal. This ends the
case where (G1, G2) is rightmost.

We may thus assume that (G1, G2) is leftmost and that there exists no rightmost
Wessel pair of G. The induction hypothesis implies that G1 is a complete graph. The
graph G2 cannot be a complete graph nor an odd cycle, otherwise there would exist
a rightmost Wessel pair of G. Thus G2 is either a proper odd subdivision of K4 or
isomorphic to H .

Suppose that G1 is a triangle. Then G2 cannot be isomorphic to H since G would
then have the same order, size and stability number as a proper odd subdivision of H .
Thus G2 is an odd subdivision of K4 and then G itself is an odd subdivision of K4 and
so the claim is verified.

Consider now the case |G1| ≥ 4. Then G has the same order, size and stability number
as a pasting of G1 onto G2, which by the above arguments is not 2-extremal.

5. A GENERALIZATION OF A THEOREM OF BROUWER

Brouwer [2] proved a generalization of Turán’s Theorem. He showed that, in a graph G
with stability number α and order n > 2α, the vertex set V (G) can be partitioned into
α cliques whenever

||G|| ≤ t(n, α) +
⌊n

α

⌋
− 2. (1)

Notice that this implies Propositions 5 and 6 for n ≥ α(α + 1) and n ≥ α(α + 2),
respectively. We also note that Brouwer’s Theorem can be deduced from a more recent
result due to Hanson and Toft [7].

In this section we improve (1) for connected and 2-connected graphs. The proofs follow
Brouwer’s original approach, combined with some ideas from the preceding sections. For
convenience, the number of edges in the graph induced by a clique C will be denoted by
the shorthand ||C||.

Lemma 1. Let G be a graph of order n and suppose that C1, . . . , Cβ is a partition of

V (G) into β cliques, with β ≥ 2. Then
(∑β

j=1
||Cj ||

)
+ |Ci| ≥ t(n, β) + ⌊n/β⌋ for every

1 ≤ i ≤ β.
Proof. Let m = ⌊n/β⌋ and i ∈ {1, . . . , β}. If |Ci| ≥ m, the claim clearly holds. If

|Ci| = m − s (s > 0), then

β∑

j=1

||Cj || ≥ t(n, β) −

(
s

2

)
− s(m − s) + sm = t(n, β) +

s2 + s

2
.
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Hence



β∑

j=1

||Cj ||



+ |Ci| ≥ t(n, β) +
s2 + s

2
+ m − s = t(n, β) +

s2 − s

2
+ m,

which is minimal for s = 1, and so the claim follows.

Lemma 2. Let G be a connected graph with order n such that ||G|| ≤ t(n, β)+⌊n/β⌋+
β − 3. Then there is at most one partition of V (G) into β cliques.

Note that the bound on ||G|| is best possible for β ≥ 2. Indeed, consider the graph
T (n, β). If we choose a smallest component G′, link all its ⌊n/β⌋ vertices to the same
arbitrary vertex outside G′ and add β−2 edges to make the resulting graph G connected,
then G has exactly t(n, β) + ⌊n/β⌋ + β − 2 edges but has two distinct partitions into β
cliques.

Proof. Assume that there are two distinct partitions C1, . . . , Cβ and C′
1, . . . , C

′
β of

V (G) into β cliques. We claim that ||G|| ≥ t(n, β) + ⌊n/β⌋ + β − 2.
Set m = ⌊n/β⌋. First, suppose that there exist i, j ∈ {1, . . . , β} such that Ci ( C′

j or
C′

i ( Cj . W.l.o.g. we may assume Ci ( C′
j . Let I = {k ∈ {1, . . . , β} : |C′

j ∩ Ck| > 0}
and γ = |I|.

Every vertex of C′
j \Ci must be adjacent to all vertices of Ci. Thus, when C′

j ∩Ck 6= ∅
there is a vertex of Ck which is adjacent to all the vertices of Ci. Since G is connected,
we get

||G|| ≥

(
β∑

k=1

||Ck||

)
+ (γ − 1)|Ci| + β − γ =

(
β∑

k=1

||Ck||

)
+ γ(|Ci| − 1) + β − |Ci|.

The last expression is minimum for the smallest possible value of γ, that is, γ = 2.

Therefore ||G|| ≥
(∑β

k=1
||Ck||

)
+ |Ci| + β − 2. Using Lemma 1, we obtain ||G|| ≥

t(n, β) + m + β − 2, and so the claim holds.
For some i ∈ {1, . . . , β}, we have Ci 6= C′

j for all 1 ≤ j ≤ β. By the above argument,
we may suppose |Ci \ C′

j | ≥ 1 and |C′
j \ Ci| ≥ 1 for all 1 ≤ j ≤ β. Let J = {j ∈

{1, . . . , β} : |C′
j ∩ Ci| > 0}. There are two possible cases, according as there exists j ∈ J

such that C′
j \ Ci = {v} for some v ∈ V (G) or not.

In the first case we construct a graph G′ of order n as follows: Starting with G,
we add for every vertex w ∈ Ci \ C′

j the edge vw and delete the edges wx where x ∈
V (G)\(Ci∪C′

j). The sequence C1, . . . , Cβ is a partition of V (G′) into β cliques, and there
is another one, say C∗

1 , . . . , C∗
β , with the property that there exists a clique C∗

j ) Ci.
Now we get by the beginning of the proof ||G|| ≥ ||G′|| ≥ t(n, β) + m + β − 2.

In the second case we have |C′
j \ Ci| ≥ 2 for every j ∈ J . Consider a clique C′

j with
j ∈ J . Let v ∈ C′

j \ Ci. Remark that v is adjacent to every vertex of Ci ∩ C′
j . Let Lj =

{k ∈ {1, . . . , β} : |C′
j ∩Ck| > 0}. Since |C′

j \Ci| ≥ 2, there are at least |Lj| − 1 edges (in

fact even
(
|Lj|−1

2

)
) which are not of the form vw with w ∈ Ci, and which are not included
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in a clique Ck. Let L = ∪j∈JLj . We have |L| − 1 ≤
∑

j∈J(|Lj | − 1), because i ∈ Lj for
every j ∈ J . So, as G is connected, the number of edges of G which are not included in
any Cl for 1 ≤ l ≤ β is at least |Ci|+

∑
j∈J (|Lj|−1)+β−|L| ≥ |Ci|+β−1. This implies

||G|| ≥
(∑β

k=1
||Ck||

)
+ |Ci|+β−1. By Lemma 1, it follows ||G|| ≥ t(n, β)+m+β−1.

Lemma 3. Let G be a connected graph with order n ≥ 2β, ∆(G) ≥ ⌈n/β⌉ and
||G|| ≤ t(n, β) + ⌊n/β⌋ + β − 3 for some positive integer β ≥ 2. Suppose that for every
vertex v ∈ V (G) of degree at least ⌊n/β⌋ the graph G − v is connected and V (G − v)
can be partitioned into β cliques. Then V (G) can also be partitioned into β cliques.

Proof. Arguing by contradiction, we suppose that V (G) cannot be partitioned into
β cliques. Let v, w ∈ V (G) be two vertices of degree at least ⌈n/β⌉ and at least m =
⌊n/β⌋ respectively. By hypothesis, V (G− v), V (G−w) can be partitioned into β cliques
Cv

1 , . . . , Cv
β and Cw

1 , . . . , Cw
β respectively.

Let i0 and i1 be the indices such that w ∈ Cv
i0

and v ∈ Cw
i1

. W.l.o.g. we have |Cv
i0
| ≥ 2.

Indeed, if Cv
i0

= {w}, then we consider an arbitrary neighbor w′ of w in G− v and we let
j be the index such that w′ ∈ Cv

j . If |Cv
j | = 1, then by merging Cv

i0
and Cv

j one easily
finds a partition of V (G) into β cliques. Otherwise, moving w′ from Cv

j to Cv
i0

yields a
partition of V (G− v) into β cliques with the desired property. Similarly, we may assume
|Cw

i1
| ≥ 2. Thus Cv

1 \ {w}, . . . , Cv
β \ {w} and Cw

1 \ {v}, . . . , Cw
β \ {v} are both partitions

of V (G − {v, w}) into β cliques. Moreover,

||G − {v, w}|| ≤ ||G|| −
⌈

n
β

⌉
−
⌊

n
β

⌋
+ 1

≤ t(n, β) +
⌊

n
β

⌋
+ β − 3 −

⌈
n
β

⌉
−
⌊

n
β

⌋
+ 1

= t(n − 2, β) +
⌊

n−2

β

⌋
+ β − 3.

By Lemma 2, we may assume w.l.o.g. Cv
i \ {w} = Cw

i \ {v} for 1 ≤ i ≤ β. We have
i0 = i1 and vw /∈ E(G), because otherwise there would be a partition of V (G) into β
cliques. Therefore, no vertex of degree at least m is adjacent to v. In particular, every
vertex of Cv

i0
\ {w} has degree less than m. It follows that there are no clique Cv

i which
contains m + 1 vertices.

Now, there are only two possibilities: Either n = mβ + 1 and |Cv
i | = m for 1 ≤ i ≤ β,

or n = mβ, |Cv
i | = m for 1 ≤ i ≤ β, i 6= i0 and |Cv

i0
| = m− 1. In the first case, no vertex

is adjacent to v, a contradiction. In the second case, the only vertices of G that can be
adjacent to v are those from Cv

i0
, but then the degree of v cannot be at least ⌈n/β⌉ = m,

a contradiction.

Proposition 7. Let G be a connected graph with order n and stability number α such
that n ≥ 3α and ||G|| ≤ t(n, α) + ⌊n/α⌋ + α − 4. Then V (G) can be partitioned into α
cliques.

Note that the bound on ||G|| is best possible when α ≥ 2. Indeed, consider the graph
T (n, α) and denote by G1, G2 respectively one of its smallest component and another
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component (thus |G1| = ⌊n/α⌋). Add a new vertex v, link it to all vertices of G1, denote
by G′

1 this modified component, and pick an edge e of G2. Replace the two components

G′
1, G2 by a pasting of the latter onto the former using e and v, and denote by T̃ (n, α)

the resulting graph. Any tree-linking of the latter graph has t(n, α)+⌊n/α⌋+α−3 edges
but cannot be partitioned into α cliques.

Proof. We proceed by induction on n, and for a fixed n, we proceed by induction
on ||G||. If 3α ≤ n < 4α, the claim follows from Proposition 5, so we assume n ≥ 4α
and that the claim is true for every α, for a strictly smaller number of vertices. If
||G|| = f(n, α, 1), i.e., if G is (n, α, 1)-extremal, the result follows again by Proposition 5.
We thus suppose ||G|| ≥ f(n, α, 1) + 1.

If G has an edge which is not α-critical nor a bridge, then we find the claim by a direct
induction on ||G||. Therefore, we may assume that every edge of G which is not α-critical
is a bridge. If G has a non α-critical edge e ∈ E(G), then by removing e, we get a graph
having two components G1, G2. Let n1 = |G1|, n2 = |G2| and α1 = α(G1), α2 = α(G2).
Then α1+α2 = α. We now prove n1 ≥ 3α1, n2 ≥ 3α2, ||G1|| ≤ t(n1, α1)+⌊n1/α1⌋+α1−4
and ||G2|| ≤ t(n2, α2) + ⌊n2/α2⌋+ α2 − 4. The claim will then follow by induction on n.

By contradiction, suppose that ||G1|| or ||G2|| does not verify the above bounds.
W.l.o.g. we may assume that this happens for ||G1||. The graph T (n1, α1) ∪ T (n2, α2)
has clearly a partition into α cliques, one of them having exactly ⌊n1/α1⌋ vertices. By
Lemma 1, t(n1, α1) + t(n2, α2) + ⌊n1/α1⌋ ≥ t(n, α) + ⌊n/α⌋. Then by Proposition 5, it
follows

||G|| = ||G1|| + ||G2|| + 1

≥ t(n1, α1) +
⌊

n1

α1

⌋
+ α1 − 3 + t(n2, α2) + α2 − 1 + 1

≥ t(n, α) +
⌊

n
α

⌋
+ α − 3,

a contradiction. Thus the claimed bounds on ||G1||, ||G2|| hold. Now, as G1, G2 are both
connected, n1 < 3α1 or n2 < 3α2 would contradict the lower bound on the number of
edges given in Proposition 5.

Thus we may assume that G is α-critical, and so 2-connected. In particular, for
every vertex v ∈ V (G) of degree at least ⌊n/α⌋, the graph G − v is connected and
||G − v|| ≤ t(n, α) + α − 4 = t(n − 1, α) + ⌊(n − 1)/α⌋ + α − 4. Using the induction
hypothesis on n, we find that V (G − v) can be partitioned into α cliques. Clearly, the
claim holds when α = 1. Assume now α ≥ 2. Since n ≥ 4α, the graph G is not a
complete graph nor an odd cycle and thus, by Brooks’ Theorem, it has a vertex of degree
at least ⌈n/α⌉. So by Lemma 3, V (G) can also be partitioned into α cliques.

We note that, contrary to what may seem in view of the above proof, it is never
possible to partition the vertex set of a connected α-critical with stability number α ≥ 2
into α cliques.

Proposition 8. Let G be a 2-connected graph with order n and stability number α
such that n ≥ 3α ≥ 9 and ||G|| ≤ t(n, α)+ ⌊n/α⌋+α−3. Then V (G) can be partitioned
into α cliques.
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Note that the bound on ||G|| is again best possible: Any cycle-linking of T̃ (n, α) has
t(n, α) + ⌊n/α⌋ + α − 2 edges but cannot be partitioned into α cliques.

Proof. We proceed by induction on n. If 3α ≤ n < 4α, the claim follows from
Proposition 6, so we assume n ≥ 4α and that the claim is true for n − 1.

If ||G|| ≤ t(n, α) + ⌊n/α⌋ + α − 4 or if G has a non α-critical edge, then the result
follows from Proposition 7. So we may assume ||G|| = t(n, α) + ⌊n/α⌋ + α − 3 and that
G is α-critical.

First, suppose that G is 3-connected. Then for every vertex v ∈ V (G) of degree at
least ⌊n/α⌋, the graph G−v is 2-connected and ||G−v|| ≤ t(n, α)+α−3 = t(n−1, α)+
⌊(n − 1)/α⌋ + α − 3. By the induction hypothesis on n, we have that V (G − v) can be
partitioned into α cliques. The graph G is not a complete graph nor an odd cycle, as
α ≥ 3 and n ≥ 4α. By Brooks’ Theorem, there exists a vertex of degree at least ⌈n/α⌉
and, by Lemma 3, V (G) can also be partitioned into α cliques.

Now, assume that G has connectivity 2 and let (G1, G2) be a Wessel pair of G. Let
v, v′ ∈ V (G1), w, w′ ∈ V (G2) be two distinct vertices of respectively G1 and G2, and let
G′ be the graph of order n + 1, consisting of the disjoint union of G1 and G2. We have
α(G′ + vw) = α(G′ + v′w′) = α, n + 1 ≥ 4α + 1 and

||G′ + vw|| = ||G′ + v′w′|| = ||G1|| + ||G2|| + 1 = ||G|| + 2
≤ t(n, α) +

⌊
n
α

⌋
+ α − 1

= t(n + 1, α) + α − 1
≤ t(n + 1, α) +

⌊
n+1

α

⌋
+ α − 4

By Proposition 7, V (G′ + vw) and V (G′ + v′w′) can be both partitioned into α cliques.
Lemma 2 gives also that such a partition is unique for V (G′ + {vw, v′w′}), so we deduce
that V (G1) and V (G2) can be partitioned into respectively α(G1) and α(G2) cliques.
But this is possible only if both graphs are complete, implying α = 2, a contradiction.

6. REMARKS ABOUT THE K-CONNECTED CASE

It is not difficult to determine f(n, α, k) for k ≥ 3 when n ≤ 2α: By an argument similar
to the case k = 2, we have that a k-connected graph G with order n and stability number
α is k-extremal if and only if it is bipartite and ||G|| = kα.

The case n ≥ 2α is not so clear. If 2α ≤ n ≤ kα, then f(n, α, k) ≥ ⌈nk/2⌉, as every
vertex of a k-connected graph has degree at least k. If n ≥ kα, we have f(n, α, k) ≤
t(n, α) + ⌈kα/2⌉, since the graph T (n, α) can be made k-connected by the adjunction of
⌈kα/2⌉ edges without decreasing its stability number. We are tempted to believe that
these two bounds are actually the exact value of f(n, α, k).

Conjecture 1. Let n, α, k be three positive integers such that n ≥ 2α, n ≥ α+k, α ≥ 2
and k ≥ 3. Then

f(n, α, k) =

{
⌈nk/2⌉ if n ≤ kα,
t(n, α) + ⌈kα/2⌉ otherwise.
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Notice that this conjecture generalizes the 2-connected case when n ≥ 2α + 2. More-
over, for n = kα, we have f(n, α, k) = t(n, α) + ⌈kα/2⌉ = ⌈nk/2⌉.

We note also that, using Proposition 8, this conjecture is true when α ≥ 3 and
n ≥ ⌈(k−2)α/2⌉α+2α. Indeed, assume that G is an (n, α, k)-extremal graph with size at
most t(n, α)+⌈kα/2⌉−1. We have ||G|| ≤ t(n, α)+⌈kα/2⌉−1 ≤ t(n, α)+⌊n/α⌋+α−3,
and so V (G) can be partitioned into α cliques C1, . . . , Cα. Since G is k-connected,
||G|| ≥ (

∑α

i=1
||Ci||) + ⌈kα/2⌉ ≥ t(n, α) + ⌈kα/2⌉, a contradiction.

Moreover, Conjecture 1 is true for α = 2 and n ≥ 2k. Using Proposition 7, we find
as above that the conjecture is verified when n ≥ 2k + 2. We also know that it is true if
n = 2k, so it remains to consider the case n = 2k+1. Suppose that G is an (2k+1, 2, k)-
extremal graph. Then by Brooks’ Theorem it has a vertex v ∈ V (G) of degree at least
⌈(2k+1)/2⌉ = k+1. If G is α-critical, then G−v is (k−1)-connected, n−1 = 2(k−1)+2
and α(G−v) = α, hence ||G|| ≥ k+1+ ||G−v|| ≥ k+1+t(2k, 2)+k−1 = t(2k+1, 2)+k.
If G is not α-critical, then it has a non α-critical edge e ∈ E(G). Since G is k-connected,
G − e is (k − 1)-connected, and so ||G|| = 1 + ||G − e|| ≥ 1 + t(2k + 1, 2) + k − 1 =
t(2k + 1, 2) + k.
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