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A central feature of investment and financial decisions is to involve cash flows that extend over time. In order to decide, for instance, whether to undertake a project or at what price to issue a bond, a method is needed that takes explicitly into account the timing of cash flows. Present value is the standard tool to achieve this. 


The present value of a stream of future cash flows is simply the price for cash flow stream on financial markets. The question is how to calculate this value.


In this note, the analysis is limited to future cash flows that are known today with certainty.  


Standard presentations of present value take interest rates as their starting point. Based on interest rates, they show how market prices of financial assets are determined.


In this note, we will take another route. We will start from market prices of zero-coupons. We then show how the present value of any stream of risk-free future cash flows can be obtained based on these market prices. We will then examine the relationship between market prices and interest rates. 

1. Learning from STRIPS

Let’s start with a simple example. You are new to finance.  You have to make a decision whether to go ahead with an investment project. The initial cost is $100 (choose the unit – thousands, millions or billions – to make the problem interesting). The project will generate one single cash inflow of $150 in 5 years. This future cash flow is certain. What would you decide?

You are new to finance but you are smart. So, you ask yourself the following question: “How much would it cost me to buy a bond that pays one single cash flow of $150 in 5 years time? Are prices available somewhere?”  Fortunately for you, such prices are available. You can find them in the Wall Street Journal or in the Financial Times. They are prices for zero-coupons. A zero-coupon is a extremely simple bond. If you buy it, you pay a price today and you receive one single payment at some future date, the maturity of the zero-coupon. You get nothing in between (hence, the name, zero-coupon). The single payment that you will receive is called the face value of the zero-coupon.

For instance, on Monday July 1, 2002, the WSJ reported the following prices for U.S. Treasury STRIPS
:

Maturity
Type
Bid
Asked

Jul 03

ci
98:03
98:03

Jul 04

ci
94:20
94:21

Jul 05

ci
90:13
90:14

Jul 06

np
85:19
85:19

Jul 06

ci
86:15
86:15

Aug 07

ci
81:02
81.02

STRIPS is the acronym for Separate Trading of Registered Interest and Principal of Securities. The full name is impressive but the idea is pretty simple. A coupon bond is composed of periodic interest payments (one every six months in the US, once a year in Europe) and of the principal payment at maturity. “Stripping” a bond means that the bond in cut “into pieces”, one “piece” for each payment. Each piece is a zero-coupon. So, for instance, a 10 year US bonds would be decomposed into 20 interest payments and one principal payment. Each zero-coupon is traded separately.

The second column of the price list indicates whether the STRIPS come from a coupon payment (“ci” stands for coupon income) or from a principal (“np” stands for note principal). The next two columns give the bid and asked prices (the bid price is the price at which you might sell, the asked price is the price at which you might buy). Prices are expressed per $100 face value. The number after the “:” represent 32nds. For instance, the decimal asked price of the July 2005 zero-coupon is 90 + 14/32 = 90.4375

Now back to our investment project. A 5-year zero coupon with a face value of $100 currently trade at 81. This is the price to pay today to receive $100 in 5 years. This information is extremely useful. As you are smart, you immediately realize that this gives you the key to reach a decision about the investment project. If the price to pay today for $100 in 5 years is 81, the value today of $150 to be received in 5 years should be $150 * (81/100) = $150 * 0.81 = $121.50. This is more than the initial investment in your project ($100) for the same future cash flow. This means that by going along with the project, you effectively pay $100 for a future cash flow currently worth $121.50. Your are better off by $21.50. You should go ahead with the project.

If you still have doubts, imagine borrowing to finance the project. How much would you borrow? You know that you will receive $150 in 5 years. You might decide to use this amount to repay your loan. Now, borrowing is equivalent to selling a zero-coupon. You receive money now (the proceed from the sale) and you pay the face value at maturity. As the market price of a 5-year zero-coupon with face value $150 is $121.50, this is the amount that you can borrow against a commitment to repay $150 in 5 years. After investing ($100), you have $21.50 left.

The difference between the present value of the future cash ($121.50) and the cost of the project ($100) is referred to as the net present value. The previous calculation leading to the net present value of our project is summarized as followed:

Net Present Value = - $100 + $150 * 0.81

In our example, 0.81 is the current price of one dollar to be received in five years. It is also called a discount factor.

So, we now have a formula for the calculation of the net present value of a project with one single future cash flow:

Net Present Value = - Initial investment + Future Cash Flow * Discount Factor

Pretty straightforward, up to now, isn’t it?

Extending the calculation to a project with several future cash flows in no big deal as long as prices of zero-coupon for all maturities are available

Suppose, for instance, that we have to decide on a project with the following cash flows:


C0

C1

C2

C3


-100

+40

+60

+30

where Ct is the cash flow in year t (a positive number is a cash inflow and a negative number is a cash outflow).

In order to calculate the net present value for this project, we need to know the current price of one dollar to be receive in 1, 2 and 3 years. These are the 1-year, 2-year and 3-year discount factors. Using the prices for STRIPS, we have the following prices:



1-year discount factor DF1 = 0.980



2- year discount factor DF2 = 0.946



3-year discount factor DF3 = 0.903

To calculate the net present value of the project, we first calculate the present value of the future cash flows. To do this, we simply multiply each cash flow by the corresponding discount factor and we take the sum:

Present value of future cash flow = 40 * 0.980 + 60 * 0.946 + 30 * 0.903 = 123

This is the price you would have to pay to buy a package of zero-coupons traded on the market and paying these future cash flows.

As previously, the net present value is the difference between the present value of future cash flow and the initial investment.

NPV = - $100 + $123 = +$23

We obtain a positive number. This means that its worth investing since the initial investment is less than the present value of future cash flows.

We now have a general formula the calculation of any net present value:

NPV = C0 + C1 * DF1 + C2 * DF2 + … + Ct * DF3 + … + CT * DFT
Is finance that simple? Yes and no.

Yes, because our general formula will still be applicable in more complicate situations (remember that we ruled out uncertainty and also we assumed that prices of zero-coupon were available). 

No because discount factors are not always available. Sometimes they are hidden just under the surface of quoted prices, ready to be revealed. More often, especially when future cash flows are not known with certainty, we will have to come up with estimates. This is why finance is a challenging topic.

2. From zero-coupons to interest rates.

Back to Europe. Suppose that the 1-year discount factor DF1 is 0.95. You decide to invest €100 in a one year zero-coupon. What will be the future value of your investment?


Since €0.95 invested today will grow to €1 in one year, €100 invested today grows to $100/0.95 = €105.26. The future value of an investment is simply obtained by dividing the initial amount by the discount factor.


As the future value of your investment is greater than the initial value, you earn some interest by investing for one year. In our example, the interest that you earn is 5.26%.


The future value in 1 year’s time of a cash flow C0 when the 1-year interest rate is r is given by:

FV = C0 (1+r)


In our example, we can also consider that €100 is the price to pay today to receive €105.26 one year later. €100 is the present value of €105.26 in 1 year’s time.


The present value of a cash flow C1 in 1 year’s time when the interest rate is r is given by the formula:

PV = C1 / (1+r)

But remember that we already know how to calculate this present value when prices for zero-coupon are available: multiply the future cash flow by the 1-year discount factor. 

PV = C1 * DF1
Of course, the two formulas should lead to the same result which implies:

d(1) = 1/(1+r)

If the 1-year interest rate is 5.26%, the 1-year discount factor should be equal to 0.950 and vice-versa.

Does this apply for more than on period? Yes, but its somewhat more tricky because we have to take into account  reinvestment of interest, a process known as compounding.

Let’s take an example. Suppose that you invest €1 for several year. At the end of the first year, you own the principal plus the interest r:

FV(1) = €1 * (1+r)

If you reinvest this amount for another year at the same rate, the future value at the end of the second year will be:

FV(2) = €1 * (1+r) * (1+r) = €1 * (1+r)²

Notice that during the second year, interest is earned on both the principal amount and the interest of the first year. There is thus an interest on interest. The process of letting an amount grow in the capital market by reinvesting both the principal and the interest is known as a compounding process. Cash invested at compounded interest means that each interest payment is reinvested.


The future value of €1 after t years is easily obtained by generalizing the approach and is given by:

FV(t) = €1 * (1+r)t
Once we know how to calculate a future value, we also know how to calculate a discount factor as moving from future value to present value is the opposite of moving from a present value to a future value. This leads to:

DFt = 1 / (1+r)t
This formula can be used in two different ways.

The first use is that the interest r is given. This rate is known as a discount rate. You then want to calculate the corresponding discount factor. As an example, suppose that the discount rate is 5%. The 10-year corresponding discount factor is:

DF10 = 1/(1.05)10 = 0.6139

The second use of this formula is to start from the discount factor (remember that this is the market value of a zero-coupon). You then want to calculate the underlying interest rate. This interest rate is known as the yield-to-maturity of the zero-coupon
. Suppose, for instance, that the 7-year discount factor DF7 = 0.73. The yield-to-maturity would then be the solution of:

0.73 = 1/(1+r)7
The solution is:

r = (1/0.73)1/7 – 1 = 4.60%

In fact, this calculation is the one used to define the so called spot rate for a given maturity. In our example, by paying 0.73 now to receive 1 in 7 years, you earn 4.60% per annum on average with annual compounding (interests are reinvested once a year). The 7-year spot rate is 4.60%

To illustrate this, let go back to the STRIPS data used at the beginning of the teaching note. Let’s calculate the yields to the different STRIPS based on the asked price (using decimals). For this calculation, we assume that the maturity is on the 15th of the maturity month

Maturity
Maturity
Asked

Yield-to-maturity

Jul 03

1.042

98.09375
1.86%

Jul 04

2.042

94.65625
2.72%

Jul 05

3.042

90.43750
3.35%

Jul 06

4.042

86.47875
3.66%

Aug 07

5.125

81.06250
4.18%

You observe that spot rates with maturity. In our example, the short rate (approximately 1-year) is lower than the long rate. The relationship between spot rates and maturity is known as the term structure of spot rates. On July 1st, 2002, the term structure of spot rates in the U.S. was upward-sloping.

One more complication. You might remember that when calculating future values, interest rates were received (and reinvested) once a year. We used annual compounding. But there is no reason to restrict ourselves to annual compounding. Remember, for instance, that bonds in the US pay interests twice a year. Or you might invest you money for a period of 3-month and reinvest the future value every three-month. These two example show that we know have to explore the impact of the compounding period.

3. Does the compounding period matter?

Suppose that the 3-year discount factor is 0.90. The corresponding yield-to-maturity is annual compounding is:

r = (1/0.90)1/3 – 1 = 3.57%

Now suppose that compounding takes place four times a year (every quarter). What is the yield-to-maturity with quarterly compounding?

To work this out, let’s calculate the future value of €1 after 4 years:

FV(4) = (1+r/4)4*3
In this formula, r is the stated annual interest rate per annum. As interests are paid each quarter, the interest received is r/4. This interest is reinvested 4 times a year for 3 years.

Note that is almost exactly the same formula as before. Dividing the interest rate r by 4 is simply a way of calculating the interest per quarter. We then simply compound the initial investment over a larger number of periods.

We now have a more general formula that gives the relationship between the discount factor and the interest rate with quarterly compounding:

DF4 = 1/(1+r/4)4*3

Since this discount factor is known, we can solve this expression to obtain a yield-to-maturity with quarterly compounding:

r = {(1/0.90)1/12 – 1} * 4 = 3.53%

Note that the yield-to-maturity with quarterly compounding is lower than the yield to maturity with annual compounding. This, of course, was expected. Remember that we start from a given discount factor. As a consequence, the future value of €1 in 3 year is fixed. The yield-to-maturity is the average rate with earn until maturity. If the frequency of compounding is greater than once a year, we earn interest on interest earlier. As a consequence, the average interest required to achieve the desired result is lower.

The general formula to calculate the discount factor with a stated annual interest rate r compounded n times per year is:

DFt = 1/(1+r/n)n * t
The effective annual interest rate is defined as the interest rate with annual compounding leading to the same discount factor as a stated annual interest rate r compounded n times per year. The effective annual interest is R is given by the following formula:

R = (1+r/n)n
You can check that if the stated annual interest rate with quarterly compounding is 3.53%, the effective annual interest rate is 3.57%

As the number of compounding periods increases, the effective annual interest rate becomes larger but approach a limit. This limit is er when r is the stated annual interest with continuous compounding (e is the number 2.71828 rounded to the fifth decimal).

In our example, the yield-to-maturity of the 3-year zero-coupon with continuous compounding is the solution of:

0.90 = 1/e3 * r = e-3r
which is:

r = ln(1/0.90)/3 = 3.51%

To sum up, for a given discount factor (d(3) = 0.90 in our example), different yields-to-maturity  can be obtained depending on the frequency of compounding:

3.57% with annual compounding (n = 1)

3.54% with semiannual compounding (n = 2)

3.53% with quarterly compounding (n = 4)

3.52% with monthly compounding (n = 12)

3.51% with continuous compounding (n = ∞)

Of course, the discount factor will change for a given stated annual interest rate depending on the frequency of compounding. As an example, suppose that the stated annual interest rate is 5% and that we want to calculate the 10-year discount factor d(10). The result is

DF10 = 0.6139 with annual compounding (n = 1)

DF10 = 0.6103 with semiannual compounding (n = 2)

DF10 = 0.6084 with quarterly compounding (n = 4)

DF10 = 0.6072 with monthly compounding (n = 12)

DF10 = 0.6065 with continuous compounding (n = ∞)

4. Present value with a single discount rate

Many formulas compute present values using a single discount rate for all maturities. This simplification leads to simple and elegant formulas. But elegance and simplicity might achieved at a cost as the present values might be different from observed market prices.

When using a single discount rate, the general formula still holds:

PV = C1 * DF1 + C2 * DF2 + … + Ct * DFt + … + CT * DFT
With DFt = 1/(1+r) t

� For a description of the STRIPS program : � HYPERLINK "http://www.publicdebt.treas.gov" ��http://www.publicdebt.treas.gov�. See also Tuckman (1995)


� In general, the yield-to-maturity for a bond is the one discount rate to use to achieve the equality between the bond’s price and the discounted cash flows.
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