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We consider the density fingering of exothermic autocatalytic fronts in vertically oriented
Hele-Shaw cells with chemical reactions whose solutal and thermal contributions to density changes
have opposite signs. Using the Darcy—Boussinesq equations we examine the influence of the
competition between solutal and thermal density changes on the linear stability of traveling fronts
and the fully nonlinear dynamics. Ascending fronts are characterized by standard Rayleigh—Taylor
fingering dispersion curves and in the nonlinear stage of the instability they feature thermal plumes.
Descending fronts on the other hand behave strikingly differently as they can feature for some
values of the parameters Turing-type dispersion curves and stationary patterns with fingers of
constant amplitude and wavelength. Z004 American Institute of Physics.
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I. INTRODUCTION (IAA) system, for which typically ascending fronts indeed
feature buoyancy driven convectién’

Chemical reactions can change the density of a solution When heat and solutal effects are in competition, we
either by modifying the total volume of products versus re-expect intuitively a possible instability for both up and down
actants or by releasing or consuming heat. These two effectsoing fronts® In this case, upward moving fronts correspond
provide a solutal and/or thermal contribution to the total den+o a lighter solution on top of a heavy one, but as the prod-
sity change. Across a moving autocatalytic reaction—ucts are hotter because of the reaction exothermicity, one
diffusion front traveling along the direction of gravity, such a expects that, if sufficient heat is produced, the planar fronts
jump in density can lead to a Rayleigh—Taylor instability if might become unstable. Downward moving fronts on the
the heavier solution is placed on top of the lighter one in theother hand consist of a heavy fluid on top of lighter solution,
gravity field. This hydrodynamic instability then interacts a buoyantly unstable solutal stratification giving rise to con-
with the chemical reaction affecting the propagation speed ofection and fingerin§:® Nevertheless, for a large heat pro-
the front and leading eventually to a complex spatiotemporadiuction, the products are also hotter and one might imagine
dynamics which is dramatically different from the one ob-that complete stabilization of downward moving fronts could
served for pure density fingering in the absence of reactionsesult. Competition between such thermal and solutal buoy-

For the nitric acid-irofil) system, Bazsa and Epstein ancy driven convection has been studied experimentally
noted that, reaction fronts travel several times more rapidlyn the iron(Il)—nitric acid“?° the chlorite—thiosulfaté,
going down a narrow tube than going’u(if the frontis not  the  chlorate—sulfit¢® the  chlorite—thioure® the
laterally extended, the hydrodynamic instability does not debromate—sulfitf and Belousov—Zhabotinsky reactions
velop). They suggested that this behavior is due to the effectand the traveling fronts of addition polymerizatibi® The
of convection induced by the exothermicity of the reaction.explanations used by these authors to understand the ob-
Nagypa et al2 have analyzed in detail the same system, aserved dynamics are based on intuitive arguments which also
well as the chlorite—thiosulfate reaction, showing experimeninvoke double-diffusive convectidii”*8related to differen-
tally that the velocity of the up or down going fronts dependstial diffusivity of heat and mass.
on both thermal and solutal contributions to density. Pojman  From the theoretical point of view, a number of studies
and Epsteifi were the first who started to classify autocata-have examined the influence of heat effects on the hydrody-
lytic chemical reactions depending on the respective sign ofiamic stability of reaction fronts. Edwares al*° addressed
the thermal and solutal contributions to density changes. Ithe role of density variations induced by the exothermicity of
both effects are cooperative and lead to a decrease of tlthe reaction on the onset of convection for autocatalytic
density behind the front, only up going fronts should be un-fronts. These authors coupled the Navier—Stokes equation
stable due to stratification of cold heavy reactants on top oWith a buoyancy term to a convection—diffusion equation for
hotter and lighter products. According to the Pojman-the temperature. No kinetic term was involved and a flat
Epstein model, simple convection is then expected. This caseont approximation was made. They studied the stability of
has been analyzed experimentally in the iodate-arsenous adaterally unbounded ascending fronts with respect to the ther-
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mally induced density jump and they obtained the criticalexothermic® but for given reactant concentrations, the tem-
wavelength for the onset of convection and the growth rateperature rise may be neglected provided that the gap between
near criticality. Further work under the same assumptionshe two plates of the Hele-Shaw cell is narrow. For higher
was carried out to investigate the limits of infinite and zeroconsentrations and/or insulated walls or higher gapwidths,
thermal diffusivity in bounded systemi$the case of finite however, the heat losses to the surroundings are insufficient
diffusivity?>??2 as well as the possible transitions to axisym-to maintain a constant temperature and therefore the tem-
metric versus symmetric modes at oriSgtlowever, in these  perature locally rises in the solution. As a consequence, the
studies, heat effects influence only ascending fronts heatgaroduct solution becomes hotter than the reactants leading to
from below and there is no interplay between chemistry andhe possibility of a thermal buoyancy driven instability for
heat production as no chemical kinetics is involved. the up going front. On the contrary, for the downward mov-
The onset of convection for an exothermic propagatingng front, the higher temperature on top will decrease the
front where now the energy equation is coupled to an equadensity of the product solution and hence might stabilize the
tion for the depth of conversion for a one-step chemical retraveling front(which is unstable because of solutal buoy-
action was examined in Refs. 24 and 25. In these studies, thancy effects
kinetic constant of the reaction depends exponentially on  The objective of the present study is to examine the den-
temperature but the density jump at the interface is relatedity fingering of exothermic reaction—diffusion fronts con-
solely to the temperature difference across the front. It wasidering antagonistic solutal and thermal contributions to
shown that convection can occur, not only for ascendinglensity changes)ps>0 while Apt<<0) and to analyze the
fronts but for descending fronts also, the latter instabilityinstabilities that can arise in the presence of a given kinetics.
being possible only due to the interaction between the chemM/e focus on the chlorite—tetrathionate reaction as a typical
cal reaction with the hydrodynamics. However, no solutalexample, for which experiments showing the importance of
contributions to the density were taken into account. Theneat effects, have recently become avail&Bf€.Although
nonlinear competition between both effects has been anave use as a model the CT reaction, our analysis is quite
lyzed by Belket all® for photopolymerization fronts propa- generic and the formulation can be readily applied to any
gating perpendicularly to the gravity direction. The only exothermic reaction—diffusion front with antagonist solutal
work we are aware of in which both thermal and solutaland thermal density jumps.
contributions to density differences are taken into accountto  Our model equations are based on the Darcy—
analyze buoyant convection of chemical fronts travelingBoussinesq approximation. We show that for fixed values of
along the direction of gravity, is that of Zhamg al?® who  the kinetic parameters and Danfiter number, the system is
analyzed the complete system of reaction—diffusion—governed by two parameters only, the dimensionless thermal
convection equations that govern the dynamics of the exoexpansion coefficient and the Lewis number. In the absence
thermic Belousov—Zhabotinsky reaction. They showed thabf convection, our base state is a planar traveling front for
both up and down going fronts are affected by the heat gerboth concentration and temperature. We perform a linear sta-
erated by the reaction, although they observed that the hehtlity of this front with respect to infinitesimal thermal—
of reaction alone was too weak to destabilize the fronts.  solutal buoyancy induced disturbances in the spanwise direc-
Recently, Yanget al® considered the buoyancy driven tion. We obtain the dispersion relation for the growth rate of
Rayleigh—Taylor instability of the chlorite—tetrathionate these disturbances as a function of wavenumber for different
(CT) system in a vertical Hele-Shaw cell. They examined thevalues of the governing dimensionless groups. We analyze
linear stability of the isothermal traveling front of the CT the stability properties of the system and we show that the
system with respect to disturbances in the spanwise directioimstability mechanism involves a complex interplay between
and demonstrated the existence of a preferred wavelength feplutal-thermal effects, chemical reaction and double-
the developed fingering instability. The linear stability analy-diffusive phenomena. These last phenomena are only present
sis was found to be in excellent agreement with two-for values of the Lewis number larger than unity.
dimensional numerical simulations of the fully nonlinear sys-  For up going fronts, the dispersion curves are similar to
tem. These simulations showed also that at large times, sonteose obtained in Rayleigh—Taylor fingering of reaction—
of the fingers merged leading to an overall coarsening of théiffusion fronts with a band of unstable wavenumbers that
fingering pattern, while in narrower systems the frontextends to zero so that small wavenumbers are always un-
evolves to one single finger traveling at a speed higher thastable and long wavenumbers always stable. Down going
the speed of the corresponding reaction—diffusion front infronts on the other hand can feature, for certain values of the
the absence of convection. We note that Yahgl. neglected governing parameters, Turing-type dispersion curves charac-
thermal effects and focused on the study of the solutal derterized by a narrow band of unstable wavenumbers bounded
sity fingering. This allowed a comparison between theby two neutral modes away from zero wavenumber. Hence,
chemical front instability of the CT system and that of thethe coupling of solutal and thermal effects changes drasti-
IAA reactiort”?® and it was found that both CT and IAA cally the stability properties of reaction—diffusion fronts with
systems behave in a similar fashion with respect to the soregard to buoyancy induced fingering.
lutal buoyancy driven instability. The nonlinear dynamics of both up and down going
However, recent experiments with the CT systgshow  fronts is also studied by integrating numerically the fully
instabilities for the up going fronts. Such instabilities cannonlinear Darcy—Boussinesq system of equations. At the on-
only arise due to heat effects. Indeed, the CT system iset of the instability, the nonlinear simulations are in excel-
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y vading the fresh reactants and leaving the products of the
reaction behind it according to the stoichiometric equation
. for the particular reaction scheme.
products We assume that in the absence of thermal effects, the
P, density of the product solution is higher than that of the
°| reactant solution. Hence, downward traveling fronts are
$ buoyantly unstable and develop solutal density fingers in
fresh reactants time while the upward traveling fronts are stable with respect
gl 0. to solutal effect§:® However, the reaction is exothermic
which produces a thermal contribution to density opposite to
A that of solutal effects.
¢ | products _ The system is governed by the Darcy—Boussinesq equa-
tions
Po
o
Vp=—icutp(aTg, 1)

FIG. 1. Geometry of the reaction system in a Hele-Shaw cell. The reaction

here is triggered either at the top or the bottom of the cell and the resulting  V-u=0, (2

chemical front travels downwards or upwards with velod@tinvading the

fresh reactants. dia+u-Va=D, V2a—f(a), 3)
poCel i T+U-VT]=k1VT—AHf(a), 4

lent agreement with the predictions of our linear stabilitywherea is the concentration of the reactants anthe tem-
analysis. In the nonlinear regime the up going fronts featurderature.x andp are the viscosity and density of the fluid,
thermal plumes of mushroom shape. At the same time wéespectively, anK the permeability of the porous medium.
observe coarsening of the developed fingers in the course &Pr thin Hele-Shaw cellsk=a%12 with a the gapwidth
time due to merging and shielding phenomena. As a result apetween the two platef,, is the diffusion coefficient of the
fingers eventually merge into a single finger. The down goingeactants,«y is the thermal conductivitycp the constant
fronts on the other hand, can behave strikingly differentlypressure heat capacity, the density of the pure solvent
from the up going fronts. Depending on the values of the(€.g., watey, AH (<0) the heat of reaction anf{«) the
governing dimensionless groups, down going fronts can feakeaction rate. As the temperature changes involved in experi-
ture a new type of patterning in which the front develops aments are typically small<10 K), we assume here that all
stationary cellular structure with fingers of constant ampli-Physical parameters are constant and do not depend on tem-
tude and wavelength. Such stationary patterns have not be®grature. The density of the solution is
observed before in the context of fingering instabilities in o
porous media flows. p(a,T)=ppy—(pp—pr) — +T(T—Ty), (5)
The paper is organized as follows. In Sec. Il we formu- @o
late the model and introduce the various dimensionless pavherep, and p, are the density of the products and reac-
rameters of the problem. In Sec. Ill, we construct the baseants, respectively, at room temperatufg, I't=dp(a
state of our system in the form of a planar traveling front for=0,T,) anday is the initial concentration of the reactants. In
both concentration and temperature. In Sec. 1V, we perform ghe absence of thermal effectf<T,), the densityp, of the
linear stability analysis of these planar fronts, we providereactant solutiond/ay=1) is smaller than the densipy, of
dispersion curves and we analyze the instability characterigshe product solution ¢/«o=0). Hence, the isothermal so-
tics of both up and down going fronts. The nonlinear dynam-ytal density jump,Apg= (Pp_Pr)S/Pp is positive, i.e., the
ics of both up and down going fronts is then examined inproducts are heavier than the reactants whije<0—heat
Sec. V. Finally, a discussion and conclusions are given ireffects make the fluid lighter.
Sec. VI. To balance viscous and buoyancy forces we introduce
the characteristic velocity

Il. PROBLEM DEFINITION, SCALINGS AND U= APSQK, ®)
GOVERNING EQUATIONS v

Figure 1 shows the problem definition. Our model sys-Wherev=pu/po is the kinematic viscosity of water. Balanc-
tem consists of a two-dimensional porous medium or Heleind Now coqvechon with diffusion yields the characteristic
Shaw cell with the gravity field along the streamwise direc-l€ngth and time scales
tion. This is effectively the setup that has been studied D D
experimentally by Basayi et al?® for the CT reaction. The Lh=—"; mh=v3z. 7)

L : . ) S u u
system is filled with the reacting species and the reaction is
triggered either at the top or at the bottom of the system. The We then non-dimensionalize Eq4)—(5) by scaling ve-
resulting chemical front moves downwards or upwards indocity, length and time by, L, and,, respectively. Pres-
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sure, density, concentration, and reaction rate are scaled with We next define a new hydrostatic pressure gradient from
uD /K, (pp—pr)s, @g andag/ 7., respectively, withr. the V”p’zV’p’—p,’Ji_X. In addition, we note that the transfor-
characteristic chemical time scale which can be defined onceationT— ¢ T scales awayp from the energy equation and
the kinetics is specified. Temperature is scaled with ( introduces amodified thermal expansion coefficieny
—To)/Ty. The dimensionless governing equations then be= ¢I';. After dropping the primes, Eq$8)—(11) become
come

Vp=—-u+ T—a)iy, 16

Y/ /:_U/"‘(Pé_a,‘*‘r-,r-r,)i_x, (8) vp = (7T a)_x ( )

v'-u'=0, ) v-u=0, a7

dpa’+u'-V'a'=V'?a’~Daf'(a'), (10) da+u-Va=V2a—Daf(a), (18)
' ’ T — 1217 ’ ’

duT'+Uu -V'T =LeV'2T + ¢Daf'(a’), (11) 5T+u-VT=LeV2T+Daf(a), 19

where the primes denote dimensionless variahilgss the

unit vector in thex-direction. The dimensionless thermal ex- With f(a)=36a(1— a)*(x+7a), which are the basic equa-
pansion coefficient is defined froM;=TTo/(pp—p/)s. tions for the_ analysis to follow. Notice that fopr=0 the
The DamKdler numberDa, is defined as the ratio of the hydrodynamic and thermal problems are decoupled. We re-

hydrodynamic to the chemical time scale, i.e., cover in this limit the isothermal density fingering of the CT
system as studied in Ref. 9.
Da= Th (12) We close this section with typical values of the dimen-
T sionless groups. To estimate the Lewis number we use the

following values of parameters relevant for water at 20 °C:
D+=1.429x10 2 cm?/s andD ,~1.2x 10~ 4 cnm?/s?° which
givesLe~10. Notice that if we had a two-variable model for
Dt the chemical specieg and 8 (with the temperature field as
Le= D’ (13 the third variablg we would needD,,=2x10~% cm?/s for
) o ] the tetrathionate ions arid;=1.2x 10~4 cn?/s for the pro-
where Dy=«1/poCp is the thermal diffusivity. Finally, the {ns. This would give a valuee~ 70 for water. In this study,

while the Lewis numberle, is defined as the ratio of the
thermal to the molecular diffusivity

dimensionless reaction exothermicity, is defined as however, we approximated the two-variable chemical system
|AH|eg AT, with one speciegand temperatujeand hence a valu®,
b= T Ty ! (14  =1.2x10 * cn?/s is more reasonable since it is the diffu-
ovP'0 0

sion of the autocatalygs that drives the chemical front. For
whereAT,=T,— T, is the adiabatic temperature rise acrossthe reaction exothermicity, we haveT,~2 to 3 K for the
the front(maximum temperature rise in the systewith T,  CT syster® which with T;~300 K yields ¢~0.01. It is
the adiabatic temperature. precisely because of such a small value\dt, that we have

To fix ideas let us consider the CT reactibifihis acid  assumed the kinetics of the CT reaction to be temperature-
catalyzed reaction is taking place in slight excess of chloriteindependent.
CIO, . The two main species of the CT reaction are the  Finally, the thermal expansion coefficient can be esti-
tetrathionate ionmz[840§’] (the reactants and the pro- mated from its definition't=I'yTo/(p,— pr)s- This with
tons B=[H"] (the products As was pointed out by Yang FTz(&Tp)TO~Apr0/AT whereApr=(pp,—p;)7/po gives
etal.,’ if we assume that the two species have the same’~Ap;To/(ApsAT). We then need the density changes

diffusivity, the protons concentratiof is stoichiometrically  due to the thermal and solutal effects. Typical values are
related to that otr. The CT reaction scheme then reduces toA .~ —5.9x 10" % and Apgs~4.5x10%%° Hence, I

a simple one-variable modéfike the IAA systerd) with @ ——100 to— 200 so that the thermal expansion coefficient is
dimensional rate law quite large(note here that this coefficient should be negative
f(a)=36g{2[ClO; Jo+ 7(a— ag)} a(ag— a)? since the density of water decreases with temperature above
= > ,

4C—we work here around 300)KHowever, for the modi-
whereq is the reaction rate constant of the overall reaction fied expansion coefficient we hayg = ¢I't~0O(1) because
The chemical time scale can then be defined ms ¢ is small. Note that fromT’;~Ap;To/(ApsAT) with AT
=1/(qad) which yields the dimensionless rate ~AT, we havel't~(1/¢)Apt/Aps so thatyr~Apr/Apg
Vo , /N2 , and hence the dimensionless thermal expansion coefficient
F(a’)=36a’(1=a") (x+7a’), (15 measures the thermal density change relative to the isother-
with «=2[CIO; Jo/ap— 7. We should emphasize here that mal one. It is also important to emphasize here that scaling
the elimination of 3 from the rate law and the subsequentaway ¢ from the energy equatiofeffectively setting¢p=1
reduction of the CT system to a single-variable model, offersn this equationimplies that for fixedDa and « the behavior
a simple prototype for the study of the coupling betweenof the system depends on two parameters obng/and y+ .
reaction—diffusion processes and heat effects. The ideas d&/e thus fixDa and « to typical values for the CT system,
veloped here can be readily generalized and applied to oth&@a=0.001 andk=1.° and concentrate on the effect of vary-
one-variable exothermic reaction—diffusion fronts. ing Le and y+.
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IIl. TRAVELING FRONT 0 50 100 150 200 250
1.0 PN SR AU N T T T YN T T YT T T T [N O | 1.0
We now seek one-dimensional traveling front solutions ] T @ i
(ag,Tg) propagating at constant speedn the absence of g F
convection. Setting)=0 in (18) and (19) and introducing .1 Cors &
the Lagrangian coordinate=x—ct, yields . -
—cd,as=d%a;—Daf(ay), (20) ] i
2 0.5 —0.5
—cd,Ts=LedTs+Daf(ay). (22 1 L
Adding now these two equations gives 8 i
d2ag+cdyas+ Led?To+cd,To=0, (22) 0257 025
which can be integrated once and the integration constant L
can be determined from the boundary conditias (T) o0 [ oo
—(1,0) asz— +. We then have T T T e 1s0 a0 20
d,as+Led, Ts+c(agt+Ts—1)=0. (23 z
Application of the conditioreg— 0 asz— — in the equa- o s 100 150 200 280 300 350
thﬂ above then g|Ve§-S—>1 asSzZ— — @, NOtICG that |n the 1.0 PSRN AN T 0 S S S T A T O O A 1.0
particular casd_e=1, (22) can be easily integrated to give 1 T a i
ast+Ts=1+c’e “*wherec’ is an integration constant. But ] L
e % blows up asz— —c. This then implies that’=0 . Cos ()
which results in the simple relatiohs=1— a. 0757 L
Equations(21) and (22) can be converted into a three- ] g
dimensional dynamical system of the form 1 L
0.5 0.5
d,as=c(1l—as—Ts)—Lev, (233 8 i
d,Ts=v, (23b ] i
1 0.25 —0.25
dy= E[—CU—36DaaS(1—as)2(K+ 7a9)]. (230 ] -
In the (ag,Ts,v) phase-plane, the front is a heteroclinic tra- o.o_.....ur......ll...“...,.‘..l.... 0.0

jectory connecting the two fixed point§,1,0 and (1,0,0 0 5 100 150 200 250 300 350

associated with the boundary conditions z

FIG. 2. Stationary traveling fronts fdba=0.001, k=1 and two different

values of the Lewis numbez=0 corresponds to either the top or the bot-

tom of the cell. In both cases the front propagates from the left to the right;

(@ Le=1; (b) Le=10.

We then utilize the numerical scheme developed in Ref. 9 to

obtain the permanent-form traveling front solutions. The

analysis here parallels the one given by Yaal® and the

reader is referred to this study for details. the thermal diffusion time scale to the molecular diffusion
As with the isothermal CT system studied in our previ-time scale. Hence, largee implies that heat diffuses faster

ous work, there exists a minimum speeg, such that a than concentration so that the width of the temperature front

unique permanent-form traveling front exists for each is much larger compared to that for the concentration front.

=Cnmin. Of course this raises the question of front selectionFigures 2a) and 2b) depict the concentration—temperature

Solving numerically the reaction-diffusion equations in timefront for two different values of the Lewis number. Figure 3

and space as an initial-value-problem indicates that the minishows the variation of the width of the temperature front

mum speed front is always approached for large times, prodefined as the domain in whicil is in the interval

vided the initial condition is sufficiently localized in space. [0.01,0.99) as a function ofLe. Finally, Fig. 4 depicts the

Hence the minimum speed front is the stable solution. Let uslensity profile as a function a, for two different values of

note thateg is independent of .—see(20)—and hence the the Lewis number. These profiles show that for isothermal

minimum speed does not dependloa and for givenk and  systems, ¢1=0), the density of the products is larger than

Da it is fixed. Our computations indicate that for the valuesthat of the reactants. Wher| increases, the heat released

Da=0.001 and«=1 used here¢;;;=0.311 in agreement to the system increases and the products become hotter than

with the relationc,,;;=9.833/Da given in Ref. 9 forx=1. the reactants. Their density then decreases while the density
The temperature front on the other hand does depend aof the fresh reactants remains the same. Interestingly, for

Le and becomes more spread outasincreases. Thisis due Le=10 and certain values of;, the density profile across

to the fact that the Lewis number is effectively the ratio ofthe front is nonmonotonic for both up and down going fronts.

z——». a0, T—1,

z—+®©: a—1, T—0.
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FIG. 3. Width of the temperature front as a function of Lewis nhumber. The 1 1

width is defined as the domain in whidhtakes on values in the interval

[0.01,0.99.

IV. LINEAR STABILITY

A. Eigenvalue problem

We now examine the stability of the exothermic travel-
ing front with respect to infinitesimal disturbances in the
spanwise direction. In the moving frame, the steady state of

Egs. (16)—(19) is u=us=0, a=a4(z), T=Tz), andp
=ps(2) where

dps=yrTs—as,
sincedyps=

(24)
—wg=0, with w the velocity in they-direction,

(b)

Density profile

6 T T T T T T
0 50 100 150 200 250 300 350
z

and hence the base state pressure distribution is only a funglG. 4. Density contribution in Eq16), —a+ y;T, for two different values
tion of z. The pressure proﬁle can then be easily found byof the Lewis humberz=0 corresponds to either the top or the bottom of the

integrating(24) above. Letu=us+u,, a=astay, T=T;
+T, and p=ps+p; with u;,aq,T,,p1<<1. Linearizing
(16)—(19) in the moving frame and utilizing20) and (21)
yields the evolution equations for the disturbances

dP1= — Ut yrTi—ay, (259
dyp1=—Wq, (25b
dyay— Cdyar+Uid,as= diay + day—Daf’ (agay,
(250
I T1—Ca,T1+u,d,T=Le(d2T +d5Ty)
+Daf’(ag)ay, (250
V-u;=0, (258

where the prime indicates differentiation with respectto
We now seek solutions @P5) in the form of the normal
modes

[Uy,Wy,p1, @1, T1]=[U(2),W(2),p(2),@(2),T(2)]
xe" kYt ce., (26)

with o the growth rate of the disturbances dntheir wave-
number. Substitution of26) into (25) then yields

cell. In both cases the front propagates from the left to the rightle
=1; (b) Le=10.

dp=—U+yT-a, (273
ikp=—Ww, (27h
oa—cd,a+ud,a=d?a—k?a—Daf'(aga, (279
oT—cd,T+ud,T,=Le(d’T—Kk?T)+Daf' (e a,
(279
d,u+ikw=0. (279

Differentiating now(27b) and (27e once with respect ta
gives d§U_+ k?d,p=0 which when combined witli274 re-
sults in
(d2— K2 U= — K2y T+ K?a. (28)
Equations(270), (27d), and(28) can now be written as
1 00

=0

(299

[
ol |
ol H| R

0 1 0
0 0 O
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where the elements of the matrix/differential operafoare 00 001 002 003 004 005 006 007

g|Venby PRI T 00100 T Y AU O S U U 0 O DV N A A IS
0.015— -0.015
L1,=d2+cd,—Daf’(ag) —k?, 1 -
] 7r=-4.0 i
L15=0; Ly3=—das; Ly=Daf'(ay), 1 - (@)
0.01- —0.01
£22: Ledg-i-CdZ—Lekz; Ezgz_dZTs, : :
L= K% L3=KPyr; Lag= dg_ k2. o ] i
0.005— —0.005
The linear stability problem is hence governed by an infinite- ] i
domain generalized eigenvalue problem. The boundary con- 1 A 7=20 L
ditions are ] i
0.0 0.0
— T 1 7=10 -
a,T,u_>0 as Z_>i®, (29b) ) TIT I T rriTprTiTd TT T T (I T T T T iTTT T T 7 i

0.0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

and, therefore, as with our previous stlidye restrict our k

attention to the discrete spectrum 6f i.e., the spectrum

consisting of eigenfunctions that decay to zero at the infini- 06 0025 005 0075 01 0125 015 0475

ties and correspond to disturbances localized around the trav:  gggzgdoer 1o it el bl g o075
eling front. We note, however, that infinite-domain eigen- ] . :
value problems might have an essential spectrum as well that ] v -
consists of those eigenfunctions with bounded oscillatory be- %% 0008
havior at the infinitiedsee, e.g., Refs. 31 and )32 i (b)
We solve the eigenvalue problem ({29) numerically by 0.0025-} -0.0025
using a second-order central finite differencing scheme to , V=2 -
approximatel with its discrete analog. The method is effec- 60 C o0
tively the same with that used in our previous stddye ] 7,=3 -
defineU, A, andT as the discrete approximations wf «, . i
andT and we invert the discrete representation of the opera- %257 00025
tor dﬁ— k? in (28) to obtain an expression faf as a function ] L
of A andT which when substituted in the discretized version  0.008 S r--0.005
of (27¢ and(27d) yields a matrix eigenvalue problem of the 00 0025 005 0075 01 0125 015 0478
form k
A A FIG. 5. Dispersion relation for the growth rateas a function of wavenum-
|\=/| .I. =0 :I' . berk gnd different values of the modified thermal expansion coefficjenF
- - The triangles denote values of the most unstable wavenumber obtained at

: short times from the fully nonlinear system using as initial condition the
The LAPACK solver DGEEVX was then used to obtain the traveling front or a step functior(p) up going front forLe=10; (b) down

growth rates of the disturbances in the spanwise direction asqing front forLe=4.

a function of their wavenumbék. A large number of points

in the integration domain was necessary for the first few

eigenvalues with largest real parts to converge. We tested tl@(pansi on coefficient
accuracy of our scheme by varying the domain size and r
fining the mesh. Typical values for the domain size and mes
to achieve sufficient accuracy for the computation of the ei
genvalues are 300 and 0.5, respectively.

for Le=10. Notice that the trans-
ational invariance of the system in the streamwise direction
plies thato=0 for k=0—this point was discussed in de-

tail by Yanget al®

Evidently, for a givenLe there exists a critical value of
|vr| above which the system becomes unstable. From the
definition of y; in Sec. II, increasingy;| can be achieved by

We first discuss the up going front. Clearly, in the ab-either an increase oy and hence of the amount of heat
sence of thermal effects, the up going front is stable. Indeedgleased per mole of reactant and/or by an increas&-pn
as the isothermal density increases in the course of the reaesich implies an increase in the density difference across the
tion, the reactants are lighter than the products and thus thfeont for a given temperature gradient.
solutal density stratification is buoyantly stabl&s>0). Note that the dispersion curves of the upgoing front al-
However, for a nonzero reaction exothermicity, the productsvays feature a band of unstable modes extending from zero
are hotter than the reactants, a thermally unstable stratificavavenumber up to a cut-off wavenumber above which the
tion (Apr<0). For sufficiently largd y1|, the competition system is linearly stable. This unstable bans <k, con-
between stabilizing solutal stratification and unstable thermatains the maximum growing wavenumbey,, with the larg-
stratification can give rise to an instability. Figuréabde-  est positive growth rate. Such curves are similar to those
picts the least stabl@arges} eigenvalues as a function of  obtained in standard Rayleigh—Taylor fingerifsge, for ex-
wavenumbek and different values of the modified thermal ample, Refs. 33 and 34According also to the classification

B. Dispersion curves and stability characteristics
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0.2 propagating fronts foLe=10 and four different values of
v1. For yr=—4,—3,— 2, both fronts are simultaneously un-
- stable but with different maximum growing wavenumbers
and growth rates. The most unstable wavenumber for the
- downgoing front(reaction triggered at the tpjs larger than
that of the upgoing frontreaction triggered at the bottgm
- This implies that the wavelength of the developed fingers for
the up going front will be much larger than that of the down
-0.005 going front. In addition, the down going front features a band
L of stable modes close t&=0 which is reminiscent of
r Turing-type dispersion curves. This implies a long term dy-
L 0.0 namics of the down going front quite different from that of
5 the up going front as will be shown in the next section. Note
also that fory;=—4,—3 the growth rate of the up going
0.2 front is larger than that of the down going front which means
that the up going front will be the first to become unstable
and show fingering. For smalldry;|, the reverse is ob-
FIG. 6. Dispersion curves for both up goitgashed linesand down going  served, now it is the down going front that will finger first.
fronts (solid lines for Le=10 andy;=—4,-3,-2,~1. Type | dispersion  Thege theoretical predictions are in agreement with the re-
curves have a band of unstable modes such kiatk<k, while type II . . 29 . .
dispersion curves have modes with positive growth rates in the range &ent expgrlments by Beagi et al. WhICh confirm the type
<k=k,. | dispersion curves for the down going front.
Let us now return to the density profiles in Figbt
These profiles indicate that &g;| increases the downward
by Cross and Hohenberd,such dispersion curves are of front should become more stable since the total density of
type Il the products becomes smaller than the density of the reac-
Solutal and thermal effects compete the other way roundants. For the same reason, the up going front should become
for the downward moving front. Figure(y) shows the dis- increasingly unstable. This general trend is consistent with
persion curves fote=4 and different values of;. In the  the findings of our linear stability analysis. Notice, however,
absence of thermal effects{=0) now, the denser products that for yr=—4,—3,—2, and—1, Fig. 6 indicates that the
lie on top of the lighter reactants and the front is buoyantlydown going front is unstable even though from the density
unstable because of unfavorable solutal stratification as stughlots in Fig. 4b) we clearly have a light fluid on top of a
ied by Yanget al® This solutal destabilization in the absence heavy fluid foryr=—4,—3,—2 and two fluids of the same
of heat effects is characterized by dispersion curves whicllensity fory;=—1.
are similar to those found in standard Rayleigh—Taylor fin-  Of course for some values o the density profiles are
gering, i.e., they feature a band of unstable modes fkom nonmonotonic and in fact they have a minimum around the
=0 to a cut-off wavenumbek, . front, a potentially unstable situation for the down going
Heat effects now have a stabilizing influence as thefront. However, fory;=—3 the minimum of the density
“hot” products lie on top of the “cold” reactants, a stable profile is very small and hence nonmonotonic density cannot
configuration. Therefore, the competition between thermahccount for the apparent contradiction between Figb) 4
and solutal effects here is opposite to that of the upgoingnd 6. In fact, fory;=—4 the density profile is monotonic
front. If heat effects are strong, the solutal fingering of thewith a light fluid on top of a heavy fluid and yet our linear
down going front should be stable. Indeed, we observe thattability analysis clearly shows that the down going front is
for large | y¢|, the growth rate is always negative implying linearly unstable(evidently a light fluid on top of a heavy
that strongly exothermic down going fronts are propagatindluid should always be a stable configuration in the absence
without any fingering. There exists, however, a critical valueof disturbances; it is the linear stability analysis that exam-
of |y;| below which competition between the solutal andines the response of the system to small perturbations that
thermal effects drastically changes the dispersion curvesncovers the instability when, e.d.e=10 and y;=—4).
leading to stabilization of long waves and destabilization of aOn the other hand foLe=1 [see Fig. 4a) for the density
band of wavenumbers centered around a most unstable mogeofiles| the stability results are as expected, i.e., light fluid
Kmnax @nd bounded by two neutral wavenumbé&gsand k, on top of heavy fluid is a stable configuration while heavy
such that 6<k;=<k=k,. Such dispersion curves are of type fluid on top of light fluid leads to an instability.
1*° (but with a neutral mode always at zero wavenumbed This then suggests that the instability mechanism entails
are also reminiscent of Turing-type dispersion cues®  double-diffusive convection phenomena. A classical example
Figure b) then shows that decreasifhg;| can lead from of such phenomena is the so-called “thermohaline convec-
stable fronts to Turing-type and finally to standard Rayleigh—tion” or “salt fingers” which arise when hot saline water lies
Taylor fingering dispersion curves. on top of cold fresh watéfr* This instability is due to the
To summarize the differences between the stability propvery different rates of diffusion of heat and s@ieat diffuses
erties for the up and down going fronts, let us look at Fig. 6faster than magsThis is just one example of a more general
which compares the dispersion curves of the two countersituation, for instance one might have no temperature varia-
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TABLE |. Stability characteristics of the down going front as a function of

Le and y;. Stable configurations are denoted by S and unstable ones by U. 0.0 0025 005  0.075 0.1 0.125 0.15
0.003 TS T A N T T N N N T T T T OO0 T T S S A | 0.003
Le Linear stability result 1 — I
A Y 0.002-{ Le=6 -0.002
-0.2 1.0 U . -
—-1.0 1.0 S 0.001 +-0.001 ®)
2.0 U . .
—-20 1.0 S 0.0 I 0.0
28 2 g -0.001— Le=4 I--0.001
4.0 S -0.002— —-0.002
45 U | L
-3.0 1.0 S 0.003— —-0.003
2.0 S 1 L
3.0 S 0.004— I--0.004
4.0 S 1 r
4.5 S 0.005 LIS L I N N A I I A -0.005
5.0 U 0.0 0.025 0.05 0.075 0.1 0.125 0.15
—4.0 1.0 s k
2.0 S 0.0 0.01 0.02 0.08 0.04
ig g 0.004 . TSN SR TN N I U T T T [N TN TOR T TN AN O SO B - 0.004
5.0 s 1 -
55 u 0.003 Le=8 [-0.003
. A C
0.002] Le=12 -0.002 "
tions but two different solutes with different diffusivities. In @ 0.001 Lows0 - 0.001
the context of reaction—diffusion systems, the significance of ] C
. . . . 0.0
double-diffusive convection phenomena was first suggested 003 "
by Pojman and co-workers° The emphasis of these studies 0001 5_0 001
was on the effect of double-diffusion convection on the T C
propagation velocity of the fronts. These authors used quali- .1 C 0002
tative arguments to explain the influence of convective ef- <
fects on front propagation for the Belousov—Zhabotinskii 0.0 0.01 0.02 0.03 0.04
and iror(ll)-nitric acid systems in narrow tubes without any k

quantitative m(.)de".ng of the r-.zxp.eriments. FIG. 7. Effect of Lewis number on the dispersion curv@s;down going

The trend in F_lg' 6 now indicates that fme:. 10 and fronts for yr=—3 and three different values bfk; there is a‘critical Lewis
some large negative value ofy, the down going front number between 4 and 5 for the given parameters below which the system is
should be stable, as expected. The fundamental question thetable;(b) up going fronts foryr=—2 and three different values tf. The
is Why, e.g., wherLe=10 andyTz — 4 the down going front t_rianglgs are the value_s of the most un_stable _Wfs\‘venumb_e‘r observed at_ short
. . . mes in the fully nonlinear system using as initial condition the traveling
is unstable while for the same value of the Lewis number and " 5 step function.
a higher negative value of the expansion coefficient, e.g.,
yr= — 6 the down going front is found to be stable. After all
in both cases we have a light fluid on top of a heavy fluid. the down going front in theyt—Le plane. The table gives

For a given Lewis numbeke>1, heat diffuses faster only the approximate stability map in this plane and for a
than mass and the hot products will loose their heat to thenore accurate prediction of the critical Lewis numhe;;
cold reactants. This fast diffusion of heat can cool the prodabove which the down going front looses stability, a smaller
ucts sufficiently so that they become heavier than the reaanesh forle is required. Nevertheless, the table indicates that
tants which leads to an instability. Of course heat is producedl e, increases afy;| increases. This general trend is con-
continuously by the reaction, but at the same time, providedistent with our observation that @sincreaseghence|y+|
that the reaction exothermicity is small (recall that y; increases Le must increase to compensate for the large
= ¢I'7), thermal diffusion can transport the heat to the reacamount of heat in the products and cause a double diffusion
tants thus cooling the products sufficiently which can theninstability.
become heavier than the reactants. If on the other lyaisd For a givenyy, therefore, the down going front is be-
large, thermal diffusion cannot remove the heat of the prodeoming increasingly unstable & increases. This is consis-
ucts sufficiently fastthere is simply too much heat in the tent with Fig. 1a) which shows the dispersion curves of the
products. In this case we have a stable configuration. down going front foryr=—3 and three values dfe. For

The above of course depends on the Lewis number. Evithe up going front the Lewis number has the opposite effect
dently, as the Lewis number increases, the valugb@nd  so that increasing e makes the system more stabéee Fig.
hence| y;| above which the down going front is stabilized 7(b)]. This is due to the fact that double-diffusive convection
must increase to compensate for the increasingly fast diffuacts differently for the up going and down going fronts. In
sion of heat. Table | summarizes the stability properties ofact, for the down going front double-diffusive convection

Downloaded 13 Apr 2004 to 164.15.129.180. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



1404 Phys. Fluids, Vol. 16, No. 5, May 2004 Kalliadasis, Yang, and De Wit

has a destabilizing influence so that increadiegnakes the V. NONLINEAR DYNAMICS
down going front more unstable. The up going front, how-

ever, is stable with respect to double-diffusive convection. et insight into the long term dynamics of the developed
Indeed, heat now diffuses from the hot products to the col ingers, we consider the fully nonlinear system in Ea$)—
reactants thus making the products cooler and hence heavi?i.g)_ In:[roducing the stream functionsuch thati= ¢ and
This effect is obviously amplified dse increases. W= — gy with u=ui,+wi, and taking the curl of ihe evo-

~ Notice here that for the down going front our computa-|sion equation for the pressure distributiét) yields
tions show that whenever the corresponding density profile

indicates that the front should be stable but our linear stabil- ¥+ == dya+ yrd,T, (30)
ity an_alysis shows that it is_ unstable,_the in_stability is char- St dyadyh— dyardgh= (?)2(a+(9§a—36Daa
acterized by type I(or Turing-type dispersion curves. A

typical example is the casee=10 andy;=—4 we dis- X(1-a)’(k+Ta), (32)
cussed above. This then suggests that the dispersion curves
in this case result from the competition between two factors:
buoyancy which is stabilizing and is trying to bring down X(1—a)(k+Ta). (32
towards negative values and double-diffusive convection

Whi(,:h is destabilizing and is trying to increasetowards spectral method in a two-dimensional domain of dimension-
positive values. ) L ) ) less widthL, and lengthL, . The numerical scheme is essen-
We should also point out that it is impossible to isolateyjy |y the same as that described in Refs. 9, 28, and 42 and is
the effect of the nonmonotonic density profiles on the stabily,55ed on Fourier expansions for the stream funafiooon-
ity characteristics although clearly they do play a role. In thecentrationa and temperatur@ and hence, periodic boundary
absence of double-diffusive convection, i.e., fae=1, the  conditions are imposed in both the transverse and streamwise
density profile is always monotonic. Nonomotonic densitydirections. We derive a set of ordinary differential equations
requiresLe>1 in which case double-diffusive convection is for the evolution of the time-dependent coefficients of the
also present. On the other hand, for certain valudseodnd  Fourier expansions. These equations are solved numerically
vr, €.9.,Le=10 andyr=—4 the density profile is mono- using a second-order Adams—Bashforth scheme. The initial
tonic and yet the down going front is found to be unstable.condition is taken as a step function, i.e., the flat front profile
Hence the situation here is different to the viscous fingeringwitching close to the upper boundary of the system from the
problem with nonmonotonic viscosity profiles and without stable steady state=0,T=1 (in white color on the density
any chemical reactions investigated by Manickam ancplots to be present¢do the unstable steady state=1,T
Homsy**~**where the effect of the viscosity nonmonotonic- =0 (in black. The reverse switch is imposed close to the
ity was clearly identified and quantifi€gtiscosity nonmono-  bottom of the system. This allows us to deal with the peri-
tonicity was found to be responsib|e for new phenomené)diCity in the x-direction. Alternatively, the initial condition
referred to by the authors as “reverse fingering” can be taken as the planar front constructed numerically in

We close this section with a comment on the mechanisnP€C- Il and located close to the upper and lower boundaries
of the instability. As we already pointed out, foe=1 there of the system. As the stable steady state invades the unstable

is no double-diffusion convection. In this case the instabilitySt€ady state, the upper front will move downwards leaving
results from a competition between solutal and thermal efl1tter but heavietwhite) products on top of the colder but

fects through the kinetic term(«) and the buoyancy term lighter fresh (;eellcta;téntblaclﬂ Wtr_}i.le tt.he IO]:N erl(;rolpth\;vill
v1T—«a (the chemistry increaséswhich then decreasgs. move upwards leading to a strafilication of cold, fighter re-

ol L actants on top of hotter but heavier products. Depending on
For Le>1 double-diffusion convection is also present and

: . . the relative strength of solutal and thermal effects, fingering
the instability now results from a complex interplay between .~ . .
solutal/thermal effects, chemical reaction and double-0 feither one or both fronts is observed.
! To compare our nonlinear simulations to the linear sta-

d|ffu3|.ve phe”‘?me”a- .Hence.,' due to the presence (?f thSility analysis of the previous section, we measure the maxi-
chemical reaction, the instability mechanism is quite differ- - growth rate and most unstable wavelength. The growth
ent to pure double diffusion where only two competing fac-4te is obtained by fitting an exponential to the evolution of
tors are presentdiffusion and heat effectsin addition, in 6 jength of the fingers as a function of time for small times.
simple double diffusion, the basic concentration and tem-, gptain the wavelength of the developed fingers we take
perature profiles prior to the instability, are externally im-pe power spectrum of the front at early times. The wave-
posed and in general they vary linearly in spacdepen- |ength is in excellent agreement with the values predicted by
dently of the Lewis number. For chemical fronts, it is the the linear stability analysis. Figures 5 and 7 compare the
coupling between the kinetics and diffusion that provides theinear stability analysis with the fully nonlinear simulations
concentration and temperature profiles. The base 6tatee  and in all cases the agreement is very good. The results are
form of traveling frontg is therefore a function of the Lewis roughly the same whether the initial condition is the travel-
number itself which makes the interplay between mass anthg front solution or a step function.

temperature gradients much more subtle than in standard We now focus on the nonlinear stage of the instability.
double diffusion. Figure 8 shows a typical example of the spatio-temporal be-

To analyze the nonlinear stage of the instability and to

T+ 0, Toyp— 0, Toyp=Le(d;T+3d;T)+36Daa

We numerically solve Eqs(30)—(32) using a pseudo-
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(b)

(c) |

FIG. 8. Nonlinear dynamics of buoyantly unstable exothermic CT fronts
with yr= —2 and four successive times from left to right. In all our numeri-
cal experiments the system sizelig=512, L,=4096; (a) Le=4; (b) Le

=6; (c) Le=8.
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FIG. 9. Nonlinear dynamics foty;=—3 andLe=8, at successive times
from left to right. The up going front features mushrooms and coarsening
typical of type Il dispersion curves. The down going front develops fingers
of constant amplitude and wavelength. Their small amplitude results from
small growth rates for these values of the parameters.

havior of the fully nonlinear system when two counterpropa-
gating fronts are initiated at the top and bottom of the cell.
The simulations are obtained usig= —2 and three differ-

ent values of the Lewis numbdre=4,6, and 8. In all our
nonlinear simulations the domain size is fixedlgt=512
andL,=4096. ForLe=4 only the up going front is unstable
featuring initially two big fingers that merge into one single
finger of constant shape and speed. Its velocity is larger than
the speed of the flat front as convection is entraining the
front1=328 Increasing the Lewis number, stabilizes the up
going front and destabilizes the down going front, in agree-
ment with our discussion in the previous section. For the up
going fronts for instance, fingers appear at larger times and
with a larger wavelengttii.e., smaller most unstable wave-
numbey asL e increases. Fote=6, the growth rates of the
two fronts are of the same order of magnitude and hence
fingering appears on both fronts roughly at the same time.
The lower front still presents two fingers that will ultimately
merge into a single finger. This lonely finger has nevertheless
a smaller mixing zone and smaller speed as now the exten-
sion of the convection roll is smaller. For higher exother-
micities and higher Lewis numbers, the up going front fea-
tures thermal plumes of mushroom shdpee, for example,
Fig. 9. Nevertheless, one always ends up with one single
finger traveling with constant shape. This is typical of stan-
dard Rayleigh—Taylor fingering dispersion curyestype ll)

for which all modes fromk=0 until k=k, are unstable. In
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FIG. 10. Nonlinear dynamics of a down going front
characterized by type Il dispersion curve as in standard
Rayleigh—Taylor fingering. The parameters age
=-0.5andLe=2.

this case, the wavelength at onset is given\oy2m/k,,  Dilizing effect. We note here that such changes from type II
measured between subsequent tips and the resulting fingerii@ type | dispersion curves have also been obtained in the
pattern has an amplitude, i.e., a distance between subsequé&antext of density/viscous fingering in the absence of chemi-
tips and troughs of the fingered zone, which grows in timecal reactions by Manickam and HonfSywithout, however,
The nonlinear stage of the instability is characterized bystationary patterns. To our knowledge, the stationary patterns
coarsening of the fingers in the course of time due to mergobtained here have not been observed before in the context
ing and shielding phenomer&*® of fingering instabilities.

The upper front also features fingering but of much Notice that the small amplitude of the stationary pattern
smaller amplitude and wavelength. Interestingly, no coarsen# Figs. 8 and 9 results from small growth rates for the values
ing is observed and the wavelength as well as mixing zonef the parameters used here. It is also important to point out
remain constant in time. In fact the system evolves to a stathat for type | dispersion curves, weakly nonlinear theories
tionary cellular structure of wavenumblker,,, as in the case can be pivoted about the degree of supercriticality and about
of Turing pattern® 3 or Rayleigh—Beard convectiot?  the mode withk,,,, at criticality to obtain Ginzburg—Landau-
Whenever a stationary pattern is observed in our computaype equatioris*®44in this region. Such weakly nonlinear
tions, the corresponding dispersion curves are of the Turinganalyses, however, are beyond the scope of the present study.
type or type I. It is well known that such dispersion curves  ForLe=8 andy;=—2 [see Fig. &)], the upper front
are characterized by a critical value of a control parameteis the first one to become unstable. The mixing zone remains
(e.g., vyt for the curves in Fig. pat which the base state constant in time but the system is here further away from
undergoes a stationary instabilfi/However, linear stability ~criticality and the band of unstable modes is now much
alone cannot determine the long-time behavior of the systertarger. This leads to a nonlinear dynamics which is much
and such curves do not necessarily imply equilibrated, finitenore complex as birth and death of fingers is continuously
amplitude fronts away from criticality and at the nonlinear observed, the number of fingers varying between 5 and 6 in
stage of the instability. Indeed, there are several systemshe course of time.

e.g., channel flow and Blasius boundary I&yevith type | For down going fronts, the dispersion curves can be of
dispersion curves which do not equilibrate to stationary nornstandard Rayleigh—Taylor fingering-type or Turing-type de-
solutions. The issue of whether or not the instability equili-pending on the values of parametésee, e.g., Fig. ®)].
brates to a stationary norm state is essentially a nonlinedfigure 10 depicts the nonlinear dynamics of a down going
question. Our computations of the fully nonlinear systemfront for Le=2 and yy=—0.5 for which the dispersion
show that indeed the instability of the down going front satu-curve is of type Il as in standard Rayleigh—Taylor fingering.
rates leading to a stationary norm pattern whenever the dislust as for other up and down going fronts in the absence of
persion curves are of type I. The instability simply cannotheat effects(see, e.g., Refs. 9 and R8oarsening of the
propagate indefinitely because it encounters the thermal stéingers is eventually observed and one single final finger of
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and finally we end up with one single lonely finggfig.
11(a)]. This is to be contrasted with the dynamics of a
Turing-type dispersion curve shown in Fig. (bl obtained

for Le=5 and yr=—2. In this case, the system maintains
six fingers all along and the mixing zone remains constant as
well. A comparison between the coarsening of Figaland

/ the fixed wavenumber patterning of Fig.(lhlLis further seen

'l)i"V)

on Fig. 12 which compares the modes of maximum power in
the Fourier transform of the longitudinally averaged profile
as a function of time. When the dispersion curve is of stan-
/ (a) dard Rayleigh—Taylor fingering-type, fairly quickly the
mode with the highest power correspondsnte 1 which
/ means that the system evolves towards a situation with one
; single finger across the width of the Hele-Shaw cell. On the
L contrary, for the Turing-type dispersion curve, the mode with
highest power remains at=6 which means that the system
maintains six fingers all along. Notice that an extensive para-
metric study of the nonlinear stage of the instabi(ig well
as the linear stage examined in the previous secfiona
large variety of the governing dimensionless groups has been
performed by Yang®
Finally, it is important to point out that for standard
\U w7 U U}r ” m Rayleigh—Taylor instabilities of nonreactive fluids, it is

known that fingering leads to fingers which grow continu-

] ‘ ously in time so that their mixing zone increases monotoni-
cally in time3*47It has been shown in detail previously, both
for monostabl#® and bistable kineti¢§ and is further evi-
denced here, that the presence of a chemical reaction drasti-
cally changes this nonlinear dynamics. Indeed, coarsening
towards one single finger is observed for monostable kinetics
while droplet formation is observed for bistable ones. It is

(b) thus not surprising that chemical reactions also drastically
modify the nonlinear dynamics of the double-diffusive insta-
bility. Standard “salt fingers” observed for opposite concen-
tration and thermal gradients fdre>11"18 are typically
thin localized fingers that stretch continuously in time. In
contrast with these well studied nonreactive salt fingers,
double diffusion of chemical fronts features “frozen” small
fingers of constant amplitude and mixing zone, which dem-
onstrates once again, the significant influence of chemical
reactions on hydrodynamic instabilities.

VI. DISCUSSION

FIG. 11. Space—time map of the position of the maxifvlack curves and We have examined in detail the density fingering of exo-
minima (gray curveyof the fingers for the down going fronfa) Le=2 and  thermic reaction-diffusion fronts in Hele-Shaw cells using
yr=—0.5 (type Il dispersion curves (b) Le=5 and yr=—2.0 (Turing/  the CT reaction as a model system. In particular, we focused

type | dispersion curvegsThese positions are determined from the averaged - - .
profile of the upper half of the system obtained by integrating along the”"! the influence of heat effects on the stability properties and

x-direction. The horizontal axis corresponds to the width of the systemnONlinear dynamics of the resulting fingering instabilities. _
ranging from O toL, while time increases from top to bottom. We analyzed here the case where thermal and solutal contri-

butions to the density jump across the front are of opposite

signs Aps>0,Ap7<0). The governing equations were de-
constant shape and speed is the asymptotic dynamics foived using the Darcy—Boussinesq approximation. We con-
large times. To characterize this coarsening dynamics, wstructed the minimum speed concentration and temperature
plot in Fig. 11 the positions of the maxima and minima of thefronts and we performed a linear stability analysis of these
longitudinally averaged profile as a function of time. It is fronts with respect to infinitesimal disturbances in the span-
clearly seen that the number of fingers diminishes in thewise direction. For the ascending fronts the dispersion curves
course of time so that starting with roughly 13 fingers atare similar to those observed in standard Rayleigh—Taylor
short times, fingers merge leading to an overall coarseninfingering. The descending fronts on the other hand can fea-
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ture dispersion curves of the Turing type. We analyzed thauthor§®->?to assess the influence of 3D effects.

stability properties of both descending and ascending fronts  Finally, it has been shown recently that for systems of

and showed that the instability is due to a complex interplaysmall lateral extent, density fingering of monostable isother-

between solutal-thermal effects, chemical reaction andnal chemical fronts leads to one single self-similar finger

double-diffusive phenomené@vhich play a role only for a while for larger systems, tip splittings are obserg@dhe

Lewis number larger than unityThese results enlighten re- single final finger follows interesting scaling laws. Obvi-

cent experimental observations of Turing-type dispersiorously, as shown here, such single fingers are obtained also

curves for descending fronts in the chlorite—tetrathionatdor exothermic reactions in some regions of the parameter

reaction?® space. It would be of interest to analyze to what extent heat
We then analyzed the nonlinear stage of the instabilityeffects modify the scaling laws of the isothermal self-similar

by performing numerical experiments from the fully nonlin- fingers as well as the occurrence of tip splittings for larger

ear system. At the onset of the fingering instability, our time-systems.

dependent computations were found to be in excellent agree-

ment with the predictions of the linear stability analysis. At ACKNOWLEDGMENTS
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