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Abstract

In this paper, we revisit the conjecture of [1], stating that e-free Petri
nets with transfer arcs are strictly more expressive than e-free Petri nets
with reset arcs. In [1], an e-free Petri net with transfer arcs is provided,
whose language is conjectured not to be recognizable by any e-free Petri
net with reset arcs. We show that this latter conjecture is flawed, by ex-
hibiting an e-free Petri net with reset arcs that accepts the same language.
We also provide a new e-free Petri net with transfer arcs, for which we
conjecture too that it recognizes a language that is not definable by e-free
Petri nets with reset arcs.

1 Introduction

Since their introduction by Petri in [2], Petri nets are regarded as a most suitable
formalism to represent distributed systems, i.e., systems in which the computing
payload is distributed among several entities (henceforth called processes) that
communicate.

A common way to model a distributed system by a Petri net consists in
applying the idea of the counting abstraction, as shown in [3]. This principle
consists in mapping each process to a token, and representing each state of each
type of process by a place. In this case, the presence of a token in a given place
p indicates that, in the current global state of the system, there is a process
which is in its local state that corresponds to p. The transitions of the Petri
net then consume and produce tokens to move the associated processes from
one state to another. This formalization has the drawback to abstract away
the actual identities of the processes. Still, some interesting properties (such as
certain kind of safety properties) can be verified at this level of abstraction.

Unsurprisingly, Petri nets have thus broadly attracted the attention of re-
searchers interested in the field of computed-aided verification for nearly twenty
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years. In particular, it has been shown that certain communication procedures
which are common when programming distributed systems, can easily be mod-
eled by Petri nets. For instance, the classical rendez-vous is easily encoded [3].
Unfortunately, other communication procedures such as broadcast are not easily
captured by plain Petri nets. For that reason, several extensions of the model
have been proposed. We address two of them is this paper:

e Petri nets with transfer arcs, in which a transition can also consume all
the tokens present in one place (regardless of the actual number of tokens)
and move them to another place.

e Petri net with reset arcs, in which a transition can delete all the tokens
present in one place.

The meaningfulness of these extensions in terms of modeling power has been
demonstrated, for instance, in [4] (modeling and verification of cache-coherency
protocols) or [5] (modeling and verification of Java multithread programs) to
cite only a few.

It is also rather useful to consider labeled Petri nets, in which each transition
bears a label, i.e., either a character taken from some finite alphabet or the silent
character . In that case, and provided that we have an acceptance condition
at our disposal (in the present case, a finite set of accepting markings), one can
define the language' accepted by a given Petri net, in the usual way.

A natural question about these different extensions is then to compare their
respective expressive power. Roughly speaking, if their exists a Petri net with
transfer arcs that accepts some language L, can we build a Petri net with reset
arcs that accepts L, and vice-versa 7 Moreover, it is desirable that the con-
structions at work (if they exist) respect the ‘e-freeness’ of the nets, since it is
well-known that the introduction of e-transition can sometimes strictly augment
the expressive power of certain models of computation [6]. That is, if we provide
a Petri net with transfer arcs without e-labeled transitions, it would be interest-
ing to be able to build a Petri net with reset arcs without e-labeled transitions
too.

One of the seminal papers addressing these questions is [1]. In this paper, it
is shown that any Petri net with reset arcs can be turned into an equivalent Petri
net with transfer arcs. However, the reverse direction is not completely covered:
the construction to convert a Petri net with transfer arcs into an equivalent Petri
net with reset arcs involves the introduction of e-labeled transitions. Moreover,
it is conjectured these e-transitions are, in general compulsory, i.e., that there
exists at least one language L that can be recognized by an e-free Petri net with
transfer arcs, but not by any e-free Petri net with reset arcs. As a support to this
conjecture, a Petri net with transfer arcs (henceforth called N7, see Fig. 1(a))
is given, whose language is conjectured not to be recognizable by a e-free Petri
net with reset arcs.

In this paper, we prove that the language of N7 is recognizable by a e-free
Petri net with reset arcs. This, however, does not show that Petri nets with
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transfer arcs are not strictly more expressive than Petri nets with reset arcs.
We still leave the question open, but provide a new net, which is simpler than
that of [1], and whose language we believe cannot be accepted by a e-free Petri
net with reset arcs.

2 Preliminaries

In this section, we recall the basic definition that we exploit in this paper. For
the sake of brevity, we have chosen to introduce the extensions of Petri nets we
are interested in along the lines of [7]. The original presentation of [1] is more
general. The reader will easily convince itself that the present definitions are
equivalent to those of [1].

Definition 1 A (labeled) extended Petri net (EPN for short) is a tuple (P, T, X)
where P is a finite set of places, T' is a finite set of transitions and X is a finite
alphabet. T is such that PNT = (), and every transition t is of the form
(I,0,s,d, ), where:

o I is a multiset? of input places;

e O is a multiset of output places;

s € PU{L} is the source place;

d € PU{Ll} is the destination place;

A € XU {e} is the label of the transition.
Moreover, each transition t = (I,0,s,d,\), respects d # L = s # L.

In the case where, for any t = (I, 0, s,d,\) € T: X # &, we say that N is e-free.

Given an EPN N = (P, T,Y), we define a marking m of N as a function
m : P — N, where N denotes the set {0,1,2,...} of positive integers. We
assume that the places of A are totally ordered, i.e., P = {p1,p2,... ,p‘p|}. In
that case, we often see a marking m as vector whose i-th coordinate is m(p;),
and which is denoted as <m(p1), m(ps),..., m(p|p‘)>.

It is convenient to associate to any EPN A" = (P, T,X) an initial marking
my:

Definition 2 An initialized EPN is a tuple N' = (P, T,3,mq), where N' =
(P, T,X) is an EPN, and mg is marking of N".

In the sequel, we will consider initialized EPN only, which we will denote simply
as EPN.

Let N = (P, T,%, mg) be an EPN. Depending on the form of the transitions
of N, we might classify N into one of the three following classes:

2In this paper, we often regard multisets of places as functions P +— N, where N is the set
of positive integers. In this case, if M is a multiset of places and p is a place, then M(p) is
the number of occurrences of p in M.



1. If for any (1,0, s,d,\) € T: s = L =d, then N is a (plain) Petri net (PN
for short).

2. If for any (I,0,s,d,\) € T either s = L =d, or s # L and d = L, then
N is a Petri net with reset arcs (PN+R for short).

3. If for any (I,0,s,d,\) € T: either s = | =d or s # | # d, then N is a
Petri net with transfer arcs (PN+T for short).

Remark that, according to Definition 1, there are EPN which are neither PN,
nor PN+R, nor PN+T. We do not consider such EPN in the sequel.

We use the classical convention to graphically represent EPN and markings.
Places are depicted by circles and transitions by filled rectangles. For any place
p and transition t = (1,0, s,d, \) s.t. p € I (resp. p € O), we draw an arrow
from p to t (¢t to p) labeled by I(p) (O(p)). We omit the label when it is 1.
When s # 1 and d = L, we draw a line bearing a cross between ¢t and s. When
s # 1 #d, we draw a thick gray arrow from s to ¢t and from ¢ to d. A marking
m is depicted by drawing m(p) black tokens in each place p.

Let us now explain how to associate a (finite words) language to an EPN
N = (P, T,%, mp). For that purpose, we need the following notions. Let m be
a marking, and let ¢ be a transition. Then ¢ is said to be enabled in m iff for
any p € P: m(p) > I(p). In that case, t can fire and transform m into another
marking m’ computed as follows:

1. First compute m; as follows. For any p € P: m;(p) = m;(p) — I(p).

2. Second, compute my as follows. For any place p € P\ {s,d}, ma(p) =
my (p). The values of ma(s) and my(d) depend upon the values of s and
d. If s = L, then may(s) = my(s) and ma(d) = m;(d). If s # L and
d = 1, then ma(s) = 0 and ma(d) = m;(d). If s # L and d # L, then
my(s) = 0 and my(d) = my(s).

3. Finally, m’ is computed from my as follows. For any p € P: m/(p) =
m;(p) + O(p).

By careful inspection of these definitions, it is not difficult to see that the effect
of a transition of the form ¢t = (I, 0,p, L, ) (for some place p), is actually to
reset p, i.e., delete all the tokens from p, after I(p) tokens have been removed
from p. Similarly, the effect of a transition of the form t = (I,O,p,p’, \) (for
places p and p’) is to transfer all the tokens from p to p’ (after the removing of
I(p) tokens).

In the case where t = (I,0,s,d, \) is enabled in m and transforms it into
m’, we might m SR m’, when we want to stress the name of the transition, or
m m’, when the label of the transition matters, or simply m — m’, when
nor the label, nor the name of the transition is relevant.

Let 0 = tita---tx be a (possibly empty) sequence of transitions. Let us
assume that \; denotes the label of ¢; in 0. We associate, to any such sequence



o, its label, denoted by A(o) and defined as A(g) = A1-Ag - - - A\, where - denotes
word concatenation. As usual, the empty word is denoted by ¢, and, for every
word w, w-& = w = € - w. Remark that in the case where o is the empty
sequence, we have A(o) = €.

. ¢ ¢ tr
Let m;, mo,...,mg; be k + 1 markings such that m; — my - - -

. o A(o)
my1. In that case, we may write m; — my41, or m; —> mg 1.

Finally, by associating to an EPN A = (P, T,%,mg) a finite set A of ac-
cepting markings, we are able to define the language accepted by N'. Let o be
a sequence of transitions of . We say that o is accepting iff mg = m with
m € A. Then:

Definition 3 Let N = (P, T,%,my) be an EPN and let A be a finite set of
markings of N'. Then, the language accepted by N (for accepting set A) is:

LN, A) ={A(0) | o is accepting.}

Following these definitions, it is not difficult to see that the class of the languages
accepted by e-free PN+T (resp. e-free PN+R, PN+T, PN+R)corresponds to the
class L} (L*, L}, L)) of [1].

Given these definitions, one natural question is to compare the respective
expressive powers of the classes PN+T and PN+R. The generic question is thus:
is it possible to build, for any PN+T A and accepting set A, a PN+-R N’ and
an accepting set A’ s.t. L(N, A) = L(N, A"), and vice-versa ?

More particularly, we will distinguish, as is usual in language theory, between
the languages that request e-transitions in the EPN accepting it, and those that
can be accepted by an e-free EPN. Some of these questions have been answered
in [1]:

Theorem 1 ([1]) For any PN+R N and accepting set A of N, it is possible to
build a PN+T N’ and an accepting set A’ s.t. LN, A) = L(N', A’). Moreover,
if N is e-free, then so is N”.

Thus, PN+R are no more expressive than PN+T, even when considering e-free
nets only. On the other hand:

Theorem 2 ([1]) For any PN+T N and any accepting set A of N, it is possible
to build a PN+R N’ with e-transitions and an accepting set A’ s.t. LN, A) =
LN, A

It is important to remark that the construction presented in [1] to prove this
theorem involves the use of e-transitions. The remaining open question is thus:

Does there exist a e-free PN+T A and any accepting set A of
such that there are no e-free PN+R A’ and no accepting set A’
with LN, A) = LN, A") ?

A positive answer would prove that PN+T are strictly more expressive than
PN-+R when e-transitions are disallowed. As stated before, no answer is provided
to this question in [1], but it is conjectured that the answer is ‘yes’, as we recall
now.
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(a) The PN+T A} (b) The PN+R N5

Figure 1: The PN+T N; from [1] and the PN+R N> that accepts the same
language.

3 A PN+T to strictly separate the languages of
PN+T and PN-+R?

As a support to the conjecture that PN+T are strictly more expressive than
e-free PN+R, the PN+T A (see Fig. 1(a)), together with its accepting marking
m, = (1,0,0,0,0), is introduced in [1]. L(Ni,m,) is thus supposed to be an
example of language that cannot be accepted by an e-free PN+R:

Conjecture 1 [1] There is no e-free PN+R N without and no finite set of
markings S s.t. L(N,S) = L(N1,{m,}).

In this section, we discuss the language L(N7, {m,}) and provide an ¢ PN+R
that accepts it (see Fig. 1(b)). Conjecture 1 is thus unfortunately flawed. How-
ever, in the next section, we provide a new PN+T which appears to us a good
candidate to prove that e-free PN+T are strictly more expressive than e-free
PN+R.

Let us consider N7 more carefully. Remark that the language L(N7, {m,})
is actually [1]:

a™ cb™da™2cb"2d - - - a™k cb* def?!
s.t.
kENAV1§i§k:mizni/\€:Zf:l(mi—ni)

Indeed, any accepting sequence of transitions of A; can be split into two parts.
In a first part, a token is initially present in p1, p3 is empty, and subsequences of
the form o; = ¢]"t2t57t4 (labeled by a™icb™d) may be fired successively (with
m; > n;). Each time ¢; fires, a token is added to ps. Hence, ps3 counts the
number of a’s in the current o;. That is, when t; fires, the markings of ps is
exactly m;. The firing of to moves the token to ps and t3 (labeled by b) can fire



at most m; times, which removes one token at a time from p3. Thus, when ¢4
fires, p3 contains m; — n;. That amount of tokens is transferred to ps. At that
point, the token is back in p;j, p3 is empty, and the next subsequence 0,41 can
be fired. After the firing of 01 - 05 - - - 01, the token is in p;, places p2, p3 and p4
are empty, and ps contains exactly E?Zl(mi —n;) tokens.

The net can then enter the second part of its execution by firing 5 (labeled
by e) which moves the token to ps. At that point, the only possible execution to
reach m,, is to fire tg (labeled by f) exactly ¢ = Zle (m; —n;) times, because ¢
is the amount of tokens in ps, and tg removes exactly one token at a time from
Ps-

Let us now introduce N3, an e-free PN+R that accepts exactly L(N7, {m,}).
It can be found in Fig. 1(b).
Let us show that N5 indeed accepts the same language as N:

Proposition 1 L(Ns, {m,}) = L(N1, {m,}).

Proof. First, remark that N7 and N> have a very similar structure. Let p; be
a place of V7. We say that the place p; is its corresponding place in Ny (and
vice-versa: there is thus a one-to-one correspondence between the places of Ny
and N3). Similarly, to each transition ¢; of Ni, corresponds one and only one
transition ¢; of N3. Thus, to any sequence of transitions o of N7 corresponds one
and only one sequence of transitions & of N, with A(c) = A(7). We prove that
L(Ns,{m}) D L(N1,{m,}) and L(N2, {m,}) C L(N1,{m,}) independently:
L(Ns,{m,}) 2 L(N1,{m,}): Let us consider the generic accepting sequence of
transitions o = tgnltgtg'l t4t§n2t2tg2t4 s t;nktgtgk t4t5tg Of./\/l, with £ = Zle(mi—
n;), and let & be its corresponding sequence in N3. Let us show that & is firable
and leads to m,. For any 1 <i <k, let 0; = t]""tat5 ¢4, and let T; be its corre-
sponding sequence. Moreover, for any 1 < i < k, let m; be s.t. mg 275 m,;
(where mg is the initial marking of A7), and let T; be s.t. Wy ———%
(where m; is the initial marking of A3). According to [1], we know that for any
1<i<k: m;({p2,ps,p4}) =0, m;(p1) = 1 and m;(ps) = > (my—ny). Tt is
easy to show by induction on ¢ that for any 1 < i < k: m; = m;. Hence 5y - - - T
is firable in A3 and leads to Ty = my, = (1,0,0,0,¢) with £ = Ele(mi —ny).
From that point, it is easy to see that the sequence ¢5t§ is firable and leads to
m,. Hence, for any sequence of o of N; that lead to m,, the sequence & of N>
leads to m, with A(o) = A(7). Thus, L(N2, {m,}) 2 L(N7, {m,}).
L(N2,{m,}) C L(Ni1,{m,}): The other direction can be proved by similar
arguments and is thus omitted.

O

4 A new conjecture

Thus, A7 is not suitable to strictly separate the expressive powers of e-free PN+R
and e-free trans. Nevertheless, we suggest N3 (see Figure 2) with accepting set
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Figure 2: The PN+T Nj3: a new conjecture to separate the languages of PN-+T
and PN+R.

of markings {(0,0)} as a new candidate of PN+T whose language cannot be
accepted by a e-free PN+R:

Conjecture 2 There is no e-free PN+R N and no finite set of markings S s.t.
L(N, S) = L(N3,{(0,0)}).

5 Conclusion

In this paper, we have discussed the conjecture of [1], stating no e-free PN+R
can accept the language of A (Fig. 1(a)), for accepting marking (1,0, 0,0, 0).
We have shown that this conjecture is flawed, by exhibiting N3 (Fig. 1(b)), a
e-free PN+R that accepts exactly this language. We have proposed a new e-free
PN+T whose language we conjecture cannot be accepted by an e-free PN+R.
We have purposely restrained our discussion to the case where the accepting
set is a finite set of accepting markings (the so-called L-type languages in [1, 8]).
In [7], the authors consider accepting sets which are upward-closed, i.e., that
respect the condition that if m is accepting, then any marking m’ s.t. m(p) <
m’(p) for any p is also accepting. In that case too, no formal proof that PN4+T
are more expressive than e-free PN+R exists (see [9]). We are however confident
that the PN+T N3 we have introduced could be useful to devise such a proof.
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